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Biological and Artificial Neural Networks

Figure 2: An illustration of the architecture of our CNN, explicitly showing the delineation of responsibilities
between the two GPUs. One GPU runs the layer-parts at the top of the figure while the other runs the layer-parts
at the bottom. The GPUs communicate only at certain layers. The network’s input is 150,528-dimensional, and
the number of neurons in the network’s remaining layers is given by 253,440–186,624–64,896–64,896–43,264–
4096–4096–1000.

neurons in a kernel map). The second convolutional layer takes as input the (response-normalized
and pooled) output of the first convolutional layer and filters it with 256 kernels of size 5 ⇥ 5 ⇥ 48.
The third, fourth, and fifth convolutional layers are connected to one another without any intervening
pooling or normalization layers. The third convolutional layer has 384 kernels of size 3 ⇥ 3 ⇥
256 connected to the (normalized, pooled) outputs of the second convolutional layer. The fourth
convolutional layer has 384 kernels of size 3 ⇥ 3 ⇥ 192 , and the fifth convolutional layer has 256
kernels of size 3 ⇥ 3 ⇥ 192. The fully-connected layers have 4096 neurons each.

4 Reducing Overfitting

Our neural network architecture has 60 million parameters. Although the 1000 classes of ILSVRC
make each training example impose 10 bits of constraint on the mapping from image to label, this
turns out to be insufficient to learn so many parameters without considerable overfitting. Below, we
describe the two primary ways in which we combat overfitting.

4.1 Data Augmentation

The easiest and most common method to reduce overfitting on image data is to artificially enlarge
the dataset using label-preserving transformations (e.g., [25, 4, 5]). We employ two distinct forms
of data augmentation, both of which allow transformed images to be produced from the original
images with very little computation, so the transformed images do not need to be stored on disk.
In our implementation, the transformed images are generated in Python code on the CPU while the
GPU is training on the previous batch of images. So these data augmentation schemes are, in effect,
computationally free.

The first form of data augmentation consists of generating image translations and horizontal reflec-
tions. We do this by extracting random 224⇥ 224 patches (and their horizontal reflections) from the
256⇥256 images and training our network on these extracted patches4. This increases the size of our
training set by a factor of 2048, though the resulting training examples are, of course, highly inter-
dependent. Without this scheme, our network suffers from substantial overfitting, which would have
forced us to use much smaller networks. At test time, the network makes a prediction by extracting
five 224 ⇥ 224 patches (the four corner patches and the center patch) as well as their horizontal
reflections (hence ten patches in all), and averaging the predictions made by the network’s softmax
layer on the ten patches.

The second form of data augmentation consists of altering the intensities of the RGB channels in
training images. Specifically, we perform PCA on the set of RGB pixel values throughout the
ImageNet training set. To each training image, we add multiples of the found principal components,

4This is the reason why the input images in Figure 2 are 224 ⇥ 224 ⇥ 3-dimensional.
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Fixed point computation

Feedforward NN
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xi+1 = Φ(Aixi + bi), x0 = u,

y = Cxk + d

Implicit/Recurrent NN
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x = Φ(Ax+Bu+ b),

y = Cx+ d

Fixed point strategies in data science = simplifying and unifying framework to model, analyze,
and solve advanced convex optimization methods, Nash equilibria, monotone inclusions, etc.

P. L. Combettes and J.-C. Pesquet. Fixed point strategies in data science. IEEE Transactions on Signal

Processing , 2021.
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Contraction theory: historical notes
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On fixed point algorithms and Banach contractions

x = G(x)

Banach Contraction Theorem
If Lip(G) < 1 that is ∥G(u)− G(v)∥ ≤ Lip(G)∥u− v∥,

then Picard iteration xk+1 = G(xk) is a Banach contraction

For Lip(G) ≥ 1, define the average/damped/Mann-Krasnosel’skii iteration

xk+1 = (1− α)xk + αG(xk)

Infinitesimal Contraction Theorem

1 there exists 0 < α < 1 such that the average iteration is a Banach contraction

2 the map G satisfies osLip(G) < 1

3 the dynamics ẋ = −x+ G(x) is infinitesimally strongly contracting



Robustness of fixed point algorithms

Robustness via Lipschitz constants (Lim’s Lemma)
x∗u is a fixed point of x = G(x, u) and Lipx G < 1, then

∥x∗u − x∗v∥ ≤ Lipu G

1− Lipx G
∥u− v∥

Robustness via one-sided Lipschitz constants
x∗u is a fixed point of x = G(x, u)
x∗v is a fixed point of x = G(x, v) + D(x, v), and
osLipx(G+ D) < 1, then

∥x∗u − x∗v∥ ≤ 1

1− osLipx(G+ D)

(
Lipu(G+ D)∥u− v∥+ ∥D(x∗u, u)∥

)



On infinitesimal contraction theory

Given ẋ = F(t, x), F is infinitesimally strongly contractive if its flow is a Banach contraction
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Properties of contracting dynamical systems
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ball centered at x(t) with radius e�ct

Highly ordered transient and asymptotic behavior:

1 time-invariant F: unique globally exponential stable equilibrium
two natural Lyapunov functions

2 periodic F: contracting system entrain to periodic inputs

3 contractivity rate is natural measure/indicator of robust stability

4 accurate numerical integration, and

5 there exist efficient methods for their equilibrium computation



Scalar maps and vector field

F : R → R is one-sided Lipschitz with osLip(F ) = b if

F ′(x) ≤ b, ∀x
⇐⇒ F (x)− F (y) ≤ b(x− y), ∀x > y

⇐⇒ (x− y)(F (x)− F (y)) ≤ b(x− y)2, ∀x, y

F is osL with b = 0 iff F weakly decreasing

if F is Lipschitz with bound ℓ, then F is osL with b ≤ ℓ

For
ẋ = F (x)

the Grönwall lemma implies |x(t)− y(t)| ≤ ebt|x(0)− y(0)|



Contraction theory on inner product space (Rn, ℓ2) 1/4

For x ∈ Rn and differentiable time-dep

ẋ = F(x)

For P = P⊤ ≻ 0, define ∥x∥2
2,P 1/2 = x⊤Px

Main equivalences: For c > 0, map F is c-strongly contracting (i.e., osLip(F) ≤ −c) if

1 osL : (F(x)− F(y))⊤P (x− y) ≤ −c∥x− y∥2
2,P 1/2 for all x, y

2 d-osL : PDF(x) +DF(x)⊤P ⪯ −2cP for all x

3 d-IS : D+∥x(t)− y(t)∥2,P 1/2 ≤ −c∥x(t)− y(t)∥2,P 1/2 for all soltns x(·), y(·)



Contraction theory on inner product space (Rn, ℓ2) 2/4

For differentiable V : Rn → R, equivalent statements:

1 V is strongly convex with parameter m

2 − gradV is m-strongly contracting, that is(
− gradV (x) + gradV (y)

)⊤
(x− y) ≤ −m∥x− y∥22

For map F : Rn → Rn, equivalent statements:

1 F is a monotone operator (or a coercive operator) with parameter m,

2 −F is m-strongly contracting



Contraction theory on inner product space (Rn, ℓ2) 3/4

Equilibria of contracting vector fields:
For a time-invariant F, c-strongly contracting with respect to ∥ · ∥2,P 1/2

1 flow of F is a contraction,
i.e., distance between solutions exponentially decreases with rate c

2 there exists an equilibrium x∗, that is unique, globally exponentially stable with global
Lyapunov functions

x 7→ ∥x− x∗∥2
2,P 1/2 and x 7→ ∥F(x)∥2

2,P 1/2



Contraction theory on inner product space (Rn, ℓ2) 4/4

Given F : Rn → Rn

x∗ ∈ zero(F) ⇐⇒ x∗ ∈ fixed(G), where G = Id+F

consider forward step = Euler integration for F = averaged iteration for G:

xk+1 = (Id+αF)xk = xk + αF(xk) = (1− α) Id+αG

Given contraction rate c and Lipschitz constant ℓ, define condition number κ = ℓ/c ≥ 1

1 the map Id+αF is a contraction map with respect to ∥ · ∥2,P 1/2 for

0 < α <
2

cκ2

2 the optimal step size minimizing and minimum contraction factor:

α∗
E =

1

cκ2

ℓ∗E = 1− 1

2κ2
+O

( 1

κ4

)
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Contraction theory on the normed vector spaces (Rn, ℓ1/ℓ∞) 1/5

Norms From inner products to From LMIs to
sign and max pairings log norms

∥x∥2
2,P 1/2 = x⊤Px Jx, yK2,P 1/2 = x⊤Py µ2,P 1/2(A) = min{b | A⊤P + PA ⪯ 2bP}

∥x∥1 =
∑
i

|xi| Jx, yK1 = ∥y∥1 sign(y)⊤x µ1(A) = max
j

(
ajj +

∑
i ̸=j

|aij |
)

∥x∥∞ = max
i

|xi| Jx, yK∞ = max
i∈I∞(y)

yixi µ∞(A) = max
i

(
aii +

∑
j ̸=i

|aij |
)

where I∞(x) = {i ∈ {1, . . . , n} | |xi| = ∥x∥∞}



Generalizing LMIs: log norms conditions 3/5

The log norm of A ∈ Rn×n wrt to ∥ · ∥:

µ(A) := lim
h→0+

∥In + hA∥ − 1

h

Basic properties:

subadditivity: µ(A+B) ≤ µ(A) + µ(B)

scaling: µ(bA) = bµ(A), ∀b ≥ 0

convexity: µ(θA+ (1− θ)B) ≤ θµ(A) + (1− θ)µ(B), ∀θ ∈ [0, 1]

µ2(A) ≤ −c ⇐⇒ A+A⊤ ⪯ −2cIn

µ∞(A) ≤ −c ⇐⇒ aii +
∑
j ̸=i

|aij | ≤ −c for all i

T. Ström. On logarithmic norms. SIAM Journal on Numerical Analysis, 12(5):741–753, 1975.

http://dx.doi.org/10.1137/0712055


Generalizing inner products: weak pairings 2/5

A weak pairing is J·, ·K : Rn × Rn → R satisfying

1 Jx1 + x2, yK ≤ Jx1, yK + Jx2, yK and x 7→ Jx, yK is continuous,

2 Jbx, yK = Jx, byK = b Jx, yK for b ≥ 0 and J−x,−yK = Jx, yK,

3 Jx, xK > 0, for all x ̸= 0n,

4 | Jx, yK | ≤ Jx, xK1/2 Jy, yK1/2,
Given norm ∥ · ∥, compatibility: Jx, xK = ∥x∥2 for all x

Sup of non-Euclidean numerical range: µ(A) = sup
∥x∥=1

JAx, xK

Norm derivative formula: 1
2D

+∥x(t)∥2 = Jẋ(t), x(t)K



Contraction theory on the normed vector spaces (Rn, ℓ1/ℓ∞) 4/5

For x ∈ Rn and differentiable time-dep

ẋ = F(x) (1)

For norm ∥ · ∥ with log norm µ(·) and compatible weak pairing J·, ·K

Main equivalences: for c > 0

1 osL : JF(x)− F(y), x− yK ≤ −c∥x− y∥2 for all x, y

2 d-osL : µ(DF(x)) ≤ −c for all x

3 d-IS : D+∥x(t)− y(t)∥ ≤ −c∥x(t)− y(t)∥ for soltns x(·), y(·)

A. Davydov, S. Jafarpour, and F. Bullo. Non-Euclidean contraction theory for robust nonlinear stability. IEEE

Transactions on Automatic Control , July 2021. URL https://arxiv.org/abs/2103.12263. Conditionally

accepted as Paper

https://arxiv.org/abs/2103.12263


Contraction theory on the normed vector spaces (Rn, ℓ1/ℓ∞) 5/5

Consider a norm ∥ · ∥ with compatible weak pairing J·, ·K
Recall forward step method xk+1 = (Id+αF)xk = xk + αF(xk)

Given contraction rate c and Lipschitz constant ℓ, define condition number κ = ℓ/c ≥ 1

1 the map Id+αF is a contraction map with respect to ∥ · ∥ for

0 < α <
1

cκ(1 + κ)

2 the optimal step size minimizing and minimum contraction factor:

α∗
nE =

1

c

( 1

2κ2
− 3

8κ3
+O

( 1

κ4

))
ℓ∗nE = 1− 1

4κ2
+

1

8κ3
+O

( 1

κ4

)
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averaging compartmental flows mutualism virus spread coupled oscillators social power

network structure ⇐⇒ function = dynamic behavior

Control theories: general Lyapunov theory, passivity/dissipativity, monotone dynamics ...



Networks of contracting systems

Interconnected subsystems: xi ∈ RNi and x−i ∈ RN−Ni :

ẋi = fi(xi, x−i), for i ∈ {1, . . . , n}

osL: xi 7→ fi(xi, x−i) is infinitesimally strongly contracting with rate ci

Lip: x−i 7→ fi(xi, x−i) is Lipschitz: ∥fi(xi, x−i)− fi(xi, y−i)∥i ≤
∑

j ̸=i γij∥xj − yj∥j

the gain matrix

−c1 . . . γ1n
...

...
γn1 . . . −cn

 is Metzler Hurwitz

=⇒ the interconnected system is infinitesimally strongly contracting

A. Davydov, S. Jafarpour, and F. Bullo. Non-Euclidean contraction theory for robust nonlinear stability. IEEE

Transactions on Automatic Control , July 2021. URL https://arxiv.org/abs/2103.12263. Conditionally

accepted as Paper

https://arxiv.org/abs/2103.12263


Contraction theory for networks

Challenge: many real-world networks are not contracting.

For a vector field F and positive vectors η, ξ ∈ Rn
>0,

conservation law η⊤f(x) = η⊤f(y) ∀x, y ⇐⇒ η⊤DF(x) = 0 ∀x
translation invariance f(x+ αξ) = f(x) ∀x, α ⇐⇒ DF(x)ξ = 0 ∀x

If F satisfies a conservation law or translation invariance, then

1 osLip(f) ≥ 0

2 if additionally F is monotone, then osLip1,[η](f) = 0 or osLip∞,[ξ]−1(f) = 0



Weakly contracting systems

ẋ = f(x) is weakly contracting wrt ∥ · ∥:

osLip(f) ≤ 0

1 Lotka-Volterra population dynamics (Lotka, 1920; Volterra, 1928) (ℓ1-norm for mutualistic)

2 Kuramoto oscillators (Kuramoto, 1975) and coupled swing equations (Bergen and Hill, 1981) (ℓ1-norm
and ℓ∞-norm)

3 Daganzo’s cell transmission model for traffic networks (Daganzo, 1994), (ℓ1-norm for non-FIFO
intersection)

4 compartmental systems in biology, medicine, and ecology (Sandberg, 1978; Maeda et al., 1978).
(ℓ1-norm)

5 saddle-point dynamics for optimization of weakly-convex functions (Arrow et al., 1958). (ℓ2-norm)



Semi-contracting systems

ẋ = f(x) is semi-contracting wrt the semi-norm |||·||| with rate c > 0:

osLip|||·|||(f) ≤ −c

or, for differentiable systems, µ|||·|||(DF(x)) ≤ −c

1 Kuramoto oscillators (Kuramoto, 1975) and coupled swing equations (Bergen and Hill, 1981), (ℓ1-norm)

2 Chua’s diffusively-coupled circuits (Wu and Chua, 1995), (ℓ2-norm)

3 morphogenesis in developmental biology (Turing, 1952), (ℓ1-norm, over some param ranges)

4 Goodwin model for oscillating auto-regulated gene (Goodwin, 1965). (ℓ1-norm, over some param
ranges)

S. Jafarpour, P. Cisneros-Velarde, and F. Bullo. Weak and semi-contraction for network systems and diffusively-coupled oscillators. IEEE Transactions on Automatic
Control , 67(3):1285–1300, 2022.

http://dx.doi.org/10.1109/TAC.2021.3073096


k and α-contracting systems

M. Y. Li and J. S. Muldowney. A geometric approach to global-stability problems. SIAM
Journal on Mathematical Analysis, 27(4):1070–1083, 1996.

C. Wu, I. Kanevskiy, and M. Margaliot. k-contraction: Theory and applications.
Automatica, 136:110048, 2022a.

C. Wu, R. Pines, M. Margaliot, and J.-J. E. Slotine. Generalization of the multiplicative
and additive compounds of square matrices and contraction in the Hausdorff dimension.
IEEE Transactions on Automatic Control , 2022b.

http://dx.doi.org/10.1137/s0036141094266449
http://dx.doi.org/10.1016/j.automatica.2021.110048
http://dx.doi.org/10.1109/TAC.2022.3162547
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Continuous-time recurrent neural networks:

ẋ = −x+AΦ(x) + u (Hopfield)

ẋ = −x+Φ(Ax+ u) =: fFR(x) (Firing rate ∼ Implicit NNs)

ẋ = AΦ(x) (Persidskii-type)

ẋ = Ax− Φ(x) (...)

sigmoid, hyperbolic tangent ReLU = max{x, 0} = (x)+

activation functions are locally-Lip and slope-restricted: for all i
dmin := ess infy∈R

∂Φi(y)
∂y ≥ 0 and dmax := ess supy∈R

∂Φi(y)
∂y < ∞



fFR(x) = −x+Φ(Ax+ u)

Tight transcription.

osLip∞(fFR) = ess sup
x∈Rn

µ∞
(
− In + (DΦ(x))A

)
= −1 + max

d∈[dmin,dmax]n
µ∞(dg(d)A)

Max log norms over hypercubes. For A ∈ Rn×n and 0 ≤ dmin ≤ dmax

max
d∈[dmin,dmax]n

µ∞(dg(d)A) = max
{
µ∞(dminA), µ∞(dmaxA)

}
max

d∈[dmin,dmax]n
µ1(dg(d)A)= max{µ1(dmaxA), µ1(dmaxA− (dmax − dmin)(In ◦A))}

max
d∈[dmin,dmax]n

µ∞(Adg(d))= . . .

max
d∈[dmin,dmax]n

µ1(Adg(d))= . . .

Recall: max convex function over polytope achieved at a vertex; here 2n → 2 vertices only.



NonEuclidean contractivity of firing rate model

ẋ = −Cx+Φ(Ax+ u) =: fFR(x)

1 for arbitrary η ∈ Rn
>0

osLip∞,[η]−1(fFR) = max{µ∞,[η]−1(−C + dminA), µ∞,[η]−1(−C + dmaxA)}
2 optimal weight η and minimim value of osLip∞,[η]−1(fFR) from quasiconvex opt:

inf
b∈R,η∈Rn

>0

b

s.t. (−C + dmin|A|M)η ≤ bη

(−C + dmax|A|M)η ≤ bη

Specifically, if dmin = 0 and C ≻ 0,

inf
η∈Rn

>0

osLip∞,[η](fFR) = max
{
α(−C), α(−C + dmax|A|M)

}
A. Davydov, A. V. Proskurnikov, and F. Bullo. Non-Euclidean contractivity of recurrent neural networks. In

American Control Conference, 2022. URL https://arxiv.org/abs/2110.08298. To appear

https://arxiv.org/abs/2110.08298
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Implicit neural networks in machine learning

Feedforward NN
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xi+1 = Φ(Aixi + bi), x0 = u,

y = Cxk + d

Implicit/Recurrent NN
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x = Φ(Ax+Bu+ b),

y = Cx+ d

ML advantages of implicit/equilibrium/fixed point formulation:
bio-inspired, simplicity, accuracy, memory efficiency, input-output robustness

S. Jafarpour, A. Davydov, A. V. Proskurnikov, and F. Bullo. Robust implicit networks via non-Euclidean

contractions. In Advances in Neural Information Processing Systems, Dec. 2021. URL

http://arxiv.org/abs/2106.03194

http://arxiv.org/abs/2106.03194


Motivation #1: Generalizing FF to fully-connected synaptic matrices
xi+1 = Φ(Aix

i +Biu+ bi) ⇐⇒ x = Φ(Ax + Bu + b), where A has
upper diagonal structure.

Aupper-diagonal = Acomplete =

Motivation #2: Weight-tied infinite-depth NN → fixed-point of INN

x1 x2 x3 xku y
A A A

xi+1 = Φ(Axi +Bu+ b) =⇒ limi→∞ xi = x∗ solution to the INN

Motivation #3: Neural ODE model (infinite time) → fixed-point of INN

ẋ = −x+Φ(Ax+Bu+ b) =⇒ limt→∞ x(t) = x∗ solution to INN
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Implicit Neural Networks (INNs)

Training INNs:
1 loss function L
2 training data (ûi, ŷi)

N
i=1

3 training optimization problem

min
A,B,C,b,x

N∑
i=1

L(ŷi, Cxi + c)

xi = Φ(Axi +Bûi + b)

Efficient back-propagation through implicit differentiation

Stochastic gradient descent: at each step solve x = Φ(Ax+Bu+ b).

Challenge #1: well-posedness of fixed-point equation

Challenge #2: algorithm for fixed-point equation



Robustness of INNs

Adversarial examples: small input change causes large output change!
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Robustness measures: input-to-output Lipschitz constant
1 ℓ2-norm Lipschitz constant: not informative in many scenarios
2 ℓ∞-norm Lipschitz constant: large-scale input wrt wide-spread perturbations

Challenge #3: compute robustness margins

Challenge #4: implement robustness in training



Well-posedness and robustness of ℓ∞-contracting INNs

<latexit sha1_base64="zN1vak/aF3iMopK+3MMZXo5iv+8="></latexit>x
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x = Φ(Ax+Bu+ b) (INN fixed point)

ẋ = −x+Φ(Ax+Bu+ b) (Recurrent NN)

xk+1 = (1− α)xk + αΦ(Axk +Bu+ b) (Average iter.n)

If
µ∞(A) < 1

(
i.e., aii +

∑
j

|aij | < 1 for all i
)

dynamics is contracting with rate 1− µ∞(A)+

average iteration is Banach with factor 1− 1− µ∞(A)+
1−mini(aii)−

at α =
1

1−mini(aii)−

input-output Lipschitz constant Lipu→y =
∥B∥∞∥C∥∞
1− µ∞(A)+



Training INNs

Training optimization problem:

min
A,B,C,b

N∑
i=1

L(ŷi, Cxi + c) + λ Lipu→y

xi = Φ(Axi +Bûi + b)

µ∞(A) ≤ γ

λ ≥ 0 is a regularization parameter

γ < 1 is a hyperparameter

Parametrization of µ∞ constraint:

µ∞(A) ≤ γ ⇐⇒ ∃T s.t. A = T − diag(|T |1n) + γIn.



Graph-Theoretic Regularization

Synaptic matrix A encodes interactions between neurons

Acomplete Adropout

Adropout is a principal submatrix of Acomplete

µ∞(Adropout) ≤ µ∞(Acomplete)

Well-posedness of original INN implies well-posedness of INN with subset of neurons
Promotes compression and sparsity of overparametrized models



Numerical Experiments

MNIST handwritten digit dataset (60K+10K, 28x28, grayscale)

implicit neural network order: n = 100

Label: 6 Label: 0 Label: 5 Label: 4 Label: 9 Label: 9 Label: 2 Label: 1



Numerical Experiments
Robustness of INNs

Tradeoff between accuracy and robustness
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Numerical Experiments
Robustness of INNs

Clean performance vs. robustness
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Conclusions

From Contracting Dynamics to Contracting Algorithms:
1 contraction theory, monotone operator theory, convex optimization

effective methodologies to tackle control, optimization and learning problems
extensions to network dynamics

2 from Euclidean to non-Euclidean norms
3 application to recurrent and implicit neural networks

existence, uniqueness, and computation of fixed-points
robustness analysis and robust training via Lipschitz bounds
https://github.com/davydovalexander/Non-Euclidean Mon Op Net

From Contracting Dynamics to Contracting Algorithms:

1 mixed-monotone contraction theory
(L4DC https://arxiv.org/abs/2112.05310, oral presentation)

2 implicit graph neural architectures

3 bio-inspired Hebbian learning

4 robustness of implicit models

https://github.com/davydovalexander/Non-Euclidean_Mon_Op_Net
https://arxiv.org/abs/2112.05310
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