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Linear Network Systems
F. Bullo. Lectures on Network Systems.
Kindle Direct Publishing, 1.4 edition, July 2020.
With contributions by J. Cortés, F. Dörfler, and S. Mart́ınez.
URL: http://motion.me.ucsb.edu/book-lns

2 Kuramoto Synchronization and Synchronous Power Flows

Network systems
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These lecture notes provide a mathematical introduction to multi-agent 

dynamical systems, including their analysis via algebraic graph theory 

and their application to engineering design problems.  The focus is on 

fundamental dynamical phenomena over interconnected network 

systems, including consensus and disagreement in averaging systems, 

stable equilibria in compartmental flow networks, and synchronization 

in coupled oscillators and networked control systems.  The theoretical 

results are complemented by numerous examples arising from the 

analysis of physical and natural systems and from the design of 

network estimation, control, and optimization systems.

Francesco Bullo is professor of Mechanical Engineering and member 

of the Center for Control, Dynamical Systems, and Computation at the 

University of California at Santa Barbara. His research focuses on 

modeling, dynamics and control of multi-agent network systems, with 

applications to robotic coordination, energy systems, and social 

networks. He is an award-winning mentor and teacher.
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1. Self-Published and Print-on-Demand at:
https://www.amazon.com/dp/1986425649

2. PDF Freely available at
http://motion.me.ucsb.edu/book-lns:

For students: free PDF for download
For instructors: slides and solution manual

3. incorporates lessons from 2 decades of research:
robotic multi-agent, social networks, power grids

version 1.4
332 pages
171 exercises, 220 pages solution manual
5.8K downloads Jun 2016 - Oct 2020
46 instructors in 17 countries
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Kuramoto Synchronization (existence)
S. Jafarpour and F. Bullo. Synchronization of Kuramoto oscillators via cutset projections.
IEEE Transactions on Automatic Control, 64(7):2830–2844, 2019.
doi:10.1109/TAC.2018.2876786

1 problem statement
2 solution

3

Kuramoto Multi-Stability (lack of uniqueness)
S. Jafarpour, E. Y. Huang, K. D. Smith, and F. Bullo. Flow and elastic networks on the
n-torus: Geometry, analysis and computation.
SIAM Review, October 2019.
Submitted.
URL: https://arxiv.org/pdf/1901.11189.pdf

Today: Sync & Multi-Stability in Coupled Oscillators

Kuramoto model

n oscillators with angle θi ∈ S1

non-identical natural frequencies ωi ∈ R1

coupling with strength aij = aji

θ̇i = ωi −
n∑

j=1

aij sin(θi − θj)

Model #1: Spring network analog and applications

⌧1

⌧3

⌧2

k12

k24

⌧4
k34

k23

Coupled swing equations
Euler-Lagrange eq for spring network on ring:

mi θ̈i + di θ̇i = τi −
∑

j
kij sin(θi − θj)

Kuramoto coupled oscillators

θ̇i = ωi −
∑

j
aij sin(θi − θj)

Kuramoto equilibrium equation

0 = ωi −
∑

j
aij sin(θi − θj)



Model #2: Active Power Flow Problem

AC, Kirckhoff and Ohm, quasi-sync, lossless lines, constant voltages.

supply/demand pi , max power coeff aij , voltage phase θi

pi =
∑n

j=1
fij , fij = aij sin(θi − θj)

fij
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power flow
fij
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Given: network parameters & topology, load & generation profile,

Q1: ∃ a stable operating point θ?
Q2: what is the network capacity to transmit active power?
Q3: how to quantify robustness as distance from loss of feasibility?
Q4: if a solution exists, is it unique?

Phenomenon #1: Transition from incoherence to sync

Function = synchronization
θ̇i = ωi −

∑n

j=1
aij sin(θi − θj)

✓i(t) ✓i(t)

Phenomenon #2: Multi-stability in power flows
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3. Loop Flows 
“Loop flows” occur when the path over which power physically flows does not correspond to the path over 

which the power was scheduled to flow. Loop flows are difficult to predict and control. Electricity flowing 

between a generator and a consumer travels via the path of least resistance. Grid operators (ISOs and 

RTOs) must carefully balance power supplied to the system with power used by customers so that 

transmission lines are not overloaded and customers are served reliably.  

The Lake Erie loop flow occurs on the roughly 1,000 miles of interconnected bulk power transmission 

lines that surround Lake Erie. These transmission lines run through the states of New York, 

Pennsylvania, Ohio, Michigan and the Canadian province of Ontario, and traverse the jurisdictions of 

several grid operators, including the NYISO, PJM, IESO, and Midwest Independent Transmission System 

Operator, Inc. (“MISO”). 

Loop flows on the bulk power system are complex and ordinarily occur as the result of a combination of 

factors, including: 

� Scheduling of energy transactions between the areas controlled by grid operators  

� Scheduling electricity supply within each grid operator’s system 

� Demand for electricity within each grid operator’s system 

� Transmission outages 

� Generation outages 
 

Loop flows occur in all interconnected transmission systems, as the flow of electricity follows physical 

laws. Loop flow around Lake Erie 

is a longstanding and expected 

phenomenon. Lake Erie loop flows 

may present an operational 

concern depending on the 

magnitude of the loop flow and 

operation circumstances affecting 

the grid operators adjacent to the 

Lake.  

Over the past several years, Lake 

Erie loop flows have, on average, 

occurred in a counter-clockwise 

direction. However, the general 
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Figure 8: Average unscheduled flows for the years 2011 and 2012, MWh/h8 

 
Source: THEMA Consulting Group, based on data from 16 TSOs 

 

In this report, we focus on three different cases of loop and transit flows, indicated in Figure 8: 
loop flows in Central Eastern Europe, involving Germany, Poland, Czech Republic and Austria, 
transit flows in Central Western Europe, involving Germany, the Netherlands, Belgium, and 
France, and a loop flow in Central South Europe, where we identify a loop flow from France 
through Germany and Switzerland, back to France. These flows are analysed in more detail in the 
following section.  

The loop and transit flows are identified visually (cf. Figure 8) and by analysing how well the 
individual unscheduled flows are correlated with each other. A further discussion on the 
identification of the loops can be found in section 4.1.3. 

Please note that the indicated flows in Figure 8 are two-year averages, implying that flow patterns 
in individual hours, periods or seasons could look quite different. Looking only at averages can 
therefore be misleading, especially if the unscheduled flows change direction through the year, 
implying that they contribute to nullify each other when considering the average.  

We therefore also accounted for the direction of the unscheduled flow, and extended the analysis 
by distinguishing the direction of the unscheduled flow. The results are shown in Figure 9, showing 
the average unscheduled flow split in both cross-border directions. Thus, the figure shows the 
average unscheduled flow for all those hours in which the unscheduled flow goes in the same 
direction. The figure also shows the number of hours in which the deviation occurred as a 
percentage of the total hours in the dataset (2011-2012). This distinction between the directions of 

                                                
8 Figure 8: Red numbers where physical flow is in the opposite direction or larger than scheduled flow, green number if it is less than 
scheduled flow, see Table 2. 
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[MWh/h]

Avg. physical flow
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Avg. unscheduled flow
[MWh/h]
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Loop Flow Mitigation, Technical Report, 2008

THEMA Consulting Group, Loop-flows - Final ad-
vice, Technical Report prepared for the European
Commission, 2013
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Kuramoto Multi-Stability (lack of uniqueness)
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Submitted.
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Primer on algebraic graph theory (slide 1/2)

Incidence matrix: n ×m matrix B s.t. (B>pactv)(ij) = pi − pj

Weight matrix: m ×m diagonal matrix A
Laplacian stiffness: L = BAB> ≥ 0

Algebraic connectivity:

λ2(L) = second smallest eig of L

= notion of connectivity and coupling

Linearization of Kuramoto equilibrium equation:

pactv = BA sin(B>θ) =⇒ pactv ≈ BA(B>θ) = L θ

Laplacian linear balance equation
Primer on algebraic graph theory (slide 2/2)

x
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(a) spring network
Lstiffness x = fload

current
source

current
source
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(b) resistive circuit
Lconductance v = cinjected

Laplacian linear balance equation: pactv = L θ

∑
i
pi = 0 ⇐⇒ equilibrium exists : θ = L†pactv

pairwise displacements : B>θ = B>L†pactv

From Old to New Tests

Question: Given balanced pactv, do angles exist satisfying

pactv = BA sin(B>θ)

Old Tests: Equilibrium angles (neighbors within π/2 arc) exist if

‖B>pactv‖2 < λ2(L) for unweighted graphs (Old 2-norm T)

‖B>L†pactv‖∞ < 1 for trees, complete (Old ∞-norm T)

New Tests: Equilibrium angles (neighbors within π/2 arc) exist if

‖B>L†pactv‖2 < 1 for unweighted graphs (New 2-norm T)

‖B>L†pactv‖∞ < g(‖P‖∞) for all graphs (New ∞-norm T)

where g is monotonically decreasing

g : [1,∞)→ [0, 1]

x 7→ y(x) + sin(y(x))

2
− x

y(x)− sin(y(x))

2

∣∣∣
y(x) = arccos

(x − 1

x + 1

)

!" #" $" %" &"

"'"

"'#

"'%

"'(

"')

!'"

= g(x)

x =
!"



and where P is a projection matrix
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3
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2 3

1 2
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Rm
︸︷︷︸

edge space

= Im(B>)︸ ︷︷ ︸
cutset space
flow vectors

⊕ Ker(BA)︸ ︷︷ ︸
weighted cycle space

cycle vectors

P = B>L†BA = oblique projection onto Im(B>) parallel to Ker(BA)

1 if G unweighted, then P is orthogonal and ‖P‖2 = 1

2 if G acyclic, then P = Im and ‖P‖p = 1

3 if G uniform complete or ring, then ‖P‖∞ = 2(n − 1)/n ≤ 2

New Tests: Equilibrium angles (neighbors within π/2 arc) exist if

‖B>L†pactv‖2 < 1 for unweighted graphs (New 2-norm T)

‖B>L†pactv‖∞ < g(‖P‖∞) for all graphs (New ∞-norm T)

Unifying theorem with a family of tests

Equilibrium angles (neighbors within γ arc) exist if, in some p-norm,

‖B>L†pactv‖p ≤ γαp(γ) for all graphs (New αp T)

where nonconvex optimization problem:

αp(γ) := min amplification factor of P diag[sinc(x)]

Comparison of sufficient and approximate sync tests

Any test predicts max transmittable power (before bifurcation).
Compare with numerically computed.
Test = linear inequalities vs iterative nonlinear solver

Test Case
ratio of test prediction to numerical computation

old 2-norm new ∞-norm g(‖P‖∞) ≈ 1 α∞ test
approximate fmincon

IEEE 9 16.54 % 73.74 % 92.13 % 85.06 %†

IEEE 14 8.33 % 59.42 % 83.09 % 81.32 %†

IEEE RTS 24 3.86 % 53.44 % 89.48 % 89.48 %†

IEEE 30 2.70 % 55.70 % 85.54 % 85.54 %†

IEEE 118 0.29 % 43.70 % 85.95 % —*

IEEE 300 0.20 % 40.33 % 99.80 % —*

Polish 2383 0.11 % 29.08 % 82.85 % —*

† fmincon with 100 randomized initial conditions
* fmincon does not converge

Summary: Kuramoto equilibrium and active power flow

Given topology (incidence B), admittances (Laplacian L), injections pactv,

pi =
∑n

j=1
aij sin(θi − θj)

Q1: ∃ a stable operating point (with pairwise angles ≤ γ)?
Q2: what is the network capacity to transmit active power?
Q3: how to quantify robustness as distance from loss of feasibility?

Equilibrium angles exist if, in some p-norm,

‖B>L†pactv‖p ≤ γαp(γ) for all graphs (New αp T)

For p =∞, after bounding,

‖B>L†pactv‖∞ ≤ g(‖P‖∞) (New ∞-norm T)
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Phenomenon #2: Multiple power flows

Theoretical observation: multiple solutions exist

Practical observations:
sometimes undesirable power flows around loops
sometimes sizable difference between predicted and actual power flows
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3. Loop Flows 
“Loop flows” occur when the path over which power physically flows does not correspond to the path over 

which the power was scheduled to flow. Loop flows are difficult to predict and control. Electricity flowing 

between a generator and a consumer travels via the path of least resistance. Grid operators (ISOs and 

RTOs) must carefully balance power supplied to the system with power used by customers so that 

transmission lines are not overloaded and customers are served reliably.  

The Lake Erie loop flow occurs on the roughly 1,000 miles of interconnected bulk power transmission 

lines that surround Lake Erie. These transmission lines run through the states of New York, 

Pennsylvania, Ohio, Michigan and the Canadian province of Ontario, and traverse the jurisdictions of 

several grid operators, including the NYISO, PJM, IESO, and Midwest Independent Transmission System 

Operator, Inc. (“MISO”). 

Loop flows on the bulk power system are complex and ordinarily occur as the result of a combination of 

factors, including: 

� Scheduling of energy transactions between the areas controlled by grid operators  

� Scheduling electricity supply within each grid operator’s system 

� Demand for electricity within each grid operator’s system 

� Transmission outages 

� Generation outages 
 

Loop flows occur in all interconnected transmission systems, as the flow of electricity follows physical 

laws. Loop flow around Lake Erie 

is a longstanding and expected 

phenomenon. Lake Erie loop flows 

may present an operational 

concern depending on the 

magnitude of the loop flow and 

operation circumstances affecting 

the grid operators adjacent to the 

Lake.  

Over the past several years, Lake 

Erie loop flows have, on average, 

occurred in a counter-clockwise 

direction. However, the general 
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Figure 8: Average unscheduled flows for the years 2011 and 2012, MWh/h8 

 
Source: THEMA Consulting Group, based on data from 16 TSOs 

 

In this report, we focus on three different cases of loop and transit flows, indicated in Figure 8: 
loop flows in Central Eastern Europe, involving Germany, Poland, Czech Republic and Austria, 
transit flows in Central Western Europe, involving Germany, the Netherlands, Belgium, and 
France, and a loop flow in Central South Europe, where we identify a loop flow from France 
through Germany and Switzerland, back to France. These flows are analysed in more detail in the 
following section.  

The loop and transit flows are identified visually (cf. Figure 8) and by analysing how well the 
individual unscheduled flows are correlated with each other. A further discussion on the 
identification of the loops can be found in section 4.1.3. 

Please note that the indicated flows in Figure 8 are two-year averages, implying that flow patterns 
in individual hours, periods or seasons could look quite different. Looking only at averages can 
therefore be misleading, especially if the unscheduled flows change direction through the year, 
implying that they contribute to nullify each other when considering the average.  

We therefore also accounted for the direction of the unscheduled flow, and extended the analysis 
by distinguishing the direction of the unscheduled flow. The results are shown in Figure 9, showing 
the average unscheduled flow split in both cross-border directions. Thus, the figure shows the 
average unscheduled flow for all those hours in which the unscheduled flow goes in the same 
direction. The figure also shows the number of hours in which the deviation occurred as a 
percentage of the total hours in the dataset (2011-2012). This distinction between the directions of 

                                                
8 Figure 8: Red numbers where physical flow is in the opposite direction or larger than scheduled flow, green number if it is less than 
scheduled flow, see Table 2. 

Avg. scheduled flow
[MWh/h]

Avg. physical flow
[MWh/h]

Avg. unscheduled flow
[MWh/h]

534

289

New York Independent System Operator, Lake Erie
Loop Flow Mitigation, Technical Report, 2008

THEMA Consulting Group, Loop-flows - Final ad-
vice, Technical Report prepared for the European
Commission, 2013

Lack of uniqueness and winding solutions

Given topology (incidence B), admittances (Laplacian L), injections pactv,

pi =
∑n

j=1
aij sin(θi − θj)

1 is solution unique?

2 how to localize/classify solutions?

triangle graph, homogeneous weights (aij = 1), pactv = 0

phase sync
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splay state
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Winding number of n angles

Given undirected graph with a cycle σ = (1, . . . , nσ) and orientation

1 winding number of θ ∈ Tn along σ is:

wσ(θ) =
1

2π

nσ∑

i=1

dcc(θi , θi+1)
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<latexit sha1_base64="3pRNU2xuC/og4Qoc0GKvRAlAPdM="></latexit><latexit sha1_base64="3pRNU2xuC/og4Qoc0GKvRAlAPdM="></latexit><latexit sha1_base64="3pRNU2xuC/og4Qoc0GKvRAlAPdM="></latexit><latexit sha1_base64="3pRNU2xuC/og4Qoc0GKvRAlAPdM="></latexit>

w(✓) = ±1
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2 given basis σ1, . . . , σr for cycles, winding vector of θ is

w(θ) = (wσ1(θ), . . . ,wσr (θ))



“Kirckhoff Angle Law” and partition of the n-torus

Theorem: Kirchhoff angle law on Tn

wσ(θ) = 0,±1, . . . ,±bnσ/2c
=⇒ w(θ) is piecewise constant

=⇒ w(θ) takes value in a finite set

Theorem: Winding partition

For each possible winding vector u, define

WindingCell(u) := {θ ∈ Tn | w(θ) = u}

Then
Tn = ∪u WindingCell(u)

Winding partition of triangle graph

w = −1 w = 0 w = +1

each winding cell is connected

each winding cell is invariant under rotation

bijection:
reduced winding cell ←→ open convex polytope
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The Kuramoto model and the winding partition

Given topology (incidence B), admittances
(Laplacian L), injections pactv,

θ̇i = pi −
∑

j
aij sin(θi − θj)

Theorem: At-most-uniqueness and extensions

1 each WindingCell has at-most-1 equilibrium (n within π/2 arc)

2 loop winding number  loop power flow

3 test for existence + uniqueness in WindingCell(u)

Summary and Future Work

averaging compartmental flows mutualism virus spread coupled oscillators social systems

Review

1 a rather comprehensive theory of linear network systems

2 synchronization and multistability for Kuramoto

Future research

1 emerging contractivity theory for network systems

2 learning and control of infrastructure networks

3 outreach/collaboration opportunities for our community with
sociologists, biologists, economists, physicists ...


