
Contraction Theory in Systems and Control

Francesco Bullo

Center for Control,
Dynamical Systems & Computation

University of California at Santa Barbara

http://motion.me.ucsb.edu

2022 IEEE Conference in Decision and Control, Cancun, México
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contractivity = robust computationally-friendly stability
fixed point theory + Lyapunov stability theory + geometry of metric spaces

highly-ordered transient and asymptotic behavior:
1 unique globally exponential stable equilibrium

& two natural Lyapunov functions
2 robustness properties

bounded input, bounded output (iss)
finite input-state gain
robustness margin wrt unmodeled dynamics
robustness margin wrt delayed dynamics

3 periodic input, periodic output
4 modularity and interconnection properties
5 accurate numerical integration and equilibrium point computation

search for contraction properties
design engineering systems to be contracting
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Contraction theory: historical notes

Origins

S. Banach. Sur les opérations dans les ensembles abstraits et leur application aux
équations intégrales. Fundamenta Mathematicae, 3(1):133–181, 1922.

Dynamics:

G. Dahlquist. Stability and error bounds in the numerical integration of ordinary
differential equations. PhD thesis, (Reprinted in Trans. Royal Inst. of Technology,
No. 130, Stockholm, Sweden, 1959), 1958

S. M. Lozinskii. Error estimate for numerical integration of ordinary differen-
tial equations. I. Izvestiya Vysshikh Uchebnykh Zavedenii. Matematika, 5:52–90,
1958. URL http://mi.mathnet.ru/eng/ivm2980. (in Russian)

Computation:

C. A. Desoer and H. Haneda. The measure of a matrix as a tool to analyze computer algorithms for circuit
analysis. IEEE Transactions on Circuit Theory , 19(5):480–486, 1972.

Systems and control:

W. Lohmiller and J.-J. E. Slotine. On contraction analysis for non-linear systems. Automatica, 34(6):
683–696, 1998.
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Incomplete list of contributors who influenced me
Aminzare, Arcak, Chung, Coogan, Di Bernardo, Manchester, Margaliot, Pavlov, Pham,
Proskurnikov, Russo, Sepulchre, Slotine, Sontag, ...

Surveys:
Z. Aminzare and E. D. Sontag. Contraction methods for nonlinear systems: A brief introduction and some

open problems. In IEEE Conf. on Decision and Control , pages 3835–3847, Dec. 2014.

M. Di Bernardo, D. Fiore, G. Russo, and F. Scafuti. Convergence, consensus and synchronization of

complex networks via contraction theory. In Complex Systems and Networks. Springer, 2016.

H. Tsukamoto, S.-J. Chung, and J.-J. E. Slotine. Contraction theory for nonlinear stability analysis and

learning-based control: A tutorial overview. Annual Reviews in Control , 52:135–169, 2021.

P. Giesl, S. Hafstein, and C. Kawan. Review on contraction analysis and computation of contraction

metrics. Journal of Computational Dynamics, 10(1):1–47, 2023.
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Contraction Theory 
for Dynamical Systems

Francesco Bullo

Contraction Theory for Dynamical Systems, Francesco Bullo,
KDP, 1.0 edition, 2022, ISBN 979-8836646806

1 Textbook with exercises and answers. Format: textbook, slides,
and paperbook

2 Content:
Fixed point theory
Theory of contracting dynamics on vector spaces
Applications to nonlinear and interconnected systems

3 Self-Published and Print-on-Demand at:
https://www.amazon.com/dp/B0B4K1BTF4

4 PDF Freely available at
http://motion.me.ucsb.edu/book-ctds

5 10h minicourse on youtube:
https://youtu.be/RvR47ZbqJjc

6 Future version to include: systems on Riemannian manifolds,
homogeneous spaces, and solid cones

”Continuous improvement is better than delayed perfection”
Mark Twain

F Bullo (UCSB) Contraction Theory in Systems and Control 6 / 41

https://www.amazon.com/dp/B0B4K1BTF4
http://motion.me.ucsb.edu/book-ctds
https://youtu.be/RvR47ZbqJjc


Outline

1 Contractivity of dynamical systems
From discrete-time to continuous-time dynamics
Table of infinitesimal contractivity conditions
Application to recurrent neural networks
Connection with convex optimization

2 From closed to open, interconnected and optimal systems
Incremental input-to-state stability
Interconnected contracting systems
Contractivity in indirect optimal control

3 Additional robustness, computational and stability properties

4 Conclusions and Future Research
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Linear algebra: induced norms

Vector norm Induced matrix norm
Induced matrix log norm

∥x∥1 =
∑n

i=1
|xi| ∥A∥1 = max

j∈{1,...,n}

∑n

i=1
|aij |

µ1(A) = max
j∈{1,...,n}

(
ajj +

∑n

i=1,i ̸=j
|aij |

)

= max column “absolute sum” of A

∥x∥2 =
√∑n

i=1
x2i ∥A∥2 =

√
λmax(A⊤A)

µ2(A) = λmax

(A+A⊤

2

)

∥x∥∞ = max
i∈{1,...,n}

|xi| ∥A∥∞ = max
i∈{1,...,n}

∑n

j=1
|aij |

µ∞(A) = max
i∈{1,...,n}

(
aii +

∑n

j=1,j ̸=i
|aij |

)

= max row “absolute sum” of A

F Bullo (UCSB) Contraction Theory in Systems and Control 8 / 41



Discrete-time dynamics and Lipschitz constants

xk+1 = F(xk) on Rn with norm ∥ · ∥ and induced norm ∥ · ∥

Lipschitz constant

Lip(F) = inf{ℓ > 0 such that ∥F(x)− F(y)∥ ≤ ℓ∥x− y∥ for all x, y}
= supx ∥JF(x)∥

For scalar map f , Lip(f) = supx |f ′(x)|
For affine map FA(x) = Ax+ a

∥x∥2,P = (x⊤Px)1/2 Lip2,P (FA) = ∥A∥2,P ≤ ℓ ⇐⇒ A⊤PA ⪯ ℓ2P

∥x∥∞,η = max
i

|xi|/ηi Lip∞,η(FA) = ∥A∥∞,η ≤ ℓ ⇐⇒ η⊤|A| ≤ ℓη⊤
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Banach contraction theorem for discrete-time dynamics:
If ρ := Lip(F) < 1, then

1 F is contracting = distance between trajectories decreases exp fast (ρk)

2 F has a unique, glob exp stable equilibrium x∗
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From discrete to continuous time

The induced log norm of A ∈ Rn×n wrt to ∥ · ∥:

µ(A) := lim
h→0+

∥In + hA∥ − 1

h

subadditivity: µ(A+B) ≤ µ(A) + µ(B)

scaling: µ(bA) = bµ(A), ∀b ≥ 0

<latexit sha1_base64="KFQj2BS2q4UkTjnROuB6wYH7Uuc="></latexit>

� 2 spec(A)

<latexit sha1_base64="+2YI3P4S02yI693kM1YWgCI1pDs="></latexit>kAk

<latexit sha1_base64="DVbxusvrP05u8YEghq9UnEhNP5g="></latexit>

⇢(A)

<latexit sha1_base64="KFQj2BS2q4UkTjnROuB6wYH7Uuc="></latexit>

� 2 spec(A)
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↵(A)

<latexit sha1_base64="wc1Ds0oRjc3QsOvkHVgtSOKBUrw="></latexit>

µ(A)
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Example induced log norms

Vector norm Induced matrix norm Induced matrix log norm

∥x∥1 =
∑n

i=1
|xi| ∥A∥1 = max

j∈{1,...,n}

∑n

i=1
|aij | µ1(A) = max

j∈{1,...,n}

(
ajj +

∑n

i=1,i ̸=j
|aij |

)

= max column “absolute sum” of A

∥x∥2 =
√∑n

i=1
x2i ∥A∥2 =

√
λmax(A⊤A) µ2(A) = λmax

(A+A⊤

2

)

∥x∥∞ = max
i∈{1,...,n}

|xi| ∥A∥∞ = max
i∈{1,...,n}

∑n

j=1
|aij | µ∞(A) = max

i∈{1,...,n}

(
aii +

∑n

j=1,j ̸=i
|aij |

)

= max row “absolute sum” of A
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Continuous-time dynamics and one-sided Lipschitz constants

ẋ = F(x) on Rn with norm ∥ · ∥ and induced log norm µ(·)

One-sided Lipschitz constant

osLip(F) = inf{b ∈ R such that ⟨⟨F(x)− F(y), x− y⟩⟩ ≤ b∥x− y∥2 for all x, y}
= supx µ(JF(x))

For scalar map f , osLip(f) = supx f
′(x)

For affine map FA(x) = Ax+ a

osLip2,P (FA) = µ2,P (A) ≤ ℓ ⇐⇒ A⊤P +AP ⪯ 2ℓP

osLip∞,η(FA) = µ∞,η(A) ≤ ℓ ⇐⇒ aii +
∑

j ̸=i

|aij |ηi/ηj ≤ ℓ
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Banach contraction theorem for continuous-time dynamics:
If −c := osLip(F) < 0, then

1 F is infinitesimally contracting = distance between trajectories decreases exp fast (e−ct)

2 F has a unique, glob exp stable equilibrium x∗
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ball centered at x(t) with radius e�ct
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From inner products to weak pairings

1
2

d

dt
∥x(t)∥22 = ẋ⊤x = ⟨⟨ẋ, x⟩⟩

=⇒ 1
2D

+∥x(t)∥2 =: Jẋ, xK

D+ is upper-right Dini derivative

weak pairing J·, ·K : Rn × Rn → R exists for each norm, i.e.,

Jy, xK1 := ∥x∥1 sign(x)⊤y (sign pairing)

Jy, xK∞ := max
i∈A∞(x)

xiyi for A∞(x) = {i | |xi| = ∥x∥∞} (max pairing)

theory of weak pairings: computational properties
and applications to monotone operators

F Bullo (UCSB) Contraction Theory in Systems and Control 15 / 41



Log norm Demidovich One-sided Lipschitz

bounds conditions conditions

µ2,P (JF(x)) ≤ −c PJF(x) + JF(x)
⊤P ⪯ −2cP (x− y)⊤P

(
F(x)− F(y)

)
≤ −c∥x− y∥2

P 1/2

µ1(JF(x)) ≤ −c sign(v)⊤JF(x)v ≤ −c∥v∥1 sign(x− y)⊤(F(x)− F(y)) ≤ −c∥x− y∥1

µ∞(JF(x)) ≤ −c max
i∈A∞(v)

vi (JF(x)v)i ≤ −c∥v∥2∞ max
i∈A∞(x−y)

(xi−yi)(Fi(x)−Fi(y)) ≤ −c∥x−y∥2∞

Each row = three equivalent statements. To be understood for all x, y ∈ Rn and all v ∈ Rn.
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One sided Lipschitz conditions

1 simple sufficient condition for uniqueness of continuous ODEs in: A. F. Filippov. Differential Equations with
Discontinuous Righthand Sides. Kluwer, 1988. ISBN 902772699X (Chapter 1, page 5, citing Krasnosel’skii and
Krein 1955)

2 one-sided Lipschitz maps in: E. Hairer, S. P. Nørsett, and G. Wanner. Solving Ordinary Differential Equations I.
Nonstiff Problems. Springer, 1993. (Section I.10)

3 uniformly decreasing maps in: L. Chua and D. Green. A qualitative analysis of the behavior of dynamic nonlinear
networks: Stability of autonomous networks. IEEE Transactions on Circuits and Systems, 23(6):355–379, 1976.

4 maps with negative nonlinear measure in: H. Qiao, J. Peng, and Z.-B. Xu. Nonlinear measures: A new approach to
exponential stability analysis for Hopfield-type neural networks. IEEE Transactions on Neural Networks, 12(2):
360–370, 2001.

5 dissipative Lipschitz maps in: T. Caraballo and P. E. Kloeden. The persistence of synchronization under
environmental noise. Proceedings of the Royal Society A: Mathematical, Physical and Engineering Sciences, 461
(2059):2257–2267, 2005.

6 maps with negative lub log Lipschitz constant in: G. Söderlind. The logarithmic norm. History and modern theory.
BIT Numerical Mathematics, 46(3):631–652, 2006.

7 QUAD maps in: W. Lu and T. Chen. New approach to synchronization analysis of linearly coupled ordinary
differential systems. Physica D: Nonlinear Phenomena, 213(2):214–230, 2006.

8 incremental quadratically stable maps in: L. D’Alto and M. Corless. Incremental quadratic stability. Numerical
Algebra, Control and Optimization, 3:175–201, 2013.
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Advantages of non-Euclidean approaches

1 well suited for certain class of systems
ℓ1 for monotone flow systems

2 computational advantages
ℓ1/ℓ∞ constraints lead to LPs, whereas ℓ2 constraints leads to LMIs

3 robustness to structural perturbations
ℓ1/ℓ∞ contractions are connectively robust (i.e., edge removal)

4 adversarial input-output analysis
ℓ∞ better suited for the analysis of adversarial examples than ℓ2

5 asynchronous distributed computation
ℓ∞ contractions converge under fully asynchronous distributed execution
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Application: ℓ∞-contracting neural networks

<latexit sha1_base64="zN1vak/aF3iMopK+3MMZXo5iv+8="></latexit>x
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ẋ = −x+Φ(Ax+Bu+ b) (recurrent NN)

x = Φ(Ax+Bu+ b) (implicit NN)

xk+1= (1− α)xk + αΦ(Axk +Bu+ b) (forward Euler)

If
µ∞(A) < 1

(
i.e., aii +

∑
j
|aij | < 1 for all i

)

recurrent NN is contracting with rate 1− µ∞(A)+

implicit NN is well posed

forward Euler is contracting with factor 1− 1− µ∞(A)+
1−mini(aii)−

at α =
1

1−mini(aii)−
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Detour: convexity and fixed point theory

For differentiable V : Rn → R, equivalent statements:

1 V is strongly convex with parameter m

2 − gradV is m-strongly infinitesimally contracting with respect to ∥ · ∥2

F Bullo (UCSB) Contraction Theory in Systems and Control 20 / 41



Forward Euler theorem for contracting dynamics
Given arbitrary norm ∥ · ∥,

1 ẋ = F(x) is infinitesimally contracting

2 there exists α > 0 such that xk+1 = xk + αF(xk) is contracting

Given contraction rate c and Lipschitz constant ℓ, define condition number κ = ℓ/c ≥ 1

1 Id+αF is contracting for

0 < α <
1

cκ(1 + κ)

2 the optimal step size minimizing and minimum contraction factor:

α∗ =
1

c

( 1

2κ2
− 3

8κ3
+O

( 1

κ4

))

ℓ∗ = 1− 1

4κ2
+

1

8κ3
+O

( 1

κ4

)
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Application: ℓ∞-contracting neural networks
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ẋ = −x+Φ(Ax+Bu+ b) (recurrent NN)

x = Φ(Ax+Bu+ b) (implicit NN)

xk+1 = (1− α)xk + αΦ(Axk +Bu+ b) (forward Euler)

If
µ∞(A) < 1

(
i.e., aii +

∑
j
|aij | < 1 for all i

)

recurrent NN is contracting with rate 1− µ∞(A)+

implicit NN is well posed

forward Euler is contracting with factor 1− 1− µ∞(A)+
1−mini(aii)−

at α∗ =
1

1−mini(aii)−
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Motivation: ℓ∞-contracting neural networks

While most ML architectures are feedforward,
biological neural networks are recurrent and recent interest for implicit ML architectures

LETTERRESEARCH
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captured by the controllability of the linearized system (2). Indeed, if 
the linearized system (2) is locally controllable along a specific 
 trajectory in state space, then the original nonlinear system (1) is also 
controllable along the same trajectory15. Furthermore, linear control-
lability predictions are consistent with simulations of neuronal 
 networks with nonlinear dynamics16,17.

To understand how control considerations differ from simple con-
nectivity-based predictions, consider Fig. 2a, exploring whether nodes 2  
and 3 can be controlled by a signal applied to node 1. Topologically 
the system appears controllable, as the signal can reach all nodes. Yet, 
the classic Kalman condition18 tells us that the responses of nodes 2 
and 3 to this signal are always correlated, hence we cannot control 
them independently, making the system as a whole uncontrollable. To 
gain full control over all three nodes, we need to apply one additional 
control signal to node 2 or 3 (Fig. 2b). We encounter the same situation 
when m independent signals aim to control k nodes, a configuration 
that is controllable only if m ≥ k (Fig. 2c, d). In a similar spirit, we 
derive the criterion for muscle controllability and apply it to analyse the  
C. elegans nervous system (Supplementary Information section IIB and 
Extended Data Fig. 2).

Here, we applied this network control framework to predict which 
neurons are critical in the response to gentle touch, in the sense that 
their removal (ablation) would decrease the number of controllable 
muscles. We found that even in the intact worm, only 89 of the 95 
muscles are independently controllable. We then explored the impact 
of ablating each of the 103 neuronal classes (see Supplementary 
Information section IB for neuron classification) individually. We 
found that the removal of the vast majority of neuron classes had no 
impact on muscle controllability. Our initial analysis did identify, how-
ever, nine classes predicted to affect muscle control: the seven major 
classes of motor neurons (DA, DB, DD, VA, VB, VD, and AS), and the 
premotor interneuron AVA (Table 1; see also Extended Data Figs 3–5).  
Each of these classes has been previously implicated, through genetic, 
neuroimaging, optogenetic, and cell ablation experiments, in the direct 
control of the body neuromusculature (see Supplementary Information 
section IIIA).

Interestingly, the control analysis also predicted locomotor defects fol-
lowing the ablation of a ninth neuron, PDB, not previously implicated in 
locomotion. As shown in Fig. 2e, while PDB directly connects to muscles 
MVR21 and MVL22, it apparently plays no key topological role as in its 
absence the signal transmitted by the receptor neurons for anterior gentle 
touch, AVM and ALML/R, can still reach all muscles. However, from a 
control perspective, we expect that the ablation of PDB should affect worm 
locomotion (see Fig. 2e for a full explanation). Since ablation experiments 
for PDB have not previously been reported, this prediction offers the first 
direct, falsifiable experimental test of the network control framework.

Most existing results on neuron ablation remove all members of a 
neuron class simultaneously7,10–12, but control principles can go further, 
predicting which of the individual neurons are responsible for the loss 
of control. To show this we applied the linearized system (2) to each 
individual neuron within the DD class. Intriguingly, we found that the 
individual ablation of DD01, DD02, or DD03 did not alter the control-
lability of the muscles, but DD04, DD05, and DD06 did (Fig. 3a). This 
result was unexpected, because the general pattern of connectivity is 
thought to be similar among the DD class. Nevertheless, we predict 
that the individual ablation of DD04, DD05, or DD06 should be suffi-
cient to impair C. elegans locomotion, offering a second set of specific, 
unanticipated, and falsifiable predictions, now regarding the functional 
differences between individual neurons within a class.

To test the validity of our two sets of predictions, we performed 
laser ablation of individual neurons9 and analysed the spontaneous 
locomotor behaviour of freely moving worms on food (see https:// 
doi.org/10.6084/m9.figshare.c.3796345 for complete data19). We used 
an automated tracking system20 to compare the locomotion pattern of 
PDB- and DD-ablated animals with mock-ablated worms, focusing 
on four fundamental components of worm body morphology known 
as eigenworms, which provide a low-dimensional but relatively com-
plete description of C. elegans body postures21. Under our recording 
conditions, the first Eigen projection represents a large body bend, the 
second and third represent components of the sinusoidal travelling 
wave that drives crawling movement, and the fourth represents small 
movements at the head and tail22.

ALM AVM PLM

PVC AVD

AVB AVA

VB
DB

VA
DA

  Forward
locomotion

 Backward
locomotion

S
en

so
ry

 in
pu

t
A

ct
ua

to
r

C
on

tr
ol

 s
ys

te
m

a b

AVM

ALM PLM

PVM

Body muscles

??

EssentialNon-essential

c

Sensory neuron Interneuron Motor neuron Muscle

Input (touch) Gentle touch

Body muscles

Figure 1 | Controlling the C. elegans neural network. a, Schematic 
neural circuit for locomotor response to gentle touch in C. elegans 
(adapted after ref. 30; see Supplementary Information section IIIA). 
b, Graphical representation of the proposed control framework. According 
to the principles illustrated in Fig. 2a–d, if removal of a neuron disrupts 
controllability of the muscles, we designate it ‘essential’ for locomotion; 
if not, we call it ‘non-essential’. To make this assessment, we first mapped 
the C. elegans responsive locomotor behaviours into a target network 
control problem, asking to what degree the sensory neurons (blue) can 
control the muscles (pink). This allowed us to predict the previously 

unknown involvement of PDB in C. elegans locomotion, and functional 
differences between individual neurons within the DD neuronal class. 
c, The C. elegans connectome used in our study, consisting of 279 neurons 
(the 282 non-pharyngeal neurons, excluding CANL/R and VC06 which do 
not make connections with the rest of the network) and 95 muscles. Node 
size is proportional to the sum of its in- and out-degrees. Filled nodes 
represent the neurons traditionally assigned to the circuits responsible for 
gentle touch response, hinting at the complexity of predicting neuronal 
function from the wiring diagram alone.

© 2017 Macmillan Publishers Limited, part of Springer Nature. All rights reserved.

artificial neural network AlexNet ’12 C. elegans connectome ’17

For recurrent NN, ℓ∞-contractivity characterizes the synaptic weights to ensure:

reproducible & robust behavior

highly-ordered transient+asymptotic dynamic behavior

efficient computational methods

A. Krizhevsky, I. Sutskever, and G. E. Hinton. Imagenet classification with deep convolutional neural networks. Advances in Neural Information Processing Systems, 25, 2012

G. Yan, P. E. Vértes, E. K. Towlson, Y. L. Chew, D. S. Walker, W. R. Schafer, and A.-L. Barabási. Network control principles predict neuron function in the Caenorhabditis
elegans connectome. Nature, 550(7677):519–523, 2017.
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Outline

1 Contractivity of dynamical systems
From discrete-time to continuous-time dynamics
Table of infinitesimal contractivity conditions
Application to recurrent neural networks
Connection with convex optimization

2 From closed to open, interconnected and optimal systems
Incremental input-to-state stability
Interconnected contracting systems
Contractivity in indirect optimal control

3 Additional robustness, computational and stability properties

4 Conclusions and Future Research
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#1: From closed to open systems
Incremental ISS and input-state gain

Given normed spaces (X , ∥ · ∥X ) and (U , ∥ · ∥U ), consider

ẋ = F(x, u(t)), x0 ∈ X , u(t) ∈ U (1)

Assume:

contractivity wrt x: osLipx(F) ≤ −c < 0, uniformly in u

Lipschitz wrt u: Lipu(F) ≤ ℓ, uniformly in x
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Then

1 any soltns: x(t) with input ux and y(t) with input uy

D+∥x(t)− y(t)∥X ≤ −c∥x(t)− y(t)∥X + ℓ∥ux(t)− uy(t)∥U
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ball centered at x(t) with radius
`

c

2 F is incrementally ISS, that is, for all x0, y0

∥x(t)− y(t)∥X ≤ e−ct∥x0 − y0∥X +
ℓ(1− e−ct)

c
sup

τ∈[0,t]
∥ux(τ)− uy(τ)∥U
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#2: From closed to interconnected contracting systems
Networks of contracting systems

Consider n interconnected subsystems

ẋi = Fi(xi, x−i), for i ∈ {1, . . . , n}

with state xi ∈ RNi

with states of connected subsystems x−i ∈ RN−Ni , and
consider n local norms ∥ · ∥i on RNi

<latexit sha1_base64="JLnbwdtk6nfrR5e1yFhY5UJvmx0="></latexit>| {z }
n subsystems
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Assume:

contractivity wrt xi: osLipxi
(Fi) ≤ −ci < 0, uniformly in x−i

Lipschitz wrt xj : Lipxj
(Fi) ≤ ℓij , uniformly in x−j

Network contraction theorem

If the Lipschitz constants matrix



−c1 . . . ℓ1n
...

...
ℓn1 . . . −cn


 is Hurwitz

=⇒ the interconnected system is infinitesimally contracting

History: interconnection of stable systems, method of vector Lyapunov functions, connective stability via M-matrix theory

– Matrosov and Bellman 1962, Ström, Siljak, Russo/DiBernardo/Sontag, ...
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

−c1 . . . ℓ1n
...

...
ℓn1 . . . −cn


 is Metzler

Hurwitzness depends upon both topology and edge weights

Hurwitz iff there exists a positive ξ such that Mξ < 0n (power method)

Hurwitz iff Lyapunov diagonally stable

for n = 2, Hurwitz if and only if small gain condition

cycle gain :=
ℓ12
c1

ℓ21
c2

< 1

and, for n ≥ 3, network small-gain theorem for Metzler matrices

X. Duan, S. Jafarpour, and F. Bullo. Graph-theoretic stability conditions for Metzler matrices and monotone systems. SIAM Journal on
Control and Optimization, 59(5):3447–3471, 2021.
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#3: From closed to systems with optimal controls

For ẋ = F(x, u), compute u : [0, T ] → Rk to minimize ψ(x(T )) +

∫ T

0
ϕ(x, u)dt

Pontryagin Minimum Principle: u = FBS[u]
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�(T ) =  x(x(T ))
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F : ẋ = F(x, u)
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B : �̇ = �J>F (x, u)�� �x(x, u)

<latexit sha1_base64="bCJzHXeFAKxAJd6jjmfzND+ExUg="></latexit>

S : u = argminũ �>F(x, ũ) + �(x, ũ)| {z }
H(x,ũ,�)
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u+
1 = FBS[u1]
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u+
2 = FBS[u2]

If osLipx(F) = −c and all other maps are Lipschitz,

1 osLipλ(Adjoint(F)) = osLipx(F)

2 Lip(FBS) = const× 1− exp(−cT )
c

FBS contracting for short T or large c
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Summary

contractivity = robust computationally-friendly stability
fixed point theory + Lyapunov stability theory + geometry of metric spaces

From closed to open, interconnected and optimal systems:

1 iISS

2 network small gain theorems

3 numerical optimal control

Applications coupled neural-synaptic dynamics and ML via optimal control

<latexit sha1_base64="b3mHiv7bt7QK2jinLfcv1WpbVbQ="></latexit>xi
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ẇij = hij�(xi)�(xj) � cswij
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ẋi = �cnxi + �
�X

j
wijxj

�
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Outline

1 Contractivity of dynamical systems
From discrete-time to continuous-time dynamics
Table of infinitesimal contractivity conditions
Application to recurrent neural networks
Connection with convex optimization

2 From closed to open, interconnected and optimal systems
Incremental input-to-state stability
Interconnected contracting systems
Contractivity in indirect optimal control

3 Additional robustness, computational and stability properties

4 Conclusions and Future Research
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From nominal to uncertain systems

Given a norm ∥ · ∥, consider
ẋ = F(x) + ∆(x)

Assume:

contractivity: osLip(F) ≤ −c < 0

bounded disturbance: osLip(∆) ≤ d < c

Then

1 F+∆ is strongly contracting with rate c− d

2 the unique equilibria x∗F of F and x∗F+∆ of F+∆ satisfy

∥x∗F − x∗F+∆∥ ≤ ∥∆(x∗F)∥
c− d
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From global to local contractivity

<latexit sha1_base64="Ap7km1Gh4KCaQtZR2NJeo5upZNA="></latexit>

x̄
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F(x̄)

Given a norm ∥ · ∥, consider

ẋ = F(x)

Assume:

contractivity over closed set D: osLip(F|D) ≤ −c < 0

existence of almost equilibrium: D contains the closed B at x̄ of radius r ≥ ∥F(x̄)∥/c

Then

1 B is forward invariant

2 F|B is strongly infinitesimally contracting
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From strongly to weakly contracting systems

Given a norm ∥ · ∥, consider

ẋ = F(x) satisfying osLip(F) = 0

Dichotomy for weakly-contracting systems

1 no equilibrium and every trajectory is unbounded, or

2 at least one equilibrium, every trajectory is bounded, and local asy stability =⇒ global

<latexit sha1_base64="aYkzAkhjEsJBbQkv+DwGITOYwAU="></latexit>

x⇤
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x⇤

<latexit sha1_base64="aYkzAkhjEsJBbQkv+DwGITOYwAU="></latexit>

x⇤
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Outline

1 Contractivity of dynamical systems
From discrete-time to continuous-time dynamics
Table of infinitesimal contractivity conditions
Application to recurrent neural networks
Connection with convex optimization

2 From closed to open, interconnected and optimal systems
Incremental input-to-state stability
Interconnected contracting systems
Contractivity in indirect optimal control

3 Additional robustness, computational and stability properties

4 Conclusions and Future Research
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Robust and computationally-friendly stability theory

1 contractivity conditions on normed vector spaces
2 convexity and fixed point methods
3 disturbances, interconnections and optimal control

Lyapunov Theory Contraction Theory for Dynamical Systems

F admits global Lyapunov function F is strongly contracting

existence of equilibrium assumed implied + computational methods

Lyapunov function arbitrary distance to trajectory (+ norm of vector field)

inputs ISS via KL and L functions iISS via explicit formulas

search for contraction properties
design engineering systems to be contracting
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Theoretical frontiers

higher order contraction

relationship with monotone operator theory

metric spaces: seminorms, Hilbert metrices ...
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Limitations: not all stable systems are contractive:

Lyapunov-diagonally-stable networks

multistable systems

biochemical networks
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FIG. 2. Two-dimensional slice of R13, showing the Jacobian’s
log-seminorm for the Kuramoto-Sakaguchi model on the 13-
node cycle, with one additional line between nodes 1 and
7, and phase frustration � = 0.01. The plain black lines
show the boundaries of the various winding cells. The dashed
black lines are the boundaries of the �̄-cohesive u-winding
cells �u,�̄ , for u 2 {�1, 0, 1}2. Theorem 3 guarantees that
the system is semicontracting within these cohesive winding
cells as can be confirmed by the value of the log-seminorm
therein. One realizes that, most of the time, the boundary
of �u,�̄ is close to the region where the log-seminorm turns
positive. Notice the change in color scale between the positive
and negative values of the log-seminorm. Should we show the
graph?

the dynamics on the �-cohesive u-polytope Pu,� , in-
duced by the projection of the Kuramoto-Sakaguchi model
(2) on the �-cohesive winding cell �u,� . Then the log-
seminorm is preserved

µ2,⇧n(Df̃(y)) = µ2,⇧n(Df(x)) , (25)

independently of the preimage x of y.

The proof of is presented in the Supplementary Mate-
rial [29].

Remark. Note that even though y evolves on the convex
polytope Pu,� , we have no guarantee that the polytope is
forward invariant. It is then possible that some trajecto-
ries will exit the polytope.

AT MOST UNIQUENESS OF THE
SYNCHRONOUS STATES

We have now all ingredients to state our semicontrac-
tion theorem, whose proof is deferred to the Supplemen-
tary Material [29].

Theorem 5 (Local ”at most uniqueness”). Let 0 < � <
�̄, with �̄ defined in Eq. (21), and let u 2 Zc. Then the
dynamical system

ẏ = f̃(y) , (26)

FIG. 3. Illustration of the upper bound �̄ of Theorem 3 as
a function of the frustration �, for various values of the ra-
tio �2/dmax. High values of �2/dmax typically correspond to
densly connected graphs, confirming the intuition that such
graphs tolerate less cohesive stable synchronous states, and
vice-versa for low ratio �2/dmax.

has at most one fixed point within the �-cohesive polytope
Pu,� .

The upper bound �̄ on the phase cohesiveness that
guarantees at most uniqueness of the synchronous state
directly depends on the system’s parameters. Namely,
the phase frustration �, and network charateristics, �2

and dmax. In Fig. 3, we show the relation between �̄ and
� for various values of the ratio �2/dmax. One observes
that, for a given frustration �, a network with large ra-
tio �2/dmax (corresponding typically to a rather dense
graph) will support synchronous states with larger an-
gular di↵erences than a network with a smaller �2/dmax

ratio (typically with few edges).

Corollary 6 (Full ”at most uniqueness”). Let 0 < � <
�̄, with �̄ defined in Eq. (21), and let u 2 Zc. Up to a
constant component shift and up to the addition of integer
mulitples of 2⇡, there is at most one synchronous state
of the Kuramoto-Sakaguchi model in the �-cohesive u-
winding cell �u,� .

Remark. The statement of Corollary 6 is very similar
to [24, Thm. 5], in the sense that it guarantees at most
uniqueness within winding cells by comparing the odd and
even parts of the coupling. The main di↵erence is that
with the semicontraction approach, our Eq. (21) is much
less conservative than [24, Eq. (45)].

CONCLUSION

Semicontraction theory is a rather new an unexplored
tool derived from the more established notions of contrac-
tion theory. Through the application of semicontraction
to networks of Kuramoto-Sakaguchi oscillators, we high-
lighted its potential power in a manner that is intended
as tutorial.

Application to control and learning

1 control: optimization-based control design

2 ML: implicit models and energy-based learning

3 neuroscience: robust dynamical modeling
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captured by the controllability of the linearized system (2). Indeed, if 
the linearized system (2) is locally controllable along a specific 
 trajectory in state space, then the original nonlinear system (1) is also 
controllable along the same trajectory15. Furthermore, linear control-
lability predictions are consistent with simulations of neuronal 
 networks with nonlinear dynamics16,17.

To understand how control considerations differ from simple con-
nectivity-based predictions, consider Fig. 2a, exploring whether nodes 2  
and 3 can be controlled by a signal applied to node 1. Topologically 
the system appears controllable, as the signal can reach all nodes. Yet, 
the classic Kalman condition18 tells us that the responses of nodes 2 
and 3 to this signal are always correlated, hence we cannot control 
them independently, making the system as a whole uncontrollable. To 
gain full control over all three nodes, we need to apply one additional 
control signal to node 2 or 3 (Fig. 2b). We encounter the same situation 
when m independent signals aim to control k nodes, a configuration 
that is controllable only if m ≥ k (Fig. 2c, d). In a similar spirit, we 
derive the criterion for muscle controllability and apply it to analyse the  
C. elegans nervous system (Supplementary Information section IIB and 
Extended Data Fig. 2).

Here, we applied this network control framework to predict which 
neurons are critical in the response to gentle touch, in the sense that 
their removal (ablation) would decrease the number of controllable 
muscles. We found that even in the intact worm, only 89 of the 95 
muscles are independently controllable. We then explored the impact 
of ablating each of the 103 neuronal classes (see Supplementary 
Information section IB for neuron classification) individually. We 
found that the removal of the vast majority of neuron classes had no 
impact on muscle controllability. Our initial analysis did identify, how-
ever, nine classes predicted to affect muscle control: the seven major 
classes of motor neurons (DA, DB, DD, VA, VB, VD, and AS), and the 
premotor interneuron AVA (Table 1; see also Extended Data Figs 3–5).  
Each of these classes has been previously implicated, through genetic, 
neuroimaging, optogenetic, and cell ablation experiments, in the direct 
control of the body neuromusculature (see Supplementary Information 
section IIIA).

Interestingly, the control analysis also predicted locomotor defects fol-
lowing the ablation of a ninth neuron, PDB, not previously implicated in 
locomotion. As shown in Fig. 2e, while PDB directly connects to muscles 
MVR21 and MVL22, it apparently plays no key topological role as in its 
absence the signal transmitted by the receptor neurons for anterior gentle 
touch, AVM and ALML/R, can still reach all muscles. However, from a 
control perspective, we expect that the ablation of PDB should affect worm 
locomotion (see Fig. 2e for a full explanation). Since ablation experiments 
for PDB have not previously been reported, this prediction offers the first 
direct, falsifiable experimental test of the network control framework.

Most existing results on neuron ablation remove all members of a 
neuron class simultaneously7,10–12, but control principles can go further, 
predicting which of the individual neurons are responsible for the loss 
of control. To show this we applied the linearized system (2) to each 
individual neuron within the DD class. Intriguingly, we found that the 
individual ablation of DD01, DD02, or DD03 did not alter the control-
lability of the muscles, but DD04, DD05, and DD06 did (Fig. 3a). This 
result was unexpected, because the general pattern of connectivity is 
thought to be similar among the DD class. Nevertheless, we predict 
that the individual ablation of DD04, DD05, or DD06 should be suffi-
cient to impair C. elegans locomotion, offering a second set of specific, 
unanticipated, and falsifiable predictions, now regarding the functional 
differences between individual neurons within a class.

To test the validity of our two sets of predictions, we performed 
laser ablation of individual neurons9 and analysed the spontaneous 
locomotor behaviour of freely moving worms on food (see https:// 
doi.org/10.6084/m9.figshare.c.3796345 for complete data19). We used 
an automated tracking system20 to compare the locomotion pattern of 
PDB- and DD-ablated animals with mock-ablated worms, focusing 
on four fundamental components of worm body morphology known 
as eigenworms, which provide a low-dimensional but relatively com-
plete description of C. elegans body postures21. Under our recording 
conditions, the first Eigen projection represents a large body bend, the 
second and third represent components of the sinusoidal travelling 
wave that drives crawling movement, and the fourth represents small 
movements at the head and tail22.
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Figure 1 | Controlling the C. elegans neural network. a, Schematic 
neural circuit for locomotor response to gentle touch in C. elegans 
(adapted after ref. 30; see Supplementary Information section IIIA). 
b, Graphical representation of the proposed control framework. According 
to the principles illustrated in Fig. 2a–d, if removal of a neuron disrupts 
controllability of the muscles, we designate it ‘essential’ for locomotion; 
if not, we call it ‘non-essential’. To make this assessment, we first mapped 
the C. elegans responsive locomotor behaviours into a target network 
control problem, asking to what degree the sensory neurons (blue) can 
control the muscles (pink). This allowed us to predict the previously 

unknown involvement of PDB in C. elegans locomotion, and functional 
differences between individual neurons within the DD neuronal class. 
c, The C. elegans connectome used in our study, consisting of 279 neurons 
(the 282 non-pharyngeal neurons, excluding CANL/R and VC06 which do 
not make connections with the rest of the network) and 95 muscles. Node 
size is proportional to the sum of its in- and out-degrees. Filled nodes 
represent the neurons traditionally assigned to the circuits responsible for 
gentle touch response, hinting at the complexity of predicting neuronal 
function from the wiring diagram alone.
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