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Today’s topic: opinions and appraisals

”Entities should not be multiplied without necessity” William of Occam
 ”The simplest solution is most likely the right one”

”Everything should be made as simple as possible, but not simpler”
Albert Einstein

1 fewer assumptions, same behavior, or
same assumptions, richer behavior

1EECOņU�HCOQWU�GTCUGT

2 semantics (meaning of a sentence)
vs syntax (arrangement of words to create well-formed sentences)

Outline

1

Parsimony in opinion dynamics
W. Mei, F. Bullo, G. Chen, and F. Dörfler. Occam’s razor in opinion dynamics:
The weighted-median influence process.
September 2019.
URL: https://arxiv.org/abs/1909.06474

2

Parsimony in structural balance dynamics
P. Cisneros-Velarde, N. E. Friedkin, A. V. Proskurnikov, and F. Bullo. Structural
balance via gradient flows over signed graphs.
September 2019.
URL: https://arxiv.org/pdf/1909.11281.pdf

3

Parsimony in opinion dynamics over signed graphs
P. Cisneros-Velarde, K. S. Chan, and F. Bullo. Polarization and fluctuations in
signed social networks.
February 2019.
URL: https://arxiv.org/pdf/1902.00658.pdf

French-DeGroot model

xi (t + 1) =
n∑

j=1

wijxj(t), or: x(t + 1) = Wx(t)

individual opinions denoted by real numbers

opinions updated by weighted averaging

W = (wij)n×n is row-stochastic and defines influence network G(W )

If G(W ) contains a globally reachable & aperiodic SCC,

lim
t→∞

x(t) = consensus

[1] J. R. P. French, Psychological Review, 63(3):181-194, 1956

Extensions of French-DeGroot model

1 French-DeGroot model with absolutely stubborn agents

∃ individual i s.t. wii = 1

2 Friedkin-Johnsen model: persistent attachment to initial belief

x(t + 1) = (In − Λ)Wx(t) + Λx(0)

3 Bounded-confidence model: influence truncated at confidence radius

xi (t + 1) =

∑
j : |xj (t)−xi (t)|<ri

xj(t)

#{ j | |xj − xi | < ri}

4 Altafini model: French-DeGroot model over signed graphs



Countless extensions

opinion dynamics with time-varying graph / switching topology

gossip dynamics

negative weights

quantized dynamics

multiple issues with logical constraints

evolution of social power along issue sequence

state-dependent interpersonal influence

unilateral bounded-confidence model

opinion dynamics with time-delay and noise

and random combinations of them:

gossip-like opinion dynamics with negative weights

convergence rate of opinion dynamics with negative weights

evolution of social power with time-varying communication graphs

multiple issues with heterogeneous logical constraints

Proposed topic for Wenjun’s research:
Convergence Rate of Gossip-like Quantized Opinion Dynamics
with non-Euclidean Spaces and Unilateral Confidence Bounds
on Switching Topology with Delays and Antagonistic Interactions

Parsimony in opinion dynamics

“Simplicity is the ultimate sophistication,” Leonardo Da Vinci

Proposed topic for Wenjun’s research:
develop new model

as simple as classic French-DeGroot model (no additional params)

based on equally (or more) reasonable microscopic mechanisms

rich in macroscopic behavior

wider domain of applicability

able to capture various real phenomena that other models fail to
1 multi-modal opinion distributions
2 vulnerability of peripheral nodes to extremism
3 lower consensus likelihood in large groups

weighted averaging = taken-for-granted,
but perhaps unrealistic micro-foundation

opinion “attractiveness” ∼ opinion distance

the core behind the consensus prediction of French-DeGroot model

inherited by all its extensions

opinion axis

xi(t + 1) = xi(t) + wik

�
xk(t) � xi(t)

�
+ wij

�
xj(t) � xi(t)

�

wij

��xj(t) � xi(t)
��wik

��xk(t) � xi(t)
��

xi(t) xj(t)xk(t)

k
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Cognitive dissonance as microfoundation

cognitive dissonance caused by disagreement [2]

ui (xi , x−i ) =
∑n

j=1
wij |xi − xj |α

Best response to minimize the dissonance: x+
i = argminz ui (z , x−i )

α = 2 for French-DeGroot model [3]

why should cognitive dissonance grow quadratically?

α > 1: encouragement to move towards distant opinions

α = 1 =⇒ weighted-median opinion dynamics

[2] L. Festinger, “A Theory of Cognitive Dissonance.” Stanford University Press, 1962.

[3] D. Bindel, J. Kleinberg, and S. Oren, Games and Economic Behavior, 92:248-265, 2015

[4] P. Groeber, J. Lorenz and F. Schweitzer, J of Mathematical Sociology, 38:147-174, 2014

Weighted-median opinion dynamics: model set-up

xi (t + 1) = argminz∈R
∑n

j=1
wij

∣∣z − xj(t)
∣∣

=⇒ xi (t + 1) = Medi

(
x(t); W

)

What is weighted median?
nonlinear average, independent under monotone scaling, opinion ordering

Given x = (x1, . . . , xm) and weights w = (w1, . . . ,wm),
weighted median of x is x∗ ∈ {x1, . . . , xm} such that

∑
i : xi < x∗

wi ≤ 50% and
∑

i : xi > x∗
wi ≤ 50

(uniqueness:
∑

j∈θ wij 6= 1/2, for any θ ⊂ {1, . . . , n})

=)
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Weighted median: -1

Weighted average: 4.6x = (�1,�3, 20,�2)

w = (30%, 30%, 30%, 10%)
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< 50%

30% 30%

Weighted-median opinion dynamics: model set-up

Weighted-median opinion dynamics

xi (t + 1) = Medi

(
x(t); W

)
for all i

= weighted median of x(t) by i-th row of W

i

j k

l
-3

20

-1-2

)
Opinions:

Weights:

Weighted median: -1

For node i: Weighted average: 4.6

-2-3 -1 20

30% 10%

< 50% < 50%

30% 30%

30%

30%30%

10%

inconspicuous microscopic change:
from weighted average to weighted median

=⇒ dramatic macroscopic consequences

Broader applicability than French-DeGroot:
ordered multiple-choice issues, eg, common in political debate
no requirement to map opinions onto real numbers

More realistic predictions (numerical comparisons)

More sophisticated dynamical behavior (theoretical analysis)

Higher robustness to the perturbation of influence networks



Numerical comparisons 1/3

Various types of steady public opinion distributions [5]

Empirically observed: uni-modal, bimodal, multi-modal

Premise of multi-party political system
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Acronyms: WM = the weighted-median model; DS = the DeGroot model with absolutely stubborn agents; F-J = the Friedkin-Johnsen model; NBC = the networked bounded-confidence model. 

[5] A. Downs, Journal of Political Economy, 65(2):135-150, 1957

Numerical comparisons 2/3

Peripheral nodes are more vulnerable to extreme opinions. [5]

Nodes’ frequencies of finally adopting the extreme opinions among 
1000 independent realizations of the weighted-median model 
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Acronyms: WM = the weighted-median model; DS = the DeGroot model with absolutely stubborn agents; F-J = the Friedkin-Johnsen model; NBC = the networked bounded-confidence model. 
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[6] C. McCauley and S. Moskalenko, Terrorism and Political Violence, 20(3):415-433, 2008

Numerical comparisons 3/3

Lower consensus likelihoods in larger or more clustered groups [6]
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[7] A. P. Hare, American Sociological Review, 17(3):261-267, 1952

Theoretical analysis

Important concepts

cohesive set [7]: a subset of nodes (“echo chamber”)

M is cohesive if
∑

j∈M wij ≥ 1/2 for any i ∈ M

more generalized definition used in linear threshold diffusion model [8]

maximal cohesive set

M is cohesive & M ∪ {i} is not cohesive for any i /∈ M

cohesive expansion: E (M)

M → M ∪ {i} (i /∈ M) as long as M ∪ {i} remains cohesive

[7] S. Morris. “Contagion.” The Review of Economic Studies, 2000

[8] D. Acemoglu et al. “Diffusion of innovations in social networks.” CDC, 2011



Cohesive expansion is unique, independent of addition order

M is cohesive =⇒ E (M) = smallest maximal cohesive containing M

M is cohesive =⇒
E (M) = {1, . . . , n}, or
E (M) and {1, . . . , n} \ E (M) are both maximally cohesive

decisive link: (i , j) is decisive if

∃ θ ⊂ Ni s.t. j ∈ θ,
∑

k∈θ wik ≥ 1/2, and
∑

k∈θ\{j} wik < 1/2

(i , j) is indecisive =⇒ xi (t + 1) is independent of xj(t)
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Theoretical analysis

Weighted-median opinion dynamics

At each time, randomly pick i

xi (t + 1) = Medi

(
x(t); W

)

or synchronous
x(t + 1) = Med

(
x(t); W

)

Dynamical behavior

almost-sure convergence to an equilibrium in finite time

{1, . . . , n} is the only max cohesive =⇒ almost-sure consensus

∃M ( {1, . . . , n} that is maximal cohesive
=⇒ almost sure disagreement from initial conditions

in set of positive measure

Gdecisive(W ) no glob reach node =⇒ almost-sure disagreement

Conjecture: Gdecisive(W ) has a globally reachable node
=⇒ ∃ non-zero-measure set of initial conditions

and update sequence leading to consensus in finite time
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Comparison with weighted-averaging models

more robust

dependence on more delicate network structure

richer dynamical behavior
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G(W ) has a globally reachable
node & aperiodicity
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DeGroot opinion dynamics
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Consensus

Disagreement

xi(0) = xj(0) for any i and j

F-J opinion dynamics
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Non-zero prob. of consensus
and disagreement

Almost-sure consensus

No

Yes

Gdecisive(W ) has a
globally reachable node

@ non-trivial maximal Cohesive set

Almost-sure disagreement
Weighted-median opinion dynamics



Summary and future research

Summary
Novel model of microscopic influence and macroscopic implications

Future research

weighted-median model with compromise behavior (working paper)

Discrete-time with inertia: xi (t + 1) = (1− εi )Medi

(
x(t); W

)
+ εixi (t)

Continuous-time model: ẋ = Med(x ; W )− x

selected extensions, as for French-DeGroot model

time-varying graph

antagonistic interactions

consensus conditions for different cognitive dissonance functions

Outline

1

Parsimony in opinion dynamics
W. Mei, F. Bullo, G. Chen, and F. Dörfler. Occam’s razor in opinion dynamics:
The weighted-median influence process.
September 2019.
URL: https://arxiv.org/abs/1909.06474

2

Parsimony in structural balance dynamics
P. Cisneros-Velarde, N. E. Friedkin, A. V. Proskurnikov, and F. Bullo. Structural
balance via gradient flows over signed graphs.
September 2019.
URL: https://arxiv.org/pdf/1909.11281.pdf

3

Parsimony in opinion dynamics over signed graphs
P. Cisneros-Velarde, K. S. Chan, and F. Bullo. Polarization and fluctuations in
signed social networks.
February 2019.
URL: https://arxiv.org/pdf/1902.00658.pdf

Heider’s axioms and structural balance

Signed graphs = friendly and antagonistic relations
xij interpersonal appraisal of j held by i

Heider’s axioms:
1 “the friend of a friend is a friend”
2 “the enemy of a friend is an enemy”
3 “the friend of an enemy is an enemy”
4 “the enemy of an enemy is a friend”

Heider’s axioms ⇐⇒ xij ∼ xikxkj

violation of axiom elicits cognitive dissonance
and effort to resolve contradiction and reduce discomfort

x+
ij ≈ xij + xikxkj

ẋij ≈ xikxkj (plus saturation)

From microscopic relations to macroscopic allowable structures:

balanced triads
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one faction
<latexit sha1_base64="CY0azhNshJgCgZbKDfQjNjqkHrY=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAILqRMW/CyK7hxJRVsLbRDyaRn2tBMMiSZYin1Ldzqxp249V0EH8bMdBC1/hD4OP85nJPfjzjTxnU/nNzS8srqWn69sLG5tb1T3N1raRkrCk0quVRtn2jgTEDTMMOhHSkgoc/hzh9dJv7dGJRmUtyaSQReSAaCBYwSY0sdKQAHhCbcK5bcspsKL0IlgxLK1OgVP7t9SeMQhKGcaN2puJHxpkQZRjnMCt1YQ0ToiAygY1GQEPSJHg9S8Kb36fEzfGS9Pg6ksk8YnFZ/zk5JqPUk9G1nSMxQ//WS4n9eJzbBuTdlIooNCDpfFMQcG4mTJHCfKaCGTywQqpi9GtMhUTYNm1chjeMi0en35xehVS1XauXaTbVUv86CyaMDdIiOUQWdoTq6Qg3URBRJ9Iie0LPz4Lw4r87bvDXnZDP76Jec9y+TfpWz</latexit>

two factions
<latexit sha1_base64="aIvHvQ7WfvdZR96KtoD9U10yfMI=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuJCStuBlV3DjSirYC7ShTKaTduhkEmYm1RKKb+FWN+7Erc8i+DBO0iBq/WHg4/zncM78bsiZ0rb9YeWWlldW1/LrhY3Nre2d4u5eSwWRJLRJAh7IjosV5UzQpmaa004oKfZdTtvu+DLx2xMqFQvErZ6G1PHxUDCPEaxNqafvAuRhkrDqF0t22U6FFqGSQQkyNfrFz94gIJFPhSYcK9Wt2KF2Yiw1I5zOCr1I0RCTMR7SrkGBfapO1GSYghPfp9fP0JHxBsgLpHlCo7T6czbGvlJT3zWdPtYj9ddLiv953Uh7507MRBhpKsh8kRdxpAOURIEGTFKi+dQAJpKZqxEZYWniMIEV0jguEp1+f34RWtVypVau3VRL9essmDwcwCEcQwXOoA5X0IAmEAjhEZ7g2XqwXqxX623emrOymX34Jev9C5Xalkg=</latexit>unbalanced triads

<latexit sha1_base64="4TwexSOW6QjhsMOdVInD4HyiShE=">AAACBHicbZDLSsNAFIYnXmu9pbp0M1gEF1KSFrzsCm5cSQV7gTaUk8mkHTqZhJlJtZRufQu3unEnbn0PwYcxSYOo9YeBj/Ofw5nzuxFnSlvWh7G0vLK6tl7YKG5ube/smqW9lgpjSWiThDyUHRcU5UzQpmaa004kKQQup213dJn67TGVioXiVk8i6gQwEMxnBHRS6pulWLjAQRDqYS0ZeKpvlq2KlQkvgp1DGeVq9M3PnheSOKBCEw5KdW0r0s4UpGaE01mxFysaARnBgHYTFBBQdaLGgwyc6X12xAwfJZ6H/VAmT2icVX/OTiFQahK4SWcAeqj+emnxP68ba//cmTIRxZoKMl/kxxzrEKeJYI9JSjSfJABEsuTXmAxBAtFJbsUsjotUp9/HL0KrWrFrldpNtVy/zoMpoAN0iI6Rjc5QHV2hBmoigu7QI3pCz8aD8WK8Gm/z1iUjn9lHv2S8fwHTkJiO</latexit>

structurally balanced graphs
<latexit sha1_base64="RUZpQGg1DVWQSql01ggtuToUdwM=">AAACD3icbVDLSgNBEJz1GeMr6lEPg0HwIGGTgI9bwIsniWAekITQOztJhszOLjO9wbDk4h/4F1714k28+gmCH+PuJogaCxqKqm66u5xACoO2/WEtLC4tr6xm1rLrG5tb27md3brxQ814jfnS100HDJdC8RoKlLwZaA6eI3nDGV4mfmPEtRG+usVxwDse9JXoCQYYS93cgUEdMgw1SDmmDkhQjLu0ryEYmG4ubxfsFHSeFGckT2aodnOfbddnoccVMgnGtIp2gJ0INAom+STbDg0PgA2hz1sxVeBxc2JG/ZR0orv0nwk9ij2X9nwdl0Kaqj9nI/CMGXtO3OkBDsxfLxH/81oh9s47kVBBiFyx6aJeKCn6NAmHukJzhnEQrgCmRXw1ZQPQwDCOMJvGcZHg9Pv5eVIvFYrlQvmmlK9cz4LJkH1ySI5JkZyRCrkiVVIjjNyTR/JEnq0H68V6td6mrQvWbGaP/IL1/gXGYZ11</latexit>

set of triads
<latexit sha1_base64="cSN2yiT4/+vawufDWFnvOzfLM30=">AAAB/nicbZDLSsNAFIYn9VbrrerSzWARXEhJWvCyK7hxJRXsBdpQJpNJO3RyceakWELBt3CrG3fi1lcRfBgnaRC1/jDwcf5zOGd+JxJcgWl+GIWl5ZXVteJ6aWNza3unvLvXVmEsKWvRUISy6xDFBA9YCzgI1o0kI74jWMcZX6Z+Z8Kk4mFwC9OI2T4ZBtzjlIAu2YoBDj0MkhNXDcoVs2pmwotg5VBBuZqD8mffDWnsswCoIEr1LDMCOyESOBVsVurHikWEjsmQ9TQGxGfqRE2GGdjJfXb+DB9pz8VeKPULAGfVn7MJ8ZWa+o7u9AmM1F8vLf7n9WLwzu2EB1EMLKDzRV4sMIQ4zQK7XDIKYqqBUMn11ZiOiCQUdGKlLI6LVKffn1+Edq1q1av1m1qlcZ0HU0QH6BAdIwudoQa6Qk3UQhTdoUf0hJ6NB+PFeDXe5q0FI5/ZR79kvH8B4ZOWaQ==</latexit>



Recent years: dynamic structural balance

The Ku lakowski et al. model

xij ∼ xikxkj (1)

 ẋij ∼ xikxkj (2)

 ẋij =
∑

k

xikxkj (3)

In matrix form:

Ẋ = X 2 (4)

K. Ku lakowski, P. Gawroński, and P. Gronek. The Heider balance: A continuous approach.

International Journal of Modern Physics C, 16(05):707–716, 2005

X (t) = scaling(t)Z (t), where Z lives in Frobenious unit-sphere

Ẋ = X 2 ⇐⇒ Ż = Z 2 +D(Z )Z

Phenomenology of Ku lakowski et al model
Z (0) = Z (0)>: good behavior
Z (0) 6= Z (0)>: poor behavior
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(a) limt→∞ Z(t): not balanced
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(b) limt→∞ Z(t): diagonal

Three assumptions, ready for Occam’s eraser

Ẋ = X 2 =⇒ ẋij =
n∑

k=1

xikxkj

that is

ẋij =
n∑

k=1
k 6=i ,j

xikxkj + xij(xii + xjj)

ẋii = x2
ii +

n∑

k=1
k 6=i

xikxki

“It is more parsimonious to assume that the sun goes around the Earth,
that atoms at the smallest scale operate in accordance with the same rules
that objects at larger scales follow, and that we perceive what is really out
there. ” David Eagleman

Parsimony in structural balance dynamics

new model by simply removing self-appraisals
1 sociologically better motivated
2 gradient flow of dissonance function
3 much larger set of initial conditions leads to structural balance (*)

The dissonance function is (− appraisal product on directed cycle)

D(X ) = −
n∑

i ,j ,k=1
i 6=j ,j 6=k,k 6=i

xijxjkxki = − trace(X 3) = −〈〈X 2,X>〉〉F



The pure-influence model

pure-influence model is

ẋij =
n∑

k=1
k 6=i ,j

xikxkj , i 6= j (5)

In matrix form, with X (0) with zero diagonal,

Ẋ = X 2 − diag(X 2)

and in matrix projected form (on Frobenious sphere)

Ż = Z 2 +D(Z )Z − diag(Z 2)

What is more parsimonious: Ẋ = X 2 or Ẋ = X 2 − diag(X 2) ?
syntax versus semantics

Symmetric pure-influence models are gradient flows

Theoretical analysis for symmetric matrices, numerical for asymmetric

1 pure influence model
leaves invariant set of symmetric zero-diagonal matrices

Ẋ = X 2 − diag(X 2) = −1

3
gradD(X )

2 projected pure-influence model
leaves invariant set of unit-norm symmetric zero-diagonal matrices

Ż = Z 2 +D(Z )Z − diag(Z 2) = −1
3PZ⊥

(
gradD(Z )

)

For n = 3, any symmetric unit-norm zero-diagonal Z is determined by
upper-right triangle (z12, z23, z31) with z2

12 + z2
23 + z2

31 = 1

figures: sphere with heatmap of D(Z ) and gradient vector field

note: four global minima = configurations of structural balance

Equilibria

Proposition (Balanced equilibria, I)

If Z ∗ is equilibrium point with a single positive eigenvalue for projected
pure-influence model, then

1

Z ∗ =

[
Z ′ 0n1×n−n1

0n−n1×n1 0n−n1×n−n1

]

with n1 ≤ n and Z ′ = 1√
n1(n1−1)

(ss> − In1), for some s ∈ {−1,+1}n1 ;

2 G (Z ′) satisfies structural balance
s characterizes individual-faction assignment

Result not shown: we also characterized all symmetric equilibria



Equilibria

Proposition (Balanced equilibria, II)

If Z ∗ is equilibrium point with a single positive eigenvalue and
irreducible (G (Z ∗) is connected graph), then

1 G (Z ∗) satisfies structural balance

2 Z ∗ is global minimizer of

minimize
Z∈Rn×n

D(Z )

subject to Z is unit-norm, zero-diagonal and symmetric

k
<latexit sha1_base64="kBpW2Z3PaYvSRudv/tWr0IjE0ec=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoHgqePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWao775Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtGtV76Jaa15W6jd5HEU4gVM4Bw+uoA530IAWMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AdFrjOs=</latexit>

D(Z⇤(k))
<latexit sha1_base64="ovGXA4hPUH04K0r9pfS9FoReDeY=">AAACBnicbZDLSsNAFIYnXmu9Rbt0M1iEVqQkVVBcFXThsoK9YBvLZDpth04mYWZSDKF738KtbtyJW19D8GGcpFlo64GBj/8/hznndwNGpbKsL2NpeWV1bT23kd/c2t7ZNff2m9IPBSYN7DNftF0kCaOcNBRVjLQDQZDnMtJyx1eJ35oQIanP71QUEMdDQ04HFCOlpZ5Z6HpIjTBi8fW0dP9wXBqXyz2zaFWstOAi2BkUQVb1nvnd7fs49AhXmCEpO7YVKCdGQlHMyDTfDSUJEB6jIelo5Mgj8kROhik48WN6xhQeaa8PB77QjyuYqr9nY+RJGXmu7kyWlvNeIv7ndUI1uHBiyoNQEY5nHw1CBpUPk0xgnwqCFYs0ICyo3hriERIIK51cXsdhzx+/CM1qxT6tVG/PirXLLJgcOACHoARscA5q4AbUQQNgEIFn8AJejSfjzXg3PmatS0Y2UwB/yvj8AYqhmAo=</latexit>

1
<latexit sha1_base64="SuH2nvDxfbvCsFOsx6u5Rfuy1ew=">AAAB8nicbZBNS8NAEIY3ftb6VfXoJVgED1KSWtBjwYvHFuwHtKFstpN26WYTdifFEvoLvOrFm3j1Dwn+GLdpDtr6wsLDvDPszOvHgmt0nC9rY3Nre2e3sFfcPzg8Oi6dnLZ1lCgGLRaJSHV9qkFwCS3kKKAbK6ChL6DjT+4XfmcKSvNIPuIsBi+kI8kDziiaUtMdlMpOxclkr4ObQ5nkagxK3/1hxJIQJDJBte65ToxeShVyJmBe7CcaYsomdAQ9g5KGoK/1dJSBlz5lK8/tS+MN7SBS5km0s+rv2ZSGWs9C33SGFMd61VsU//N6CQZ3XsplnCBItvwoSISNkb243x5yBQzFzABliputbTamijI0KRVNHO7q8evQrlbcm0q1WSvXa3kwBXJOLsgVccktqZMH0iAtwgiQZ/JCXi203qx362PZumHlM2fkj6zPH5VgkO8=</latexit>

2
<latexit sha1_base64="B8F9aP8S15+xIQddnwvRo6/LBGg=">AAAB8nicbZDLSgNBEEVrfMb4irp00xgEFxJmYkCXATcuEzAPSIbQ0+lJmvQ86K4JhiFf4FY37sStPyT4MXYms9DECw2HulV01fViKTTa9pe1sbm1vbNb2CvuHxweHZdOTts6ShTjLRbJSHU9qrkUIW+hQMm7seI08CTveJP7hd+ZcqVFFD7iLOZuQEeh8AWjaErN6qBUtit2JrIOTg5lyNUYlL77w4glAQ+RSap1z7FjdFOqUDDJ58V+onlM2YSOeM9gSAOur/V0lIGbPmUrz8ml8YbEj5R5IZKs+ns2pYHWs8AznQHFsV71FsX/vF6C/p2bijBOkIds+ZGfSIIRWdxPhkJxhnJmgDIlzNaEjamiDE1KRROHs3r8OrSrFeemUm3WyvVaHkwBzuECrsCBW6jDAzSgBQw4PMMLvFpovVnv1seydcPKZ87gj6zPH5bukPA=</latexit>

3
<latexit sha1_base64="QWzxZfxRqjEzfC+a8H1iE2gRG+E=">AAAB8nicbZBNS8NAEIYn9avWr6pHL8EieJCStAU9Frx4bMF+QBvKZjtpl242YXdTLKW/wKtevIlX/5Dgj3Gb5qCtLyw8zDvDzrx+zJnSjvNl5ba2d3b38vuFg8Oj45Pi6VlbRYmk2KIRj2TXJwo5E9jSTHPsxhJJ6HPs+JP7pd+ZolQsEo96FqMXkpFgAaNEm1KzOiiWnLKTyt4EN4MSZGoMit/9YUSTEIWmnCjVc51Ye3MiNaMcF4V+ojAmdEJG2DMoSIjqRk1HKXjzp3TlhX1lvKEdRNI8oe20+nt2TkKlZqFvOkOix2rdWxb/83qJDu68ORNxolHQ1UdBwm0d2cv77SGTSDWfGSBUMrO1TcdEEqpNSgUTh7t+/Ca0K2W3Wq40a6V6LQsmDxdwCdfgwi3U4QEa0AIKCM/wAq+Wtt6sd+tj1Zqzsplz+CPr8weYfJDx</latexit>

6
<latexit sha1_base64="/gZr+S3+jbjEpburPSS3pcnTZpE=">AAAB8nicbZDLSgNBEEV74ivGV9Slm8YguJAwE4O6DLhxmYB5QDKEnk5N0qTnQXdNMIR8gVvduBO3/pDgx9iZzEITLzQc6lbRVdeLpdBo219WbmNza3snv1vY2z84PCoen7R0lCgOTR7JSHU8pkGKEJooUEInVsACT0LbG98v/PYElBZR+IjTGNyADUPhC87QlBo3/WLJLtup6Do4GZRIpnq/+N0bRDwJIEQumdZdx47RnTGFgkuYF3qJhpjxMRtC12DIAtBXejJMwZ09pSvP6YXxBtSPlHkh0rT6e3bGAq2ngWc6A4Yjveotiv953QT9O3cmwjhBCPnyIz+RFCO6uJ8OhAKOcmqAcSXM1pSPmGIcTUoFE4ezevw6tCpl57pcaVRLtWoWTJ6ckXNySRxyS2rkgdRJk3AC5Jm8kFcLrTfr3fpYtuasbOaU/JH1+QOdJpD0</latexit>

7
<latexit sha1_base64="dgqnO3JkXCTlMmT8lEvNp+xoQxc=">AAAB8nicbZBNS8NAEIY39avWr6pHL8EieJCS1EI9Frx4bMF+QBvKZjtpl242YXdSLKW/wKtevIlX/5Dgj3Gb5qCtLyw8zDvDzrx+LLhGx/myclvbO7t7+f3CweHR8Unx9Kyto0QxaLFIRKrrUw2CS2ghRwHdWAENfQEdf3K/9DtTUJpH8hFnMXghHUkecEbRlJq1QbHklJ1U9ia4GZRIpsag+N0fRiwJQSITVOue68TozalCzgQsCv1EQ0zZhI6gZ1DSEPSNno5S8OZP6coL+8p4QzuIlHkS7bT6e3ZOQ61noW86Q4pjve4ti/95vQSDO2/OZZwgSLb6KEiEjZG9vN8ecgUMxcwAZYqbrW02pooyNCkVTBzu+vGb0K6U3dtypVkt1atZMHlyQS7JNXFJjdTJA2mQFmEEyDN5Ia8WWm/Wu/Wxas1Z2cw5+SPr8weetJD1</latexit>

8
<latexit sha1_base64="kXT81pEbbeHr1AAqduWlFBDkKpc=">AAAB8nicbZBNS8NAEIY39avWr6pHL8EieJCS1II9Frx4bMF+QBvKZjtpl242YXdSLKW/wKtevIlX/5Dgj3Gb5qCtLyw8zDvDzrx+LLhGx/myclvbO7t7+f3CweHR8Unx9Kyto0QxaLFIRKrrUw2CS2ghRwHdWAENfQEdf3K/9DtTUJpH8hFnMXghHUkecEbRlJq1QbHklJ1U9ia4GZRIpsag+N0fRiwJQSITVOue68TozalCzgQsCv1EQ0zZhI6gZ1DSEPSNno5S8OZP6coL+8p4QzuIlHkS7bT6e3ZOQ61noW86Q4pjve4ti/95vQSDmjfnMk4QJFt9FCTCxshe3m8PuQKGYmaAMsXN1jYbU0UZmpQKJg53/fhNaFfK7m250qyW6tUsmDy5IJfkmrjkjtTJA2mQFmEEyDN5Ia8WWm/Wu/Wxas1Z2cw5+SPr8wegQpD2</latexit> 9

<latexit sha1_base64="xizxjHLqXodHhPVcPYXRVetjnYs=">AAAB8nicbZDLSgNBEEV74ivGV9Slm8YguJAwEwPqLuDGZQLmAckQejo1SZOeB901wRDyBW51407c+kOCH2NnMgtNvNBwqFtFV10vlkKjbX9ZuY3Nre2d/G5hb//g8Kh4fNLSUaI4NHkkI9XxmAYpQmiiQAmdWAELPAltb3y/8NsTUFpE4SNOY3ADNgyFLzhDU2rc9Yslu2ynouvgZFAimer94ndvEPEkgBC5ZFp3HTtGd8YUCi5hXuglGmLGx2wIXYMhC0Bf6ckwBXf2lK48pxfGG1A/UuaFSNPq79kZC7SeBp7pDBiO9Kq3KP7ndRP0b92ZCOMEIeTLj/xEUozo4n46EAo4yqkBxpUwW1M+YopxNCkVTBzO6vHr0KqUnetypVEt1apZMHlyRs7JJXHIDamRB1InTcIJkGfyQl4ttN6sd+tj2ZqzsplT8kfW5w+h0JD3</latexit>

0.0
<latexit sha1_base64="iLVoW7F6VuuianoiFhaam0OCR3o=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm8EiuJCSVEGXBTcuK9oLtKFMppN06GQSZibFEvoIbnXjTtz6PoIP4yTNQlsPzPDx/+cwZ34v5kxp2/6ySmvrG5tb5e3Kzu7e/kH18KijokQS2iYRj2TPw4pyJmhbM81pL5YUhx6nXW9ym/ndKZWKReJRz2LqhjgQzGcEayM92HV7WK2ZOy+0Ck4BNSiqNax+D0YRSUIqNOFYqb5jx9pNsdSMcDqvDBJFY0wmOKB9gwKHVF2oaZCDmz7lS8/RmfFGyI+kOUKjXP09m+JQqVnomc4Q67Fa9jLxP6+faP/GTZmIE00FWTzkJxzpCGUJoBGTlGg+M4CJZGZrRMZYYqJNThUTh7P8+VXoNOrOZb1xf1Vr2kUwZTiBUzgHB66hCXfQgjYQCOAZXuDVmlpv1rv1sWgtWcXMMfwp6/MHbz2RXA==</latexit>

0.5
<latexit sha1_base64="hx7kpbKdb3plQ/fXa6RTJ0mtOSs=">AAAB9HicbZDLSsNAFIZPvNZ6q7p0M1gEFxKSquiy4MZlRXuBNpTJdJIOnUzCzKRYQh/BrW7ciVvfR/BhnKZZaOuBgY//P4dz5vcTzpR2nC9rZXVtfWOztFXe3tnd268cHLZUnEpCmyTmsez4WFHOBG1qpjntJJLiyOe07Y9uZ357TKVisXjUk4R6EQ4FCxjB2kgPjn3Vr1Qd28kLLYNbQBWKavQr371BTNKICk04VqrrOon2Miw1I5xOy71U0QSTEQ5p16DAEVXnahzm4GVP+dFTdGq8AQpiaZ7QKFd/z2Y4UmoS+aYzwnqoFr2Z+J/XTXVw42VMJKmmgswXBSlHOkazBNCASUo0nxjARDJzNSJDLDHRJqeyicNd/PwytGq2e2HX7i+rdacIpgTHcAJn4MI11OEOGtAEAiE8wwu8WmPrzXq3PuatK1YxcwR/yvr8AXcDkWE=</latexit>

�0.5
<latexit sha1_base64="SThrAYV/ZxOG9tGCHEKUlnXTRhc=">AAAB9XicbZDLSsNAFIZP6q3WW9Wlm8EiuNCQVEWXBTcuK9gLtKFMppN26GQSZibVEvoKbnXjTtz6PIIP46TNQlsPDHz8/zmcM78fc6a043xZhZXVtfWN4mZpa3tnd6+8f9BUUSIJbZCIR7LtY0U5E7Shmea0HUuKQ5/Tlj+6zfzWmErFIvGgJzH1QjwQLGAE60w6d+yrXrni2M6s0DK4OVQgr3qv/N3tRyQJqdCEY6U6rhNrL8VSM8LptNRNFI0xGeEB7RgUOKTqTI0HM/DSp9nVU3RivD4KImme0Gim/p5NcajUJPRNZ4j1UC16mfif10l0cOOlTMSJpoLMFwUJRzpCWQSozyQlmk8MYCKZuRqRIZaYaBNUycThLn5+GZpV272wq/eXlZqTB1OEIziGU3DhGmpwB3VoAIEhPMMLvFqP1pv1bn3MWwtWPnMIf8r6/AHicpGY</latexit>

Figure: D at irreducible equilibria with k positive eigenvalues, n = 10.

Proposition (Convergence results and dynamical properties)

For pure-influence model with zero-diagonal symmetric X (0) and projected

pure-influence model with Z (0) = X (0)
‖X (0)‖F

,

1 Z (t) converges to a critical point of D
2 the number of negative eigenvalues of Z (t) is non-decreasing

Moreover, if X (0) has one positive and no zero eigenvalue, then

3 limt→+∞ Z (t) = Z ∗, with Z ∗ as in last proposition

4 sign(X (t)) = sign(Z ∗) in finite time

Numerical experiments

Probability estimation: 27K numerical experiments at each generic

symmetric Z (0) and n ∈ {3, 5, 6, 15}
asymmetric Z (0) and n ∈ {5, 6}

Result: 99% confidence level: there is at least 0.99 probability that Z (t)
converges to structural balance in finite time.
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Figure: Projected model, structural balance from generic Z (0) = Z (0)>, n = 10
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Figure: Projected pure-influence: convergence to balance from generic
asymmetric, n = 7, 7, 10. Same initial conditions as for Ku lakowski et al model



Summary and future research

Summary
inconspicuous microscopic change: remove selfweights

=⇒ dramatic macroscopic consequences
gradient flow and converges to balance from much larger initials

Future research

1 pure-influence model: less conservative sufficient conditions

2 dynamic models with sociologically-justified transient behavior

Outline

1

Parsimony in opinion dynamics
W. Mei, F. Bullo, G. Chen, and F. Dörfler. Occam’s razor in opinion dynamics:
The weighted-median influence process.
September 2019.
URL: https://arxiv.org/abs/1909.06474

2

Parsimony in structural balance dynamics
P. Cisneros-Velarde, N. E. Friedkin, A. V. Proskurnikov, and F. Bullo. Structural
balance via gradient flows over signed graphs.
September 2019.
URL: https://arxiv.org/pdf/1909.11281.pdf

3

Parsimony in opinion dynamics over signed graphs
P. Cisneros-Velarde, K. S. Chan, and F. Bullo. Polarization and fluctuations in
signed social networks.
February 2019.
URL: https://arxiv.org/pdf/1902.00658.pdf

Opinions over signed graphs

How do opinions evolve as a function of interpersonal relationships?

What are the implications of friendly and antagonistic relationships?

We propose: new, simple and intuitive model that incorporates the
boomerang effect on opinion dynamics.

The boomerang effect

The boomerang effect has been studied in social psychology 1.

Why do two individuals who engage in communication end up with
their attitudes more diverse instead of more agreeable?
Possible explanation 2: because of “the relative distance between
subjects’ attitudes and position of communication”.

Based on studies on interpersonal attraction 3, our model assumes
two friendly agents will be closer in their attitudes and perspectives
than two unfriendly agents.

1[R. Abelson and J. C. Miller, 1967; S. Byrne and P. Solomon Hart, 2009; A. Cohen, 1962]
2[C. I. Hovland, et al., 1957]
3[In N. J. Smelser and P. B. Baltes, 2001]



Polarization in the Altafini model

Definition (Gossip Altafini model)

1 G is signed graph with edges E+ ∪E−
2 each agent xi (0) ∈ [−1,+1] and self-weight wi ∈ (0, 1)

3 at each discrete time, positive probability to select {i , j}
4 update the opinions of i (and j) according to:

x+
i =

{
wixi + (1− wi )xj if {i , j} ∈ E+

wixi + (1− wi )(−xj) if {i , j} ∈ E−
(6)

C. Altafini. Consensus problems on networks with antagonistic interactions.
IEEE Transactions on Automatic Control, 58(4):935–946, 2013

G. Shi, M. Johansson, and K. H. Johansson. How agreement and disagreement evolve over random dynamic networks.
IEEE Journal of Selected Areas in Communication, 31(6):1061–1071, 2013

W. Xia, M. Cao, and K. H. Johansson. Structural balance and opinion separation in trust–mistrust social networks.
IEEE Transactions on Control of Network Systems, 3(1):46–56, 2015

The affine boomerang model

Definition (Affine boomerang/repelling model)

1 G is signed graph with edges E+ ∪E−
2 each agent xi (0) ∈ [−1,+1] and self-weight wi ∈ (0, 1)

3 at each discrete time, positive probability to select {i , j}
4 update the opinions of i (and j) according to:

x+
i =

{
wixi + (1− wi )xj if {i , j} ∈ E+

wixi + (1− wi )sign∗(xi − xj) if {i , j} ∈ E−
(7)

where sign∗(0) = +1.

Note: convex averaging between xi and sign∗(xi − xj), instead of −xj
Note: repelling effect

Consensus and polarization in signed graphs

For balanced graph with k factions, affine boomerang model:

1 Consensus: if k = 1, then a.s. limt→∞ x(t) = c1n

2 Polarization: if k = 2, then a.s.

limt→∞ xi (t) = −1 for each i in one faction, and

limt→∞ xj(t) = +1 for each j in other faction

Gossip Altafini predicts same consensus, polarization properties, and

limt→∞ x(t) = 0, if signed graph is not structurally balanced
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Figure: Polarization in structurally balanced graph, self-weights: 0.25, 0.50, 0.5.

Affine boomerang model leads to polarization
in “almost structurally balanced” graphs

Numerical evidence for polarization also for “almost structurally balanced”
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Figure: 8 agents, organized in 2 factions (4 + 4), but with 3 edges violating
structural balance. Self-weights: 0.25, 0.50, 0.75.



Affine boomerang model exhibits polarization+fluctuations
in signed graphs with clustering balance

signed graph with clustering balance with factions {F1, . . . ,Fk}, k ≥ 3
(assume at least one negative edge between any pair of factions)

assume polarization of two factions:
xi (0) = −1 for i ∈ F1 and xi (0) = +1 for i ∈ F2

let j be in Fk , k ≥ 3. If xj(0) ∈ (−1,+1), then, for 0 < ε < 1,

P[xj(t) ∈ (−1,−1 + ε) ∪ (+1− ε,+1) i.o.] = 1
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Figure: Polarized inits, clustering balance, self-weights: 0.25, 0.50, 0.75.
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Conclusions

1 3 new models for opinion dynamics and balance dynamics

2 fewer assumptions, same behavior, or
same assumptions, richer behavior

“The easiest reading is damned hard writing,” Thomas Hood

Future research

publish three papers

further model development and lots of conjectures

human subject protocols

“Prediction is very hard, especially about the future” Yogi Berra


