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The Milroy Lectures
ON

EPIDEMIC DISEASE IN ENGLAND&mdash;THE
EVIDENCE OF VARIABILITY AND

OF PERSISTENCY OF TYPE.
Delivered before the Royal College of Physicians of London,

BY W. H. HAMER, MA., M.D. CANTAB.,
F.R.C.P. LOND.

LECTURE L1
Delivered on March Ist.

MR. PRESIDENT AND GENTLEMEN,&mdash;Changes of type in epi-
demic diseases was the subject chosen by Dr. B. A Whitelegge
for the Milroy lectures of 1893, to which the reader perforce
returns again and again, as if increase of appetite had grown
by what it fed on. The same topic has been variously
approached and in recent years more particularly from the
evolutionary standpoint. Already towards the close of the
seventeenth century Sydenham had been accorded a Pisgah
sight of the land to be explored, but prior to the Registrar-
General and to Darwin no considerable advance into this
new territory was possible. Even in the " fifties " there was
much speculation which now seems strangely out of date.
Murchison contended, on the one hand, for the de novo origin
of typhoid fever and he notes, ’’ No mention is made of

specific disease in the Mosaic account of the Creation, when we
are told that every living creature and herb of the field was
created and it would be absurd to imagine that all of them
have sprung from Adam." On the other hand, he observes
that " although typhus varies in its severity and duration at
different times and under different circumstances, there is no
evidence of any change in type or essential characters. The
typhus of modern times is the same as that described by
Frascatorius and Cardanus." The pages of the Edinburgh
Medical Journal, 1856-58, contain a discussion on the tran-
sition from the "sthenic or phlogistic character" of con-

tinued fever in an earlier 12 years to the "asthenic or

adynamic character in the 12 years which had then just
elapsed." Blood-letting, formerly widely practised, had
been practically abandoned as a method of cure for fevers.
The supposed change of type, Murchison argued, was really
a change from one kind of fever, relapsing fever, to another
kind of fever, typhus ; this and not the practice of blood-
letting explained the lower mortality in the earlier period,
the diversity " resided in the mental revolutions of practi
tioners rather than in the actual revolutions of disease."
Murchison might have quoted the passage cited by Dr. Milroy
apropos of errors of nomenclature from John Locke : " Were
the imperfections of language as the instrument of know-
ledge more thoroughly weighed, a great many of the contro-
versies that make such a noise in the world would of them-
selves cease and the way to knowledge and to peace too lie
a great deal opener than it does’3; while to the same effect
Bacon has remarked : ’’ Although we think we govern our
words yet certain it is that words as a Tartar’s bow do shoot
back upon the understanding of the wisest, and mightily
entangle and pervert the judgment."
The Registration Act of 1837, as has often been observed,

marks a new departure. Dr. Farr commented upon the
notable advance made when statistical records were first
applied to the study of epeidmic disease. The Registrar-
General calculates rates to two places of decimals, but there
is still no precise agreement as to the nature of the units
dealt with. Is "typhus," for example, the disease of 1847
or that which smouldered in Bermondsey in 1903 ? Scarlet
fever is said to prevail nowadays in an attenuated form, but
there is no scale by which to gauge it. The child reaches a
stage in his mental development when he begins to wonder
why he has been content to accept some concrete piece of
string or chalk as a test object to be referred to in discussing
questions of length or size. The units referred to by the
1 Lectures II. and III. will be delivered on March 6th and 8th
respectivelv.

epidemiologist are unfortunately still of this primitive
character; there is no standard case of typhus fever
deposited at Kew and no one proposes to test strains of
small-pox by their ability to kill unvaccinated vagrants of
given weights in specified times.
Murchison has remarked that "in distinguishing the

different forms of continued fever too much reliance has
been placed on their symptoms and pathology, while there
has been a want of sufficient investigation of their causes."
With elaboration of the germ theory the pendulum ha&
swung to the other extreme and it is now quite orthodox
doctrine to hold that the presence of a particular germ
spells specific disease; indeed, it may be questioned whether-
some modern bacteriologists, in the light of the demonstra-
tion of diphtheria, cholera, and enteric fever bacilli in,
persons presenting no symptoms of illness, would not feel
that Murchison much exaggerated the difficulties inherent in
a hypothesis requiring the co-existence of all pathogenic
organisms in one individual. "The germ," Sir William
Collins says, "has perhaps been too much with us, and the
paramount importance of soil has been absurdly underrated."
Or, to quote Dr. G. Newman, "The early school of preventive
medicine declared for the health of the individual and laid
the emphasis upon predisposition ; the modern school have
declared for the infecting agent and have laid emphasis upon
the bacillus. The truth is to be found in a right perception
of the action and interaction of the tissues and the bacillus."
Or as Dr. F. G. Clemow expresses it, " Though constantly
spoken of as if it were a material tangible entity disease is,
in fact, no such thing. It is only a morbid phenomenon, or
rather a group of morbid processes, in the tissues of a

particular animal organism. In the language of logic it is
not even a phenomenon but an epiphenomenon. "
Here is a fertile source of difficulty and misapprehension.

It has been suggested that rhythmical evolutionary changes
in the life-history of micro-organisms may prove explanatory
of waves of disease, but is the rhythm manifested in the
micro-organism or in that epiphenomenon the interaction
between germ and tissues? If the latter we dispose at once of
a difficulty. The fossils in the strata do not recur cyclically p
a species once extinguished never reappears. Is this true
also in the case of disease organisms or must these ’’ lowly
organisms, on the borderland of the animal and vegetable
kingdoms, on the threshold, as it were, of the organic and
inorganic, ...... whose cycle may be less than an hour and
whose rate of propagation is incalculable " (Collins) be
regarded as exceptional ? Sir George Darwin has discussed
"the extent to which ideas parallel to those which have
done so much towards elucidating the problems of life hold
good also in the world of matter." He regards the several
chemical elements as " different kinds of communities of
corpuscles which have proved by their stability to be suc-
cessful in the struggle for life." " Again he says : ’’ An atom
continuously radiates and loses energy and must ultimately
run down as a clock does ; its decay may be very slow, it
may run for 1,000,000 years but it cannot be eternal." From
this new point of view the older ideas concerning evolution
come under criticism. 2 .

It might be thought that study of the records of disease
would throw light upon change of type ; indeed, Sydenham
hints as much but expresses the view that the materials
which could be collected in a single lifetime would not be
abundant enough for the purpose. Again, Hecker points
out that "such an insight into disease as is worthy of the
dignity of a science cannot be obtained by observation of
isolated epidemics, because Nature never in any one of them
displays herself in all her bearings nor brings into action at
one time more than a few of the laws of general disease.
One generation, however rich it may be in stores of
important knowledge, is never adequate to establish, on the

2 Thus Sir George Darwin expresses a doubt "whether biologists
have been correct in looking for continuous transformation of species."
" Judging by analogy we should rather expect to find slight con-
tinuous changes occurring during a long period of time followed by a
somewhat sudden transformation into a new species or by rapid extinc-
tion," and he proceeds to refer to "Theories of physical evolution
which involve the discovery of modes of motion or configurations of
matter which are capable of persistence. The physicist describes such
types as stable; the biologist calls them species." Again Weismann
writes, " the idea of species is fully justified in a certain sense ; we find,
indeed, at certain times a breaking up of the fixed specific type, the
species becomes variable, but soon the medley of forms clears up again
and a new constant form arises&mdash;a new species which remains the
same for a long series of generations until ultimately it too begins to
waver and is transformed once more." Bastian finds in the persistence
of low types of life evidence of the "continual surging up through all
geologic time of freshly evolved forms."

I
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Summary.

The various possible mechanisms for the production of ammonia in a nitrogen 
hydrogen mixture by means of thermions have been investigated in detail. 
It is shown that synthesis can occur due to the following reactions—

N2 +  H at the surface of platinum or nickel.
N2 +  H ' in the bulk at 13 volts.

The following molecular species are shown to be chemically reactive—

N 2+ in the bulk at 17 volts,
N+ in the bulk at 23 volts,

and possible modes of mechanism involving N2' and H ' are elaborated.

Our thanks are due to Prof. T. M. Lowry, F.R.S., who communicated 
this paper, and to Messrs. Brunner Mond and Co., for providing a grant to 
defray part of the cost of the apparatus employed.

A Contribution to the Mathematical Theory o f Epidemics.
By W. 0. Ke r ma c k  and A. G. Mc Ke n d r ic k .

(Communicated by Sir Gilbert Walker, F.R.S.—Received May 13, 1927.)

(From the Laboratory of the Royal College of Physicians, Edinburgh.)

Introduction.

(1) One of the most striking features in the study of epidemics is the difficulty 
of finding a causal factor which appears to be adequate to account for the 
magnitude of the frequent epidemics of disease which visit almost every popula-
tion. I t  was with a view to obtaining more insight regarding the effects of the 
various factors which govern the spread of contagious epidemics that the present 
investigation was undertaken. Reference may here be made to the work of Ross 
and Hudson (1915-17) in which the same problem is attacked. The problem is 
here carried to a further stage, and it is considered from a point of view which 
is in one sense more general. The problem may be summarised as follows : 
One (or more) infected person is introduced into a community of individuals, 
more or less susceptible to the disease in question. The disease spreads from
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multi-group models
equilibrium theorem
spectral radius of contact graph

A Deterministic Model for Gonorrhea 
in a Nonhomogeneous Population* 

ANA LAJMANOVICH 

A N D  

JAMES A. YORKE 
Institute for Fluid Dynamics and Applied Mathematics, 
University of Maryland, College Park, Maryland 20742 

Communicated by J. Hearon 

ABSTRACT 

The spread of gonorrhea in a population is highly nonuniform. The mathematical 
model discussed takes this into account, splitting the population into n groups. The 
asymptotic stability properties are studied. 

1. I N T R O D U C T I O N  

In 1970 gonorrhea led the list of infectious diseases in the number  of 
cases reported to the U.S. Public Health Service, with more cases than the 
combined  total for syphilis, mumps, measles, German  measles, and infec- 
tious hepatitis. In this paper  we construct a deterministic model  for the 
spread of gonorrhea in a community.  The distinctive epidemiological  char- 
acteristics of gonorrhea cause the model  to differ from models of other 
diseases. We consider only the sexually active individuals who potential ly 
may contract  the disease from their contacts. 

E P I D E M I O L O G I C A L  F A C T O R S  R E L E V A N T  TO M O D E L I N G  

Gonorrhea  is in essence a nonseasonal  disease with less than a 10 percent 
seasonal component  in the variat ion [10], so we have given the model  
t ime-independent  coefficients. The average incubation period is short, 3 to 7 
days, compared  to the often quite long period of active infectiousness. An  

*This research was partially supported by the National Science Foundation under 
grant GP-31386-x2. 

MA THEMA TICAL BIOSCIENCES 28, 221-236 (1976) 
© American Elsevier Publishing Company, Inc., 1976 
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motivated by a range of infectious diseases and outbreaks,
one thousand and one models have been analyzed mathematically

e.g., models with age structure, heterogeneity, and spatial structure

threshold theorems for epidemic outbreaks

SIAM REVIEW c� 2000 Society for Industrial and Applied Mathematics
Vol. 42, No. 4, pp. 599–653

The Mathematics of Infectious
Diseases�

Herbert W. Hethcote†

Abstract. Many models for the spread of infectious diseases in populations have been analyzed math-
ematically and applied to specific diseases. Threshold theorems involving the basic repro-
duction number R0, the contact number �, and the replacement number R are reviewed
for the classic SIR epidemic and endemic models. Similar results with new expressions for
R0 are obtained for MSEIR and SEIR endemic models with either continuous age or age
groups. Values of R0 and � are estimated for various diseases including measles in Niger
and pertussis in the United States. Previous models with age structure, heterogeneity, and
spatial structure are surveyed.

Key words. thresholds, basic reproduction number, contact number, epidemiology, infectious diseases

AMS subject classifications. Primary, 92D30; Secondary, 34C23, 34C60, 35B32, 35F25

PII. S0036144500371907

1. Introduction. The e�ectiveness of improved sanitation, antibiotics, and vac-
cination programs created a confidence in the 1960s that infectious diseases would
soon be eliminated. Consequently, chronic diseases such as cardiovascular disease and
cancer received more attention in the United States and industrialized countries. But
infectious diseases have continued to be the major causes of su�ering and mortality
in developing countries. Moreover, infectious disease agents adapt and evolve, so that
new infectious diseases have emerged and some existing diseases have reemerged [142].
Newly identified diseases include Lyme disease (1975), Legionnaire’s disease (1976),
toxic-shock syndrome (1978), hepatitis C (1989), hepatitis E (1990), and hantavirus
(1993). The human immunodeficiency virus (HIV), which is the etiological agent
for acquired immunodeficiency syndrome (AIDS), emerged in 1981 and has become
an important sexually transmitted disease throughout the world. Antibiotic-resistant
strains of tuberculosis, pneumonia, and gonorrhea have evolved. Malaria, dengue, and
yellow fever have reemerged and are spreading into new regions as climate changes
occur. Diseases such as plague, cholera, and hemorrhagic fevers (Bolivian, Ebola,
Lassa, Marburg, etc.) continue to erupt occasionally. Surprisingly, new infectious
agents called prions have recently joined the previously known agents: viruses, bac-
teria, protozoa, and helminths (worms). There is strong evidence that prions are the
cause of spongiform encephalopathies, e.g., bovine spongiform encephalopathy (BSE,
“mad cow disease”), Creutzfeldt-Jakob disease (CJD), kuru, and scrapie in sheep
[168]. Recent popular books have given us exciting accounts of the emergence and de-
tection of new diseases [82, 168, 170, 183]. It is clear that human or animal invasions

�Received by the editors March 6, 2000; accepted for publication (in revised form) May 7, 2000;
published electronically October 30, 2000.

http://www.siam.org/journals/sirev/42-4/37190.html
†Department of Mathematics, University of Iowa, Iowa City, IA 52242 (hethcote@math.

uiowa.edu).
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Historical review of mathematical epidemiology

Daniel Bernoulli. Essai d’une nouvelle analyse de la mortalité causée par la petite vérole, et des avantages de
l’inoculation pour la prévenir. Mémoires de Mathématiques et de Physique, Académie Royale des Sciences,
pages 1–45, 1760

W. H. Hamer. On epidemic disease in England. The Lancet, 167(4305):569–574, 1906.
doi:10.1016/S0140-6736(01)80187-2

W. O. Kermack and A. G. McKendrick. A contribution to the mathematical theory of epidemics.
Proceedings of the Royal Society A, 115:700–721, 1927. doi:10.1098/rspa.1927.0118

N. T. J. Bailey. The Mathematical Theory of Infectious Diseases. Griffin, 1957

A. Lajmanovich and J. A. Yorke. A deterministic model for gonorrhea in a nonhomogeneous population.
Mathematical Biosciences, 28(3):221–236, 1976. doi:10.1016/0025-5564(76)90125-5

H. W. Hethcote. The mathematics of infectious diseases. SIAM Review, 42(4):599–653, 2000.
doi:10.1137/S0036144500371907
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Compartmental Models: SIR model #1

each individual is in one of multiple possible states:

Susceptible Infected Recovered

Two types of transitions:

1 S → I : interaction between a susceptible and an infected

2 I → R: spontaneous, independent of interactions

given infection rate β and recovery rate γ,
given initial values s(0), x(0), r(0):

ṡ = −βsx

ẋ = βsx − γx

ṙ = γx
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ẋ = βsx − γx
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Multigroup model #2

Susceptible Infected
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Recovered

n = # individuals OR # of homogeneous groups in heterogeneous population, based on
spatial position, age, behavior, social degree

1 contact rate matrix A
2 infection rate β > 0: if susceptible i is in contact with infected j for ∆t, then infection

probability aijβ∆t
3 each infected recovers with rate γi
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An approximate deterministic model #2

infection rate β, contact rates A and recovery γi
define infection variable Xi (t) ∈ {1, 0} and xi = E[Xi (t)] = P[Xi (t) = 1]

1 The probabilities of infection satisfy

d

dt
E[Xi ] = β

∑n

j=1
aij E[(1− Xi )Xj ]− γi E[Xi ] (No closure)

2 independence assumption: E[Xi (t)Xj(t)] = E[Xi (t)]E[Xj(t)],
multigroup SIR model (contact based):

ṡ = −β diag(s)Ax (1a)

ẋ = β diag(s)Ax − γx (1b)

F. D. Sahneh, C. Scoglio, and P. Van Mieghem. Generalized epidemic mean-field model for spreading processes over multilayer complex networks.
IEEE/ACM Transactions on Networking, 21(5):1609–1620, 2013. doi:10.1109/TNET.2013.2239658

https://doi.org/10.1109/TNET.2013.2239658
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ṡ = −β diag(s)Ax (1a)
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Equivalence with degree-based model

Let ρi (t) fraction of infective nodes with degree i :

ρ̇i = −γiρi + i(1− ρi )λ(i)Θ(ρ), i ∈ {1, . . . , dmax}

where λ(i) transmission rate,
Θ(ρ) probability that link points to infected

Lemma

Degree-based model = multi-group contact SIR model,
where parameters β and aij have specific form

R. Pastor-Satorras and A. Vespignani. Epidemic spreading in scale-free networks. Physical Review Letters, 86(14):3200–3203, 2001. doi:
10.1103/PhysRevLett.86.3200

A. d’Onofrio. A note on the global behaviour of the network-based SIS epidemic model. Nonlinear Analysis: Real World Applications, 9(4):1567–
1572, 2008. doi:10.1016/j.nonrwa.2007.04.001

https://doi.org/10.1103/PhysRevLett.86.3200
https://doi.org/10.1103/PhysRevLett.86.3200
https://doi.org/10.1016/j.nonrwa.2007.04.001


Patchy model with population dispersal/mobility #3

Individuals travel/disperse to other regions, according to Markov chain

contact rate matrix A (often diagonal in dispersal models)

mobility/transition rate matrix Q = A⊤
travel − diag(A⊤

travel1n)

infection and recovery rates β and γ

Combination: multigroup SIR model with contact and mobility:

ṡ = −β diag(s)Ax + Qs (2a)

ẋ = β diag(s)Ax − γx + Qx (2b)

L. Sattenspiel and K. Dietz. A structured epidemic model incorporating geographic mobility among regions. Mathematical Biosciences,
128(1):71–91, 1995. doi:10.1016/0025-5564(94)00068-B

https://doi.org/10.1016/0025-5564(94)00068-B


Simplicial and higher interactions, model #4

from pair-wise contagion models to
simplicial and higher-order graphical models to describe transmission events during large
gatherings or other social aggregation phenomena
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Research directions on modeling

1 when do mean-field approximation leads to a guaranteed upper-bound
2 more accurate models

more realistic compartments
higher-order moment closure approximations
non-Markovian non-Poisson setting

Susceptible Infected Recovered

vaccination
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2.1 SIDARTHE Mathematical Model

In our model, the total population is partitioned into the following eight stages: S, Susceptible; I, Infected (asymp-
tomatic infected, undetected); D, Diagnosed (asymptomatic infected, detected); A, Ailing (symptomatic infected,
undetected); R, Recognised (symptomatic infected, detected); T, Threatened (infected with life-threatening symp-
toms, detected); H, Healed (recovered); E, Extinct (dead). The interactions among these eight stages and the
related interaction parameters are shown in Figure 1.
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Figure 1: Graphical scheme representing the interactions among di↵erent stages of infection in the mathematical model SIDARTHE.

The SIDARTHE dynamical system consists of eight ordinary di↵erential equations, describing the evolution of
the population in each stage over time:

Ṡ(t) = �S(t)(↵I(t) + �D(t) + �A(t) + �R(t)) (1)

İ(t) = S(t)(↵I(t) + �D(t) + �A(t) + �R(t)) � (✏ + ⇣ + �)I(t) (2)

Ḋ(t) = ✏I(t) � (⌘ + ⇢)D(t) (3)

Ȧ(t) = ⇣I(t) � (✓ + µ + )A(t) (4)

Ṙ(t) = ⌘D(t) + ✓A(t) � (⌫ + ⇠)R(t) (5)

Ṫ (t) = µA(t) + ⌫R(t) � (� + ⌧)T (t) (6)

Ḣ(t) = �I(t) + ⇢D(t) + A(t) + ⇠R(t) + �T (t) (7)

Ė(t) = ⌧T (t) (8)

where the uppercase Latin letters (state variables) represent the fraction of population in each stage, while all the
considered parameters, denoted by Greek letters, are positive numbers. In particular, the parameters:

• ↵, �, �, � respectively denote the transmission rate (i.e. the probability of disease transmission in a single
contact times the average number of contacts per person) due to contacts between a Susceptible subject and
an Infected, a Diagnosed, an Ailing, a Recognised subject. Typically, ↵ is larger than � (assuming that people
tend to avoid contacts with subjects showing symptoms, even though diagnosis has not been made yet), which
in turn is probably larger than � and � (assuming that subjects who have been diagnosed are properly isolated).
These parameters can be modified by social distancing policies (e.g., closing schools, remote working, etc.).
The risk of contagion due to Threatened subjects, treated in proper ICUs, is assumed negligible.

• ✏ and ✓ capture the probability rate of detection, relative to asymptomatic and mildly symptomatic cases
respectively. These parameters, also modifiable, reflect the level of attention on the disease and the number
of tests performed over the population. Note that ✓ is typically larger than ✏, since a symptomatic individual
is more likely to get tested.

G. Giordano, F. Blanchini, R. Bruno, P. Colaneri, A. Di Filippo, A. Di Matteo, and M. Colaneri. Modelling the covid-19 epidemic and imple-
mentation of population-wide interventions in Italy. Nature Medicine, 26:855–860, 2020. doi:10.1038/s41591-020-0883-7

https://doi.org/10.1038/s41591-020-0883-7


Outline

1 historical notes

2 mathematical models for epidemiology

3 analysis of determistic multigroup/network models



Scalar and Multigroup SIR

ṡ = −βsx

ẋ = βsx − γx

ṙ = γx

ṡ = −β diag(s)Ax

ẋ = β diag(s)Ax − γx

ṙ = γx



Analysis SIR model #1: Reproduction number & epidemic threshold

R0 = expected # cases produced by typical infective at epidemic start

= β × 1/γ × s(0)

≈
(
(contacts/day)× (transmission)

)
× (infective days)× s(0)

R0 > 1 =⇒ exponential growth

t

x(t), % infected individuals
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Concept #3: Reproduction number and epidemic threshold

Basic reproduction number R0 = expected number of secondary cases
produced by a typical infective individual, at start of epidemic

R0 = � ⇥ 1/� ⇥ s(0)

⇡
⇣
(contacts/day) ⇥ (transmission)

⌘
⇥ (infective days) ⇥ s(0)

R0 > 1 =) exponential growth

t

x(t), % infected individuals
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Analysis SIR model #1

from s0 > 0, x0 > 0 and r0 ≥ 0, define R0 = βs0/γ

1 limt→∞(s(t), x(t), r(t)) = (s∞, 0, r∞), where r∞ solves

1− r∞ = s0 e
−β

γ

(
r∞−r0

)
(3)

2 if R0 < 1, then x(t) monotonically/exponentially vanishes as t → ∞
3 if R0 > 1, then x(t) first increases to a peak and then vanishes as t → ∞; the peak

infection density and time:

xmax = x0 + s0 −
γ

β

(
log(s0) + 1− log

(γ
β

))

tmax =

∫ s0

γ/β

1

βs(x0 + s0 − s) + γs log(s/s0)
ds

(4)



Question 1: what are individual factors in R0? For thought experiments – without
evidence – imagine

R0︸︷︷︸
2.5 persons

≈
(
(contacts/day)︸ ︷︷ ︸

2 persons/day

× (transmission)︸ ︷︷ ︸
25%

)
× (infective days)︸ ︷︷ ︸

5 days

× s(0)︸︷︷︸
100%

Question 2: how to compute the doubling time? While s ≈ 1,

tdoubling ≈
ln(2)

(β − γ)
=

ln(2)

1/2− 1/5
≈ 2.3days

Question 3 (Herd Immunity): what percentage of the population x∗ needs to have
immunity in order for R(t) = 1? Assume all population is susceptible s(0) = 100%, then

1 = R(t) = R0s(t
∗) =⇒ x∗ = 1− s(t∗) = 1− 1

R0
= 60%



Analysis of multigroup SIR model #2

corresponding analysis of multigroup SIR model is incomplete

W. Mei, S. Mohagheghi, S. Zampieri, and F. Bullo. On the dynamics of deterministic epidemic propagation over networks. Annual Reviews in
Control, 44:116–128, 2017. doi:10.1016/j.arcontrol.2017.09.002

https://doi.org/10.1016/j.arcontrol.2017.09.002


Analysis of multigroup SIR model #2

take A irreducible, and
define (λmax(t), vmax(t) := Perron left eigenpair of matrix diag(s(t))A

R(τ) := βλmax(τ)/γ and, specifically, R0 := βλmax(0)/γ

1 t 7→ λmax(t) and t 7→ R(t) are monotonically decreasing

2 there exists τ > 0 such that R(τ) < 1
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t
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2 (behavior above the threshold = epidemic outbreak) if R0 > 1 and x0 > 0, then for
small time, t 7→ vmax(0)

⊤x(t) grows exponentially fast with rate γ(R0 − 1)

3 (behavior below the threshold) pick τ ≥ 0 satisfying R(τ) < 1. For t ≥ τ ,
t 7→ vmax(τ)

⊤x(t) is monotonically/exponentially vanishing

4 limt 7→∞ x(t) = 0 so that epidemic asymptotically disappears
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Existence, uniqueness, & computation of asymptotic recovered fraction

5 Given initial conditions
(
s0, x0, r0

)
, final state

(
s∞, 0, r∞

)
satisfies

γ

β

(
ln s∞ − ln s0

)
= A

(
s∞ − 1n + r0

)

6 s∞ = limt→∞ y(k) where y(k + 1) = H(y(k)) with

H(y) := exp
(β
γ
diag

(
A(y − 1n + r0)

))
s0

0n ≤ y(0) ≤ 1n − r0



Conclusions
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Future work

peak time and value for multigroup SIR

multigroup SIR with contact and mobility

corresponding analysis of degree-based models


