
Advances in Contraction Theory:
Ergodic Coefficients and Convex Optimization

Francesco Bullo

Center for Control,
Dynamical Systems & Computation

University of California at Santa Barbara

http://motion.me.ucsb.edu

Workshop on Contraction Theory for Systems, Control, and Learning
American Control Conference, May 30, 2023

F Bullo (UCSB) Ergodicity and Equilibrium Tracking 1 / 51

http://motion.me.ucsb.edu


Acknowledgments

Veronica Centorrino
Scuola Sup Meridionale

Alexander Davydov
UC Santa Barbara

Giulia De Pasquale
ETH

Anand Gokhale
UC Santa Barbara

Kevin D. Smith
Utilidata

Robin Delabays
HES-SO Sion

Anton Proskurnikov
Politecnico Torino

Giovanni Russo
Univ Salerno

John W. Simpson-Porco
University of Toronto

Elena Valcher
Univ Padova

AFOSR ARO DTRA/ERDC

Frederick Leve @AFOSR FA9550-22-1-0059
Edward Palazzolo @ARO W911NF-22-1-0233
Paul Tandy @DTRA W912HZ-22-2-0010
Donald Wagner @AFOSR FA9550-21-1-0203

F Bullo (UCSB) Ergodicity and Equilibrium Tracking 2 / 51



References
Contraction theory on normed spaces:

A. Davydov, S. Jafarpour, and F. Bullo. Non-Euclidean contraction theory for robust nonlinear stability.
IEEE Transactions on Automatic Control , 67(12):6667–6681, 2022.

S. Jafarpour, A. Davydov, and F. Bullo. Non-Euclidean contraction theory for monotone and positive
systems. IEEE Transactions on Automatic Control , 2023. . To appear

Equilibrium tracking for time-varing convex optimization:

A. Davydov, V. Centorrino, A. Gokhale, G. Russo, and F. Bullo. Contracting dynamics for time-varying
convex optimization. Arxiv , 2023.

V. Centorrino, A. Gokhale, A. Davydov, G. Russo, and F. Bullo. Euclidean contractivity of neural networks
with symmetric weights. IEEE Control Systems Letters, 2023. . To appear

Semicontraction theory

S. Jafarpour, P. Cisneros-Velarde, and F. Bullo. Weak and semi-contraction for network systems and
diffusively-coupled oscillators. IEEE Transactions on Automatic Control , 67(3):1285–1300, 2022.

G. De Pasquale, K. D. Smith, F. Bullo, and M. E. Valcher. Dual seminorms, ergodic coefficients, and
semicontraction theory. IEEE Transactions on Automatic Control , 2022. . Submitted

R. Delabays and F. Bullo. Semicontraction and synchronization of Kuramoto-Sakaguchi oscillator
networks. IEEE Control Systems Letters, 7:1566–1571, 2023.

F Bullo (UCSB) Ergodicity and Equilibrium Tracking 3 / 51

http://dx.doi.org/10.1109/TAC.2022.3183966
http://dx.doi.org/10.1109/TAC.2022.3224094
http://dx.doi.org/10.48550/arXiv.2305.15595
http://dx.doi.org/10.1109/LCSYS.2023.3278250
http://dx.doi.org/10.1109/TAC.2021.3073096
http://dx.doi.org/10.48550/arXiv.2201.03103
http://dx.doi.org/10.1109/LCSYS.2023.3275169


Outline

1 Introduction

2 A brief review of contractivity concepts
From discrete-time to continuous-time dynamics
Table of infinitesimal contractivity conditions

3 Semicontractivity, ergodic coefficients, and duality
Systems with invariance/conservation properties
Induced seminorms and duality

4 Application to time-varying convex optimization via contracting dynamics
Examples
Convexity and contractivity
Tracking equilibrium trajectories

5 Conclusions and future research

F Bullo (UCSB) Ergodicity and Equilibrium Tracking 4 / 51



contractivity = robust computationally-friendly stability
fixed point theory + Lyapunov stability theory + geometry of metric spaces

highly-ordered transient and asymptotic behavior:

1 unique globally exponential stable equilibrium
& two natural Lyapunov functions

2 robustness properties
bounded input, bounded output (iss)
finite input-state gain
robustness margin wrt unmodeled dynamics
robustness margin wrt delayed dynamics

3 . . .

search for contraction properties
design engineering systems to be contracting
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équations intégrales. Fundamenta Mathematicae, 3(1):133–181, 1922.

Dynamics:

G. Dahlquist. Stability and error bounds in the numerical integration of ordinary
differential equations. PhD thesis, (Reprinted in Trans. Royal Inst. of Technology,
No. 130, Stockholm, Sweden, 1959), 1958

S. M. Lozinskii. Error estimate for numerical integration of ordinary differen-
tial equations. I. Izvestiya Vysshikh Uchebnykh Zavedenii. Matematika, 5:52–90,
1958. URL http://mi.mathnet.ru/eng/ivm2980. (in Russian)

Computation:

C. A. Desoer and H. Haneda. The measure of a matrix as a tool to analyze computer algorithms for circuit
analysis. IEEE Transactions on Circuit Theory , 19(5):480–486, 1972.

Systems and control:

W. Lohmiller and J.-J. E. Slotine. On contraction analysis for non-linear systems. Automatica, 34(6):
683–696, 1998.

F Bullo (UCSB) Ergodicity and Equilibrium Tracking 6 / 51

http://dx.doi.org/10.4064/fm-3-1-133-181
http://mi.mathnet.ru/eng/ivm2980
http://dx.doi.org/10.1109/TCT.1972.1083507
http://dx.doi.org/10.1016/S0005-1098(98)00019-3


Contraction Theory 
for Dynamical Systems

Francesco Bullo

Contraction Theory for Dynamical Systems, Francesco Bullo,
KDP, 1.1 edition, 2023, ISBN 979-8836646806

1 Textbook with exercises and answers. Format: textbook, slides,
and paperbook

2 Content:
Fixed point theory
Theory of contracting dynamics on vector spaces
Applications to nonlinear and interconnected systems

3 Self-Published and Print-on-Demand at:
https://www.amazon.com/dp/B0B4K1BTF4

4 PDF Freely available at
http://motion.me.ucsb.edu/book-ctds

5 10h minicourse on youtube:
https://youtu.be/RvR47ZbqJjc

6 Future version to include: systems on Riemannian manifolds,
homogeneous spaces, and solid cones

”Continuous improvement is better than delayed perfection”
Mark Twain
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Linear algebra: induced norms

Vector norm Induced matrix norm
Induced matrix log norm

∥x∥1 =
∑n

i=1
|xi| ∥A∥1 = max

j∈{1,...,n}

∑n

i=1
|aij |

µ1(A) = max
j∈{1,...,n}

(
ajj +

∑n

i=1,i ̸=j
|aij |

)
= max column “absolute sum” of A

∥x∥2 =
√∑n

i=1
x2i ∥A∥2 =

√
λmax(A⊤A)

µ2(A) = λmax

(A+A⊤

2

)
∥x∥∞ = max

i∈{1,...,n}
|xi| ∥A∥∞ = max

i∈{1,...,n}

∑n

j=1
|aij |

µ∞(A) = max
i∈{1,...,n}

(
aii +

∑n

j=1,j ̸=i
|aij |

)
= max row “absolute sum” of A
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Discrete-time dynamics and Lipschitz constants

xk+1 = F(xk) on Rn with norm ∥ · ∥ and induced norm ∥ · ∥

Lipschitz constant

Lip(F) = inf{ℓ > 0 such that ∥F(x)− F(y)∥ ≤ ℓ∥x− y∥ for all x, y}
= supx ∥JF(x)∥

For scalar map f , Lip(f) = supx |f ′(x)|
For affine map FA(x) = Ax+ a

∥x∥2,P = (x⊤Px)1/2 Lip2,P (FA) = ∥A∥2,P ≤ ℓ ⇐⇒ A⊤PA ⪯ ℓ2P

∥x∥∞,η = max
i

|xi|/ηi Lip∞,η(FA) = ∥A∥∞,η ≤ ℓ ⇐⇒ η⊤|A| ≤ ℓη⊤
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Banach contraction theorem for discrete-time dynamics:
If ρ := Lip(F) < 1, then

1 F is contracting = distance between trajectories decreases exp fast (ρk)

2 F has a unique, glob exp stable equilibrium x∗

<latexit sha1_base64="N3hfoZuaqNqDBlz3SHiemm3eHYU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9R3++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqt5l1b2rVeq1PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAHSI2V</latexit>x0

<latexit sha1_base64="MjJku7DXN4dg+qxrBABeL/WmR9E=">AAACIHicbZDLTsJAGIWnXhFviEs3jcTEBSGtIrIkutAlGrkklJDp8BcmTKfNzNRImr6KCzf6KO6MS30Rtw6FhYAnmeTk/LfJ54aMSmVZX8bK6tr6xmZmK7u9s7u3nzvIN2UQCQINErBAtF0sgVEODUUVg3YoAPsug5Y7up7UW48gJA34gxqH0PXxgFOPEqx01MvlnXRHPOAui+A8GfesXq5glaxU5rKxZ6aAZqr3cj9OPyCRD1wRhqXs2FaoujEWihIGSdaJJISYjPAAOtpy7IPsxundxDzRSd/0AqEfV2aa/p2IsS/l2Hd1p4/VUC7WJuF/tU6kvGo3pjyMFHAyPeRFzFSBOQFh9qkAothYG0wE1X81yRALTJTGlXX64Gmk83Di+5urJLaK1YuiXSknWU3KXuSybJpnJbtSKt+VC7XyjFkGHaFjdIpsdIlq6BbVUQMR9ISe0St6M16Md+PD+Jy2rhizmUM0J+P7F+GPolY=</latexit>y0

<latexit sha1_base64="Pyau3v9GEpRW6cXNBEIyHdYcHsY="></latexit>

y(k)

<latexit sha1_base64="tECZWwIOPcifUQ/TTLQYuDyJYSI="></latexit>

ball centered at x(k) with radius ⇢k

<latexit sha1_base64="FL9V926ijocRf43lklCEvHdwp9Y="></latexit>

x(k)
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From discrete to continuous time

The induced log norm of A ∈ Rn×n wrt to ∥ · ∥:

µ(A) := lim
h→0+

∥In + hA∥ − 1

h

subadditivity: µ(A+B) ≤ µ(A) + µ(B)

scaling: µ(bA) = bµ(A), ∀b ≥ 0

<latexit sha1_base64="KFQj2BS2q4UkTjnROuB6wYH7Uuc="></latexit>

� 2 spec(A)

<latexit sha1_base64="+2YI3P4S02yI693kM1YWgCI1pDs="></latexit>kAk

<latexit sha1_base64="DVbxusvrP05u8YEghq9UnEhNP5g="></latexit>

⇢(A)

<latexit sha1_base64="KFQj2BS2q4UkTjnROuB6wYH7Uuc="></latexit>

� 2 spec(A)
<latexit sha1_base64="6Zbm91eBsKbliM+nhyJilDmy2wU="></latexit>

↵(A)

<latexit sha1_base64="wc1Ds0oRjc3QsOvkHVgtSOKBUrw="></latexit>

µ(A)
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Example induced log norms

Vector norm Induced matrix norm Induced matrix log norm

∥x∥1 =
∑n

i=1
|xi| ∥A∥1 = max

j∈{1,...,n}

∑n

i=1
|aij | µ1(A) = max

j∈{1,...,n}

(
ajj +

∑n

i=1,i ̸=j
|aij |

)
= max column “absolute sum” of A

∥x∥2 =
√∑n

i=1
x2i ∥A∥2 =

√
λmax(A⊤A) µ2(A) = λmax

(A+A⊤

2

)
∥x∥∞ = max

i∈{1,...,n}
|xi| ∥A∥∞ = max

i∈{1,...,n}

∑n

j=1
|aij | µ∞(A) = max

i∈{1,...,n}

(
aii +

∑n

j=1,j ̸=i
|aij |

)
= max row “absolute sum” of A
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Continuous-time dynamics and one-sided Lipschitz constants

ẋ = F(x) on Rn with norm ∥ · ∥ and induced log norm µ(·)

One-sided Lipschitz constant

osLip(F) = inf{b ∈ R such that ⟨⟨F(x)− F(y), x− y⟩⟩ ≤ b∥x− y∥2 for all x, y}
= supx µ(JF(x))

For scalar map f , osLip(f) = supx f
′(x)

For affine map FA(x) = Ax+ a

osLip2,P (FA) = µ2,P (A) ≤ ℓ ⇐⇒ A⊤P +AP ⪯ 2ℓP

osLip∞,η(FA) = µ∞,η(A) ≤ ℓ ⇐⇒ aii +
∑
j ̸=i

|aij |ηi/ηj ≤ ℓ
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Banach contraction theorem for continuous-time dynamics:
If −c := osLip(F) < 0, then

1 F is infinitesimally contracting = distance between trajectories decreases exp fast (e−ct)

2 F has a unique, glob exp stable equilibrium x∗
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<latexit sha1_base64="l/6cDS0liA5U5eG3sNU6hEZRYvA="></latexit>

y(t)

x(t)
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ball centered at x(t) with radius e�ct
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Log norm Demidovich One-sided Lipschitz

bounds conditions conditions

µ2,P (JF(x)) ≤ −c PJF(x) + JF(x)
⊤P ⪯ −2cP (x− y)⊤P

(
F(x)− F(y)

)
≤ −c∥x− y∥2

P 1/2

µ1(JF(x)) ≤ −c sign(v)⊤JF(x)v ≤ −c∥v∥1 sign(x− y)⊤(F(x)− F(y)) ≤ −c∥x− y∥1

µ∞(JF(x)) ≤ −c max
i∈A∞(v)

vi (JF(x)v)i ≤ −c∥v∥2∞ max
i∈A∞(x−y)

(xi−yi)(Fi(x)−Fi(y)) ≤ −c∥x−y∥2∞

Each row = three equivalent statements. To be understood for all x, y ∈ Rn and all v ∈ Rn.
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Consider a vector field F : Rn → Rn, and let ξ, η ∈ Rn.

Invariance property: for all x, y ∈ Rn and α ∈ R,

F(x+ αξ) = F(x) or equivalently DF(x)ξ = 0n

Conservation property: for all x, y ∈ Rn,

η⊤F(x) = η⊤F(y) or equivalently η⊤DF(x) = 0⊤
n

F Bullo (UCSB) Ergodicity and Equilibrium Tracking 18 / 51



Prototypical dynamics — extensively studied by Fabio and Sandro

Let A ∈ Rn×n be row-stochastic: A1n = 1n and A ≥ 0

Averaging Systems

xk+1 = Axk

Invariance: dynamics unaffected by
translations in span{1n}

Examples: distributed optimization,
robotic coordination, frequency
synchronization, . . .

Dynamical Flow Systems

xk+1 = A⊤xk

Conservation: quantity 1⊤
n x is constant

Examples: compartmental models, Markov
chains
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Historical starting point

Given row-stochastic A ∈ Rn×n,
Markov-Dobrushin ergodic coefficient

τ1(A) = max
∥z∥1=1,1⊤

n z=0
∥A⊤z∥1

τ1(A) < 1 under mild connectivity conditions
τp(A) also defined for general p ∈ [1,∞]

How is τ1 an induced norm?

A. A. Markov. Extensions of the law of large numbers to dependent quantities. Izvestiya Fiziko-matematicheskogo obschestva pri Kazanskom
universitete, 15, 1906. (in Russian)
R. L. Dobrushin. Central limit theorem for nonstationary Markov chains. I. Theory of Probability & Its Applications, 1(1):65–80, 1956.
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A ∈ Rn×n row-stochastic

Classical Property of Averaging Systems xk+1 = Axk
Given x ∈ Rn, max-min disagreement:

s(Ax) ≤ τ1(A) s(x), where s(x) = max
i

{xi} −min
j

{xj}

Classical Property of Markov Chains xk+1 = A⊤xk
Given π, σ in the simplex ∆n, total variation distance:

dTV(A
⊤π,A⊤σ) ≤ τ1(A) dTV(π, σ), where dTV(π, σ) =

1
2

∑
i
|πi − σi|

Why is the same τ1 relevant in both cases?
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Seminorms

A seminorm is a function ||| · ||| : Rn → R≥0 s.t., ∀a ∈ R and ∀x, y ∈ Rn:

1 (homogeneity): |||ax||| = |a||||x|||
2 (subadditivity): |||x+ y||| ≤ |||x|||+ |||y|||

The kernel is the vector space:

K = {x ∈ Rn : |||x||| = 0}

We focus on consensus seminorms, where K = span{1n}.

Note: ||| · ||| is invariant under translations in K
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Projection and distance-based seminorms: graphical definitions

Projection seminorms Distance seminorms

|||x|||proj,p ≜ ∥Π⊥x∥p, Π⊥ = Π⊤
⊥ |||x|||dist,p ≜ minu∈K ∥x− u∥p
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Consensus seminorms

When K = span{1n}, consensus seminorms

|||x|||proj,p |||x|||dist,p

ℓ1

n∑
i=1

|xi − xavg|
⌊n
2
⌋∑

i=1

x(i) −
n∑

j=⌈n
2
⌉+1

x(j)

ℓ2

√
1
n

∑
i,j(xi − xj)2

√
1
n

∑
i,j(xi − xj)2

ℓ∞ maxi |xi − xavg| 1
2

(
x(1) − x(n)

)
where we have sorted x(1) ≥ x(2) ≥ · · · ≥ x(n)
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Figure: Two-dimensional sections of three-dimensional unit disks of projection (solid contours) and distance (dashed
contours) consensus seminorms. We plot the sections corresponding to (x1, x2, x3 = 0).
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Induced matrix seminorms

Consider a seminorm ||| · ||| on Rn with kernel K.

Induced matrix seminorm: function ||| · ||| : Rn×n → R≥0 where

|||A||| = max
|||x|||≤1
x⊥K

|||Ax|||, ∀A ∈ Rn×n

In general, |||Ax||| ≰ |||A||||||x|||
Inequality is true if x ∈ K⊥ or AK ⊆ K
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Key facts about dual and induced norms

Properties of dual and induced norms

1 ℓp and ℓq norms are dual, for 1/p+ 1/q = 1

∥ · ∥p = (∥ · ∥q)⋆ ∥ · ∥q = (∥ · ∥p)⋆

2 dual norm satisfies (sharp) Hölder inequality : x⊤y ≤ ∥x∥p ∥y∥q
3 equality between dual induced norms: ∥A∥p = ∥A⊤∥q
4 induced norm is submultiplicative: ∥AB∥ ≤ ∥A∥∥B∥
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Key facts about dual and induced seminorms

Properties of dual and induced seminorms

1 ℓp-distance and ℓq-projection seminorms are dual, for 1/p+ 1/q = 1

||| · |||dist,p = (||| · |||proj,q)⋆ ||| · |||proj,q = (||| · |||dist,p)⋆

2 dual seminorm satisfies (sharp) Markov inequality : x⊤Π⊥y ≤ |||x|||dist,p |||y|||proj,q
3 equality between dual induced seminorms: |||A|||dist,p = |||A⊤|||proj,q
4 induced seminorm is submultiplicative: |||AB||| ≤ |||A||||||B||| if AK ⊆ K or BK⊤ ⊆ K⊤

Ergodic coefficients are induced seminorms

|||A|||dist,p = |||A⊤|||proj,q = τq(A) := max
∥z∥q=1, z⊥1n

∥A⊤z∥q
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How Markov and Banach’s results meet

Classical Property of Averaging Systems
Given row-stochastic A ∈ Rn×n and x, y ∈ Rn:

|||A(x− y)|||dist,∞ ≤ τ1(A)|||x− y|||dist,∞
=

∣∣∣∣∣∣A∣∣∣∣∣∣
dist,∞

∣∣∣∣∣∣x− y
∣∣∣∣∣∣

dist,∞

Classical Property of Markov Chains
Given row-stochastic A ∈ Rn×n and π, σ in the simplex ∆n:

|||A⊤(π − σ)|||proj,1 ≤ τ1(A)|||π − σ|||proj,1
=

∣∣∣∣∣∣A⊤∣∣∣∣∣∣
proj,1

∣∣∣∣∣∣π − σ
∣∣∣∣∣∣

proj,1
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Summary and future work

1 ergodic coefficients are contraction factors

2 duality explains their roles in both averaging and flow systems

3 nonEuclidean norms play a key role

4 semicontraction theory
1 discrete/continuous-time Markov chains
2 discrete/continuous-time nonlinear consensus algorithms
3 local contractivity of Kuramoto and Kuramoto-Sakaguchi models

Future work

consider the set of undirected, unweighted connected graphs + selfloops
for each adjacency Ai, define row-stochastic Ai = diag(Ai1n)

−1Ai (equal neighbor)
find a consensus seminorm ||| · ||| such that, for each i,

|||Ai||| < 1

or prove that it does not exist
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Continuous-time semicontraction theory

The induced log seminorm of A ∈ Rn×n is

µ|||·|||(A) ≜ lim
h→0+

|||In + hA||| − 1

h

Laplacian L, corresponding to weighted digraph with adj. matrix A:

µdist,1(−L) = −min
j

(dout)j −
⌊n
2
⌋−1∑

i=1

a(i),j +

n−1∑
i=⌈n

2
⌉

a(i),j

 , dout = A1n

µdist,2(−L) = min
{
b : Π⊥L+ L⊤Π⊥ ⪰ −2bΠ⊥

}
, Π⊥ = In − 1

n1n1⊤
n

µdist,∞(−L) = −min
i ̸=j

aij + aji +
∑
k ̸=i,j

min{aik, ajk}


Let p, q ∈ [1,∞] such that p−1 + q−1 = 1. For any matrix M ∈ Rn×n, and any kernel K,

µdist,p(M) = µproj,q(M
⊤)

F Bullo (UCSB) Ergodicity and Equilibrium Tracking 31 / 51



Outline

1 Introduction

2 A brief review of contractivity concepts
From discrete-time to continuous-time dynamics
Table of infinitesimal contractivity conditions

3 Semicontractivity, ergodic coefficients, and duality
Systems with invariance/conservation properties
Induced seminorms and duality

4 Application to time-varying convex optimization via contracting dynamics
Examples
Convexity and contractivity
Tracking equilibrium trajectories

5 Conclusions and future research

F Bullo (UCSB) Ergodicity and Equilibrium Tracking 32 / 51



Solving optimization problems via dynamical systems

<latexit sha1_base64="cRC8UsZclDp57IevNhgml4y3CgE="></latexit>

y<latexit sha1_base64="fnokQSQQYGs6uHhBmwDBe7239+0="></latexit>

u

<latexit sha1_base64="EEk6WItmJ2pI2GvH9gikxRCIG5s="></latexit>

w(t)

<latexit sha1_base64="FLBeaGK80TzhtkYcbtU1+w2XmxE="></latexit>

u̇ = Optimizer(t, u, y)
<latexit sha1_base64="PaNPoWUMgH76nLSzNVw+5K8ilj8="></latexit>

Plant
(stable, fast)

studies in linear and nonlinear programming (Arrow, Hurwicz, and Uzawa 1958)

neural networks (Hopfield and Tank 1985) and analog circuits (Kennedy and Chua 1988)

optimization on manifolds (Brockett 1991)

. . .

power grids (Bolognani, Carli, Cavraro, Zampieri 2013)

online and dynamic feedback optimization (Dall’Anese, Dörfler, Simonetto, . . . )
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Example #1: Gradient flow for strongly convex function

Given strongly convex f : Rn → R with parameter µ, gradient dynamics

ẋ = fG(x) := −∇f(x)

fG is infinitesimally contracting wrt ∥ · ∥2 with rate µ

If f is twice-differentiable, then Hess f(x) ⪰ µIn for all x

J(−∇f)(x) = −Hess f(x) ⪯ −µIn

⇐⇒ In J(−∇f)(x) + J(−∇f)(x)
⊤In ⪯ −2µIn
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Example #2: Primal-dual gradient dynamics

strongly convex function f s.t. 0 ≺ µminIn ⪯ Hess f ⪯ µmaxIn
constraint matrix A s.t. 0 ≺ aminIm ⪯ AA⊤ ⪯ amaxIm

min
x∈Rn

f(x)

s.t. Ax = b

primal-dual gradient dynamics:[
ẋ

λ̇

]
= fPDG(x, λ) :=

[
−∇f(x)−A⊤λ

Ax− b

]

fPDG is infinitesimally contracting wrt weighted ∥ · ∥2,P 1/2 with rate c

P =

[
In αA⊤

αA Im

]
, α =

1

3
min

{ 1

µmax
,
µmin

amax

}
, and c =

5

18
min

{ amin

µmax
,
amin

amax
µmin

}

For each µminIn ⪯ Q ⪯ µmaxIn,

[
−Q −A⊤

A 0

]⊤
P + P

[
−Q −A⊤

A 0

]
⪯ −2cP
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Example #3: Time-varying optimization algorithms

<latexit sha1_base64="cRC8UsZclDp57IevNhgml4y3CgE="></latexit>

y<latexit sha1_base64="fnokQSQQYGs6uHhBmwDBe7239+0="></latexit>

u

<latexit sha1_base64="EEk6WItmJ2pI2GvH9gikxRCIG5s="></latexit>

w(t)

<latexit sha1_base64="FLBeaGK80TzhtkYcbtU1+w2XmxE="></latexit>

u̇ = Optimizer(t, u, y)
<latexit sha1_base64="PaNPoWUMgH76nLSzNVw+5K8ilj8="></latexit>

Plant
(stable, fast)

optimization via dynamical systems
online time-varying optimization, optimization-based feedback control, . . .{

min cost1(u) + cost2(y)

s.t. y = Plant
(
u,w(t)

) =⇒
{

u̇ = Optimizer(t, u, y)

y = Plant
(
u,w(t)

)
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Convexity and contractivity

Kachurovskii’s Theorem: For differentiable f : Rn → R, equivalent statements:

1 f is strongly convex with parameter m

2 −∇f is (strongly) infinitesimally contracting with respect to ∥ · ∥2 with rate m

Also: global minimum of f = globally-exponentially stable equilibrium of −∇f

For map F : Rn → Rn, equivalent statements:

1 F is a monotone operator (or a coercive operator) with parameter m,

2 −F is infinitesimally contracting with rate m

R. I. Kachurovskii. Monotone operators and convex functionals. Uspekhi Matematicheskikh Nauk , 15(4):213–215, 1960
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From convex optimization to contracting dynamics – time-varying

Many convex optimization problems can be solved with contracting dynamics

ẋ = F(x, θ)

Convex Optimization Contracting Dynamics

Unconstrained min
x∈Rn

f(x, θ) ẋ = −∇xf(x, θ)

Constrained
min
x∈Rn

f(x, θ)

s.t. x ∈ X (θ)
ẋ = −x+ ProjX (θ)(x− γ∇xf(x, θ))

Composite min
x∈Rn

f(x, θ) + g(x, θ) ẋ = −x+ proxγgθ(x− γ∇xf(x, θ))

Equality
min
x∈Rn

f(x, θ)

s.t. Ax = b(θ)

ẋ = −∇xf(x, θ)−A⊤λ,

λ̇ = Ax− b(θ)

Inequality
min
x∈Rn

f(x, θ)

s.t. Ax ≤ b(θ)

ẋ = −∇f(x, θ)−A⊤∇Mγ,b(θ)(Ax+ γλ),

λ̇ = γ(−λ+∇Mγ,b(θ)(Ax+ γλ))
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Tracking equilibrium trajectories

For parameter-dependent vector field F : Rn × Rd → Rn and differentiable θ : R≥0 → Rd

ẋ(t) = F(x(t), θ(t))

Assume there exist norms ∥ · ∥X and ∥ · ∥Θ s.t.

contractivity wrt x: osLipx(F) ≤ −c < 0, uniformly in u

Lipschitz wrt u: Lipu(F) ≤ ℓ, uniformly in x

Theorem: Incremental ISS any two soltns: x(t) with input ux and y(t) with input uy

D+∥x(t)− y(t)∥X ≤ −c∥x(t)− y(t)∥X + ℓ∥ux(t)− uy(t)∥Θ
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Tracking equilibrium trajectories

For parameter-dependent vector field F : Rn × Rd → Rn and differentiable θ : R≥0 → Rd

ẋ(t) = F(x(t), θ(t))

Assume there exist norms ∥ · ∥X and ∥ · ∥Θ s.t.

contractivity wrt x: osLipx(F) ≤ −c < 0, uniformly in u

Lipschitz wrt u: Lipu(F) ≤ ℓ, uniformly in x

Theorem: Equilibrium tracking for contracting dynamics

1 for each fixed θ, there exists a unique equilbrium x⋆(θ)

2 the equilibrium map x⋆(·) is Lipschitz with constant
ℓ

c

3 D+∥x(t)−x⋆(θ(t))∥X ≤ −c∥x(t)−x⋆(θ(t))∥X +
ℓ

c
∥θ̇(t)∥Θ
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Consequences for tracking error

D+∥x(t)−x⋆(θ(t))∥X ≤ −c∥x(t)−x⋆(θ(t))∥X +
ℓ

c
∥θ̇(t)∥Θ

bounded input, bounded error
with asymptotic bound:

lim sup
t→∞

∥x(t)− x⋆(θ(t))∥X ≤ ℓ

c2
lim sup
t→∞

∥θ̇(t)∥Θ

bounded energy input, bounded energy error

vanishing input, vanishing error

exponentially vanishing input, exponentially vanishing error

periodic input, periodic error
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Numerical simulations

min
x∈R3

1

2
∥x− r(t)∥22

s.t. x1 + 2x2 + x3 = sin(ωt),

r(t) = (sin(ωt), cos(ωt), 1), ω = 0.2

0 10 20 30 40
t
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min
x∈R2

1

2
∥x+ r(t)∥22

s.t. −x1 + x2 ≤ cos(ωt),

r(t) = (sin(ωt), cos(ωt)), ω = 0.2
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Proof sketch for equilibrium tracking

Given ẋ = F(x, θ(t)) with osLipx(F) ≤ −c and Lipu(F) ≤ ℓ
Task: compare trajectory x(t) with equilibrium trajectory x∗(θ(t))

Consider auxiliary dynamics with two trajectories:

ẋ = F(x, θ(t)) + v(t) =: Faux(x, θ, v)

1 v = 0 =⇒ trajectory x(t)

2 v = ẋ∗(θ(t)) =⇒ equilibrium trajectory x∗(θ(t))

Faux is contracting with osLipx(Faux) ≤ −c and Lipv(Faux) = 1. Hence, iISS:

D+∥x(t)−x⋆(θ(t))∥X ≤ −c · ∥x(t)−x⋆(θ(t))∥X + 1 · ∥0− ẋ∗(θ(t))∥X

≤ −c · ∥x(t)−x⋆(θ(t))∥X +
ℓ

c
· ∥θ̇(t)∥Θ

(
since Lip(x∗) =

ℓ

c

)
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Summary and future work

Summary:

1 from convex optimization to contracting dynamics

2 tracking-bounds for time-varying contracting systems

3 applications to standard convex optimization problems

Ongoing work and open problems:

1 contracting predictor-corrector methods

2 tracking bounds in time-varying norms

3 convex but not strongly convex problems
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Robust and computationally-friendly stability theory

1 contractivity conditions on normed vector spaces
2 application to recurrent and implicit neural networks
3 application to time-varying convex optimization

Lyapunov Theory Contraction Theory for Dynamical Systems

F admits global Lyapunov function F is strongly contracting

existence of equilibrium assumed implied + computational methods

Lyapunov function arbitrary ∥x− x∗∥ and ∥F(x)∥
inputs ISS via K and KL functions iISS via explicit formulas

search for contraction properties
design engineering systems to be contracting
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Supplementary slides
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Convexity and contractivity

Kachurovskii’s Theorem: For differentiable f : Rn → R, equivalent statements:

1 f is strongly convex with parameter m

2 −∇f is (strongly) infinitesimally contracting with respect to ∥ · ∥2 with rate m

Also: global minimum of f = globally-exponentially stable equilibrium of −∇f

For strongly convex f , provides natural way to solve minimization with dynamical system

1 The minimization problem
min
x∈Rn

f(x)

2 strongly infinitesimally contracting dynamics

ẋ = −∇f(x)

How about more general minimization problems like minx∈Rn f(x) + g(x)?

R. I. Kachurovskii. Monotone operators and convex functionals. Uspekhi Matematicheskikh Nauk , 15(4):213–215, 1960

F Bullo (UCSB) Ergodicity and Equilibrium Tracking 49 / 51



Composite minimization and proximal gradient

For strongly convex + strongly smooth f , convex, closed, proper g : Rn → R,

x⋆ = argmin
x∈Rn

f(x) + g(x) ⇐⇒ x⋆ = proxγg(x
⋆ − γ∇f(x))

proxγg(z) = argmin
x∈Rn

g(x) +
1

2γ
∥x− z∥22.

Transcription from

1 The minimization problem
min
x∈Rn

f(x) + g(x)

2 to strongly infinitesimally contracting proximal gradient dynamics

ẋ = −x+ proxγg(x− γ∇f(x))
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Contractivity of proximal gradient

ẋ = −x+ proxγg(x− γ∇f(x))

Contractivity properties

1 For γ ∈ ]0, 2/ℓ[, prox. gradient is contracting w.r.t. ∥ · ∥2 with rate

c = 1−max{|1− γm|, |1− γℓ|}

Optimal γ⋆ =
2

m+ ℓ

2 For f(x) =
1

2
x⊤Ax+ b⊤x, A ≻ 0, and γ ∈ ]1/λmin(A),+∞[

proximal gradient is contracting w.r.t. ∥ · ∥(γA−In) with rate c = 1
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