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1 Geometric Control of Lagrangian Systems

1.1 Scientific Interests

success in linear control theory is unlikely to be repeated for nonlinear
systems. In particular, nonlinear system design. no hope for general
theory

=) mechanical systems as examples of control systems

control relevance of tools from geometric mechanics

geometric control past feedback linearization

1.2 Industrial Trends

autonomous vehicles new concepts in design

reconfigurable, reactive implementation on-line

sensing & computation cheap focus on actuators and algorithn
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1.3 Motion planning
Example systems

(i) dexterous manipulation via minimalist robots
(i) real-time trajectory/path planning for autonomous vehicles

(i) locomotion systems (walking, swimming, diving, etc)

Application contexts
(i

)

(ii) prototyping and verification
i)
)

guidance and control of physical systems

(iii

(iv) analysis of animal and human locomotion and prosthesis design in

graphical animation and movie generation

biomechanics

exploit differential geometric structure
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Lecture #1: From Linear Algebra to

Mechanical Control Systems

Francesco Bullo
Coordinated Science Lab, General Engineering Dept, ECE, AAE
University of lllinois at Urbana-Champaign
1308 W. Main St, Urbana, IL 61801, USA

bullo@uiuc.edu, http://motion.csl.uiuc.edu

fb-jul02-p10

2 Linear algebra

2.1 Notation
Linear space V, vectors v € V'

dual space V* is the space of co-vectors w:
(w,v) eR

in R™, think of v as columns (V is space of column vectors), and w as rows (V*
is space of row vectors)

construction is possible on any vector space!
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2.2 Vector versus indicial notation
e (-, ) is natural pairing between dual spaces

e v € V = {column vectors}, w € V* = {row vectors}:
w-v=(w,v) ER

e other example, f(z1,...,z,) and v = (v1,...,v,) € R™ (column):

that is, we mean
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2.3 Addendum on linear algebra and multi-variable calculus
(i
(ii

vectors: v = v'e;

covectors, dual elements

(iv) given a function f: R™ — R, recall its directional derivative

(v) the differential df is a covector field with components g—(fl, e B

)
)
(iii) on R™, use variables (¢, ..., q™) — notation useful for “summation convention’
)
)

af of

(vi) X is a vector field, and we can define Zx f = (df, X)
(vii) planar body example: V, V,, are example vector fields

(viii) infinitesimal work in mechanical system is a pairing (not an inner product)
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(ix) a curve v: I — R™ has a velocity v: I — R™, which is a vector field along the

curve

(x) a vector field X is an ODE and an ODE is a vector field
0

0
8—(]1""’8q"}' and

(xi) vector fields are written in terms of the canonical basis {

co-vector fields in terms of {dq',..., d¢"}

iy 0 i of .+ _of
X@5s w=wilodd df = Z 5% = 5%
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“a matrix is a matrix is not a matrix’

(xii) maps between linear space: A: V' — V has components Az
v=1'e; — Av = Agviej
(xiii) bilinear maps: B: V x V' — R has components B;;
(v,w) = (v'e;,wle;) — B(v,w) = Byjv'w’
(xiv) associate linear map: B: V — V* has components B;;

v ="0'e; — Bjv'e’

(xv) an inner product {(-, -)) is a bilinear map, need a symbol G: V x V — R

(xvi) since G: V — V* is non-singular, we can invert it, G™!: V* — V is now an

inner product on V*
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(xvii) Lie derivatives do not commute
0 0 0 0
) agap! = g og!
(b) however

Lx, ZLxo | # LxyZx, f
(c) correct formula is:
Lx, Lx. [ — Lx,Lx, [ = Lx, xaf

where Lie bracket (in indicial notation)

xoyie s X

= _YyJ
ol oql

in vector notation (where now 90X /dq is an n X n matrix):

oY
(Y] =G X =Y
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Consider the controlled ODE & = g1 (z)u1 + g2(x)uz

define Lie bracket: [gy(z),g2(2)] =

Properties of Lie brackets:

(a) skew symmetry: [X,Y] = —[Y, X]

(b) linearity: [X,Y + Z] = [X,Y] + [X, 7]

(c) derivation: [X, fY] = f[X, Y]+ (Zxf)Y

(d) Jacoby identity: [X, (Y, Z]] + [Z,[X,Y]]+ [Y,[Z,X]| =0
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3 A primer in Riemannian geometry

3.1 Notation

(i) assume every object is real analytic

(i) Q is a manifold, that is, a locally Euclidean space

R®

(iii) g € Q is point on manifold, in coordinates ¢ = (¢*

P
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(iv) g+ f(q) € R is scalar function
(v) As on R™, vector fields and covector fields attached to each point on Q:

af  of

e the differential df is a covector field with components —,... —— so that
oq! oq™

of . _0f
dfzzaqidq = aqidq

e X is a vector field with components X', ... X" so that

;0,0
X_Z:Xaqi_ 7

e Lie derivative of a function (X, f are both functions of ¢):

of .
Ll =Y X = )

(vi) Last equality is the natural pairing between tangent TQ and cotangent bundle
T'Q
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(vii) v: I — Q is a curve on Q. lIts velocity is a vector field along v with
components
0 o0
- = At -
og () o0
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3.2 Affine Connections

e An affine connection V on maps two vector fields X, Y into a third vector field
VxY, satisfying the following properties:
(i) VfXY = fVxY
(i) VxfY = (Zx )Y + fVxY

e Given the basis {8%1, ceey %}, V determines and is uniquely determined by the

Christoffel symbols:

e In coordinates

VxY = (2t T XYY aiqk

oYk . .\ 0
= ——X'4+TF XV ) —
( aqz + 2] ) aqk
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3.3 Covariant derivatives of vector fields along curves

e Given a curve v: I — Q, and its velocity 7': I — TQ is a curve on TQ. 3.4 Property of covariant derivatives along curves

" I — TQ is an example of a vector field along a curve on . . : . .
U Q P & Q Recall: An affine connection V on maps two vector fields X, Y into a third vector

Given a vector field n: I — TQ along ~, define its covariant derivative along =y as field VxY, satisfying the following properties:

Vvln:VW/Y (i) VfXY:fVXY
where Y is a smooth extensions of 1 to Q (i) Vx fY = (Zx[)Y + fVxY

In coordinates: ) ) ) )
Given a function of time f, and a vector field n along ~:

V000 = (50 o) + 10 (Va0
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3.6 Collection of vector fields, distributions, and operations between

3.5 Geometric acceleration and geodesic curves vector fields

e given a curve v, the second time derivative 4° is not a vector () & ={Xu,..., X} a the collection or family of vfs

(i) 2 =spang(q{X1,...,X¢} is called the distribution, i.e., the point-wise
Given a curve v, define the geometric acceleration of y as the vector field sub-space of T,Q. In other words, 2, = spang{X1(q), ... Xe(q)}

alon
&7 - ) (iii) the Lie bracket between X; and X; is [X;, X;]
)Y

7 (iv) The distribution 2" is said to be involutive if it is closed under operation of
in coordinates (with respect to the respective bases): Lie bracket, i.e., if for all vector fields X and Y taking values in 27, the vector
V() = (Y8, . " (E) F () = (38, A7 () field [X, Y] also takes value in Z". The involutive closure of the

, - i . i distribution 2 is the smallest involutive distribution containing 2", and is
ny’(t)’Y t) =" ‘|‘Fij’Y Yoy ‘|'Fij')’ 37) denoted m{%}

A curve with zero geometric acceleration is a geodesic (v) the symmetric product between X; and X is the vector field

geodesic curves enjoy various properties: constant point-wise energy, (Xi: X;) =Vx,X; +Vx,X;

homogeneity, existence and uniqueness. . . . .
& Y. 4 One then can define the notion of symmetric closure and geodesic

invariance.
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3.7 Riemannian metric

e Metric is inner product on tangent space
(-, ): TAxTQ—R

inner product is positive definite, symmetric, bilinear form G.

= Z Gij (@)X ()Y (q)

G as a matrix (in vector notation): (X, Y) = XT[G]Y.

In coordinates Gy;

Summary:

(i) there is a pairing between functions and vector fields (i.e., Zx f), and
similarly between vector fields and co-vector fields (i.e., (df, X))

(i) G is a pairing between two vector fields

where in vector notation “a pairing := combine two vectors to obtain a scalar”

NB: in mechanical systems, metric is usually denoted M. In Riemannian geometry g.
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3.8 Associated linear maps between TQ and T*Q

() G:TQ—-T'Q:
Given a vector field X, ([G]X)7 is the co-vector field such that
([G]X)" Y = XT[G)Y

—_——— N——
GX,Y)  (X,Y)

(i) G T"Q - TQ:
Given a co-vector field F, G"LFT is the vector field such that

(M7'F,Y) = (G FTGlY =(F,Y)
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3.9 Gradient of a function
e Given a function f, its gradient is the vector field
grad f = G~ 1df
or alternatively
(grad f, X)) = (df, X)

In indicial notation:

- o Of
— ¥
(grad f)° Jg_l 8q3 =G —6‘qj
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3.10 Levi-Civita (or metric) connection

Theorem 1 (Levi Civita). A metric (-, -)) induces a unique ©V
such that

(i) Zx (Y, Z) = (°VxY, Z) + (Y, “Vx Z))
(i) OV xY — OVy X = [X,Y]

(i) lts symbols are:

aq’ Oqi Oqm
where G™* is m, k component of G~!
(ii) Proof based on equality:

207, 5VxY) = XY, Z) +Y(X, Z)) - Z(Y, X))
- (X, 2], Y) = (v, 2], X)) - ([X, Y], 2))
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4 Models of Mechanical Systems

Simple mechanical control system is composed of:

(i) the configuration space Q (manifold)

(i

)
)

(i) the potential energy V (function on Q)
)

the kinetic energy G (metric)

(iv) the input forces F'' ... F™ (co-vectors)

Total energy (Hamiltonian, sum of kinetic and potential) is:

1
€(¢,vq) = 5 llvall* + V(q)
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4.1 Planar body example

We shall discuss F* in a few slides
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4.2 Planar two links manipulator example

E=E+&E

1. . 1 . .
Ki(01,21,11) = 51_19% + im(xf +97)

Vi(01,2z1,y1) = miguy

Therefore easy to write £ as function of all variables
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4.3 Kinematics

Only necessary variables to describe system are configuration variables, e.g.
q= (917 02)

Write (0;, z;,y;) in terms of ¢ by means of kinematic analysis.
£(q,9) = E(0s,wi,yi, 05, 50,55) /. (0n,20,95) — (05, 24,9:)(q)

After simplification:

Il + (l%(ml + 4’/712))/4 (lllgmg COS[91 — 92])/2

©] = .
(l1l2m2 COS[Gl — 92])/2 Iz + (l2m2)/4

General study of single and multi-body kinematics.
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4.4 Forces as co-vectors

Why are forces co-vectors? Assume curve v: I — Q is solution to controlled
equations, then
Infinitesimal Work = (F', +")

where 7/ € T, Q and hence F' € T:Q.

e forces as generalized forces, i.e.,
both pure forces and pure torques are ok
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e in this example only pure torques: Joint motor T acts on angle #;. Joint motor
Ty acts on angle 05 — 01

T =dor =1 0]
Ty =d(6) — ) =doy —dth = [1 1]

e Note: force is a co-vector, for example, F' = d f for some function f. But not
always F' is the differential of a function (Poincaré lemma)
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4.5 Generalized force = pure force + pure torque

If force is pure torque on angle o, then F' = da. If force is pure force on distance
x, then F' = dx. Write a generalized force as linear combination of pure force and
pure torque.

F! = cosfdz + sin fdy = [0 cosf sin 9}

F? = —hdf — sin fdz + cos dy = [—h —sinf cos 9}
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4.6 Lagrange-D’Alembert principle

The solution v: I — Q to the simple mechanical control system satisfies the
variational principle

s [ (31 -ven) s [0, 00 =0

where the variation dq is an arbitrary vector field along v

e Systems subject to no force follow geodesic flow:

5 / /| dt =0
I

e Systems subject to force follow forced geodesic flow:

—_—

VA,/’y' =0

VoY =G'F
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5 Simple Mechanical Control Systems (SMCS)

A simple mechanical control system:
(i) An n-dimensional configuration manifold Q, coordinates (¢, ..., q")

(i) An inertia tensor G describing the kinetic energy

G defines an inner product (-, -)) between vector fields on Q
(i) the potential energy V (function on Q)

(iv) m one-forms F*, ..., F™, describing m external control forces
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Given this data, we derive
(i) ©V is the Levi-Civita connection associated to G
(i) we define the input vector fields Y, = G™1F¢, fora € {1,...

(iii) Coordinate-free formulation of the equations of motion:

m
Gv'y"yl = Z Yo (7)ta
a=1

the input functions u, are assumed Lebesgue measurable

(iv) In coordinates (g, ..., q"), Christoffel symbols:
1 0Gy;  0Gy  0Gy;
k 0k 4 123 %
[ = §G ( . 4 J)

g’ o¢f  9q¢’
(v) Equations of motion in coordinates for trajectory v: I — Q:

FELTEAY =) GM(F")juq

a=1
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5.1 Conservative and dissipative forces

(i) potential energy V due to gravity gives rise to a force F' = —dV and a vector
field — grad V. More generally, we shall assume an arbitrary vector field Yy (q)
in the equations of motion

(i) damping or dissipation force is of the form F' = R(v,). R stands for Rayleigh
dissipation function (i.e., a linear dissipation function.

The tensor R: TQ — TQ is dissipative if
(R(vg), vg)) <0
Strict inequality for strictly dissipative forces

In summary, a simple mechanical control system with dissipation and potential
energy satisfied

Gy 7/7’ =Yo(v) + R(Y) + Y (7)u(t)
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6 Satellites and vehicles - systems on groups

(i) configuration is rotation matrix R
ReSOB)={ReR¥>3|RTR=1I,det R = +1}

(ii) define™ operator as: w x y = Uy

(iii) kinematic equation R = RG
follows from differentiating identity: RT R = I3
w body velocity in body-frame

(iv) Kinetic energy: K = jw” Jw
remarkable because R is not present!

(v) no potential, and torques 7 expressed body frame
(vi) Euler Poincare equations of motion:
R =R
w=J"1"Jwxw)+I 7
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(vii) if, for example, J = diag{J1, J2, J3}

wi = ((J2 = Js)/J1)waws + 71 /1

w2 = ((Js = 1)/ 2)wiws + 12/ J2

w3 = ((J1 — J2)/J3)wiws + 73/ J3
these are also called the Euler equations

(viii) (w1,ws,ws) are pseudo-velocities, not the time derivative of any quantity on
SO(3)
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6.1 Mechanical control systems on matrix groups

(i) g € G is configuration on n-dimensional matrix group
local coordinates via x = log(g)

(ii) kinetic energy K& = 1vTIv with I >0
v € R™ velocity in body frame

(iii) body-fixed forces f1 ... f™ € (R™)*.

Example:  log(R) = 25?n¢(R —RT), 2cos¢=tr(R)—1
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6.2 Equations of motion, |
Kinematic eqns:

g=gv
where v «— T is isomorphism R" «— R"*™,

—

Lie bracket is matrix commutator:  [v,w] = (VW — W)
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6.3 Equations of motion, Il
¥ 4 T (Y3 = (G F*) uy
Euler-Poincaré eqns:
g=gv
vt + F;-kvjvk = Z(]I_lfa)iua(t)

a

where the F;k are constants determined by G and L.

Symmetric product: (v:w)? = —T', (viw® 4 vPw?)

Example:
Q+J71(QXJQ) =0
Q:2)=J"'@OQxIJ=




6.4 Satellite with Thrusters
e configuration is rotation matrix R

e kinematic equation:
R = RQ
where
0 —-Q3
Q S RB = Qg O _Ql
-y 0
kinetic energy:
KE = 10T]Q

two torques: f1 =e1, fo=¢es
Equations of Motion:
R = RQ
IQ=TJQ x Q +equy(t) + equa(t).
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6.5 Hovercraft

(i) Configuration:
cosf sinf =
P=|—sinf cosf y
0 0 1

(i) KE = §(Jw? +mv2 + muv?)

(iii) fi=es, fo=—he +es

Equations of Motion:

0 —w v Jw = —hus
P=Plu 0 vy | > Ml = MWy + Ui

0 0 0 Mmiy = =MWy, + U

6.6 Planar underwater vehicle

L’ Sspatial

Same kinematic description as hovercraft. However, effects of fluid.
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6.7 Planar underwater vehicle, cont’'d

(i) to model ideal fluid, include added masses into kinetic energy:

1 1
K= Q(mmvi + myvz) + §Jw2

Notice 0, x,y are not present in energy
(i1) generalized forces in body coordinates F' = [fo fo fy]

(iii) Euler Poincareé equation for planar underwater vehicle:

0 —w v,

P=Plu 0 v

0o 0 0
Jw = (Mg — my)vgvy + fo

MUy = MyVyw + fo

Myly = —MyUzw + fy
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6.8 Underwater Vehicle in Ideal Fluid

3D rigid body with three forces:
(i) (R,p) € SE3), (Q,V)€RS

(i) KE=3QTJQ+ sVTMV,
M = diag{m1, ma, m3},
J= di‘dg{.]l y .]27 J;;}

(iii) fi=-e4, fo=—hes+e5, f3=he +eg

Equations of Motion:

R =R IN=JOxQ+MV xV

p=RV MV = MV x Q.
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6.9 Proof of Euler Poincaré equation for satellite, page 1/3

Let us consider geodesic equation without forces:
Gvfylfy/ -0

The geodesic equation is written on a generic manifold. To write it with respect to
coordinates (8%1, e %) on TQ, follow the steps:

s 0

0 0 0 0 0
G 9N .G Y s 9 N e o
Vv, ('Yz 3qi> Vi o + 9V, ag* Vi aq + Ve ( V% 8qk>
where the last two steps exploit the properties of affine connections.
At this point, the Christoffel symbols are computed by using:
207, °VxY) = X(Y, Z) + Y (X, Z) - Z(Y , X))
— (X, 2], Y) = ([v, 2], X)) - ([X,Y], Z) (1)

where XY, Z take values in {aiqi}' and hence all Lie brackets [a?zi,a%j] vanish.
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6.10 Proof of Euler Poincaré equation for satellite, page 2/3

We here perform the same procedure, but with respect a basis of invariant vector
fields (i.e., all vector fields are expressed in the body-fixed frame)

Think of v as a curve on group of matrices, and write

V(1) = wit) Ei(v(1),
Ei(R) = Ré;,

where R € SO(3) and e; = [1,0,0] and accordingly e2 and e3. We can do this
because of

Tr(SO(3)) = span{Rey, Rey, Res}

According to the same steps as above, the geodesic equation is:

0= iEi(7) + wiwj (Vi () Bi (7))
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6.11 Proof of Euler Poincaré equation for satellite, page 3/3
Assume X, Y, Z take values in the basis {E;}, and prove that
G ~ 1. Lo
Vge; Rer, = R ej X e + §J (e x Jex) + 5,1]] (er x Jej) ).

This is a consequence of equation (1) and of the fact that the Lie brackets
[Ei(R), E;(R)] = R(e; x e;) and that the metric is invariant.

Therefore, the geodesic equation becomes:

1 1
0=~ <u’)iei + wiw <ej X e + 5371(6]' x Jey) + iaﬂ*l(ek X Jej)>>

and, using the fact that « is an invertible matrix and a few simplification, we get
the right equation:

0=uw+ %J’l(w x Jw)




fb-jul02-p53

Lecture #2: Modeling Symmetries and
Nonholonomic Constraints

Francesco Bullo
Coordinated Science Lab, General Engineering Dept, ECE, AAE
University of lllinois at Urbana-Champaign
1308 W. Main St, Urbana, IL 61801, USA

bullo@uiuc.edu, http://motion.csl.uiuc.edu

This lecture based on the following references

[1] A. D. Lewis, “Simple mechanical control systems with constraints,” IEEE TAC, 45(8):1420-1436, 2000.

[2] F. Bullo and M. Zefran, “On mechanical control systems with nonholonomic constraints and symmetries,”
Syst. & Control L., 45(2):133-143, 2002.

[3] F. Bullo and M. Zefran, “Modeling and controllability for a class of hybrid mechanical systems,” IEEE
TRA, Aug 2002. To appear.
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7 Essential review

7.1 Coordinate-free modelling: |
e manifold Q, metric G

e vector fields are written in terms of the canonical basis {6%1, ce %}, and
co-vector fields in terms of {dq!,...,dq"}

e given a function ¢:

0
dp = a;

0 0
— (i
grad ¢ <G g7 > aq

dqi

G = —grad ¢(q) ... (negative) gradient flow

e metric gives rise to connection with certain properties
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7.2 Coordinate-free modelling: 11

(i) given functions {F;k} and curve y: I — R

(Vo) =5 + IA7 4% =0 geodesic flow

(ii) Given two vector fields X,Y", the covariant derivative of Y with respect to X
is the third vector field V xY defined via
aY?

T j % iy k

(iii) symmetric product

<Ya : Yb> = VyaYE) + VybYa

) SININ) R :
(Yo :1p)" = ¢’ Yy aT? 4+ D (YY) + YY)
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7.3 Coordinate-free modelling: 111

affine connection control system

m

Vo =Yo() + ROY) + Y Ya(y)ua(t)

a=1
Ex #1: robotic manipulators with kinetic energy and forces at joints

simple systems with conservative forces

Ex #2: aerospace and underwater vehicles
invariant systems on Lie groups

Ex #3: systems subject to nonholonomic constraints
locomotion devices with drift, e.g., bicycle, snake-like robots
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8 Introduction to systems subject to constraints

Constraints can be of two types:
(i) constraints on g are called integrable
(ii) constraints on v, are sometimes called non-integrable

from the greek roots:

integrable = holonomic
nonintegrable = nonholonomic
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8.1 Integrable constraints

e constraint on the configuration, such as clamping. It is given by
p(q) =0
where ¢ : Q —» R

e casy case, analyse on smaller space
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e Sometimes, an integrable constraints appears as:

(w, ") =0,

where, if w = dy, one writes

(dp, ) = %W(V(t)) —) ©(y(t)) = constant

e Problem: given an arbitrary co-vector w, when is it w =dp ?

Locally, construct annihilator distribution 2. If & is involutive, then
w is a holonomic constraint.
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8.2 Nonintegrable constraints I: kinematic systems

(z2,y2,02) (w1, y1,01)

Y \
\ Lo
—
Ly
~ (0.0, %)
—
x

[Car with trailer can be parked anywhere.]

e nonintegrable constraints are constraints on velocity, that cannot be
written as constraints on configurations

e classic example is rolling without sliding

e If system has full control over all feasible velocities,
then kinematic analysis suffices

TEST: set all control inputs to zero, does the mechanical systems still move?
=) riftless systems
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Examples of kinematic systems

T =wvcos o

1 = vsin ¢

o=w

(wheeled robot dynamics)
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8.3 Nonintegrable constraint II: dynamic systems

e general case is a dynamic case, i.e., system can move with input at zero

e basic example: bicycle
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9 Simple Mechanical Control Systems with
constraints

Nonholonomic constraint described by constraint one-form w

<w77/>:0

A simple mechanical control system subject to constraints
(i) A simple mechanical control system (Q,G,V = 0,F = {F! ..., F™})

(i1) A collection of constraint one-forms {w1,...,wp}.

The annihilator of span{ws,...,w,} is the constraint distribution &
i.e., the distribution of feasible velocities

Orthogonal projections:

P:TQ—>92cCcTQ and P+:TQ— 2+ cCcTQ
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9.1 Equations of motion

The solution to the mechanical control system subject to the constraint distri-
bution Z is the curve v : I — Q solution to

m

v ()Y ©) = A0+ > (G,

a=1

Pr(y)=0

where ¢t — A(t) € 2% is the Lagrange multiplier, and 7/(0) € 2.

Theorem: Constrained equations of motion (Synge 1928)

Iy = (PG F)u,

a=1

with respect to the constrained affine connection (Lewis 2000)

VxY =%VxY + ((Vx P (V)
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9.2 Expressions in coordinates

(i) design X = {Xy,...,X,,—p} an orthogonal basis for feasible velocities

1
Xk |2
1

(iii) compute Y} = W(F“, Xk)

(i) compute (Xf)fj = <(GVXin , X))

Then the constrained equations of motion are

kinematic + dynamic equations
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9.3 Comments

Constrained equations of motion

Y =vXi(a)
m
P 4 (XF)%’UZ’UJ = Z YFu,

a=1

(i) v* components of 7/ are pseudo-velocity

(ii) (Xf)fj are generalized Christoffel symbols for V with respect to
{X1,.... X}

IVx, X; = (T)5 X

however, no need to compute the projection P, nor its covariant
derivative ®V P+

(iii) Y is the projection of the control vector fields onto X}. If conservative forces,

i.e., F*=dp,, then YF = W"?X’ﬂ%’
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Invariance under group action If a system is invariant under a group action and
the basis for & consists of invariant vectors, the generalized Christoffel symbols
(*T)}; and the coefficients of the control vector fields Y are invariant.

Key examples easily handled see next pages.

Missing work Still to work out: bicycle, plate-and-ball systems, omni-directional,
redundant, variable-geometry vehicles
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Inertia t :
10 The snakeboard example nertia tensor

m 0
0 m
0 0
0 0
0 0

Constraints:
Zfront Sil’l(@ - d)) - yfront COS<9 - ¢> =0
. Tback SIN(0 + 1) — Yback cos(d + ) =0

Constraint forms:
Configuration manifold: SE(2) x S?

Coordinates: q=(z,y,0,0,9) w1 = sin(¢ — §)dx + cos(¢ — 0)dy + £ cos ¢db
Input forces: diy, dob wo = —sin(¢ + 0)dx + cos(¢ + 0)dy — £ cos ¢pdb
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10.1 Application of the method
10.2 Kinematic and dynamic equations

Step (i): Choice of basis for 2:

lcos¢pcosd % cos ¢ sin ¢ cos 6

JIr

lcos¢sinf 2o cos ¢ sin ¢ sin 6

—sing o'+ — L2 (sin ¢)? v? +

me

0 1
0 0

X; = Ecos¢cos0% —|—€cos¢sin088y —Singb% ,

, 0
X3:a—¢.

Using the Gramm-Schmitt procedure we can construct the orthogonal basis:

Jy ) Jr .5, 0 d
XQ:W cos<bsm¢Vx—m£2 sin ¢@+%, X3 =X}

J,

. r 2,3

DEES gz(cosqﬁ)v v> =0

9 ml? cos ¢ 13 Jrcosgsing o 5 m/

Jy cos ¢sin ¢ T et Jr(sin ¢)2U U ey Jr(sin gzﬁ)?U 2N A J2(sin ¢)2u¢
me2 + J, sin? ¢ 3 1

= — Uy -
Jo ¢

Step (ii): compute generalized Christoffel symbols )

ml? cos ¢

J,

X1y 1 r X102

I = ——CosQ, r =,
( )32 ( )31 me? + Jr Sin2 ¢

mgg (XF)§2 = -

Step (iii): input coefficients: L, =1, Lx,p=1




fb-jul02-p73

10.3 Kinematic and dynamic equations

the kinematic equations are

T £cos¢cosl J—’"Zcosgzﬁsingbcosé?

| =1¢cosgsing | v+ | Z cos psinpsinb

me

6 —sin ¢ —- (sin ¢)?

me2

and the dynamic equations are

bt (cos 6)9b = 0
. Jr.cospsing . .
- me? + J,.(sin ¢)? a4

. ml? cos ¢
Y- . v
me2 + J,(sin ¢)?
mi?
= u
me2J, + J2(sing)2 ¥

. 1
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10.4 Software implementation
Mathematica implementation; FullSimplify commands erased for readability
(* CONNECTIONS AND OTHER OPERATIONS *)

LieDer[X_,h_,x_] := Sum[D[h,x[[1]]]1X[[i]],{i,Length[x]}];

LieBracket[X_,Y_,x_]:=Module[{i,j,N=Length[x]},
Table [Sum[D[Y[[i]],x[[j111X[[j11-DIXC[4i1],x[03111YC 0517 ,{5,N}],{i,N}]1];

LeviCivita[\metric_,x_] :=Module [{Minv=Inverse[M],i,j,k,h,
N=Length[x]},Table [Sum[Minv[[h,k]] (DMM[[h,j]1],x[[i11]+
DMM[[i,h]],x[[3]11] - DIM[[i,3I1],x[[h]111)/2,{h,N}],{k,N},{j,N},{i,N}]1];

CovariantDer[X_,Y_,Nabla_,x_]:=Module[{i,j,k,N=Length[x]},
Table[Sum[D[Y[[i]],x[[j111XC[;11+
Sum[Nabla[[i,j,k]11X[[j11Y[[k]],{k,N}],{j,N}],{i,N}]1];
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(* SNAKEBOARD EXAMPLE x*)

q = {X,y,th,psi,Phi}; M ={{m,0,O,O:O}a{onm,03010}5
{0,0,m ell1~2,Jr,0},{0,0,Jr,Jr,0},{0,0,0,0,Jw}};
nabla = LeviCivita[M, ql;

(* FEASIBLE VELOCITIES *)

Vx = {Cos[th],Sin[th],0,0,0}; Vth = {0,0,1,0,0};
X1 = ell Cos[phi] Vx - Sin[phi] Vth;
X2p = {0’030’1’0}; X3 = {O’O’O’Oﬁl};

(* ORTHOGONALIZE VECTORS VIA GRAMM-SCHMITT *)

X1X1 = X1.M.X1; X2pX2p = X2p.M.X2p; X3X3 = X3.M.X3;
X1X3 = X1.M.X3; X1X2p = X1.M.X2p; X2pX3 = X2p.M.X3;
X2 = X2p-X1(X1X2p/X1X1); X2X2 = X2.M.X2;
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(* CHRISTOFFEL SYMBOLS *)

X = {X1, X2, X3}; norms = {X1X1, X2X2, X3X3};
Tnabla = Table[ CovariantDer [X[[il],X[[jl],nabla,q].M.X[[k]]/norms[[k]]
,{k,1,3} ,{i,1,3}, {j,1,3}];

(x INPUTS =*)

F = Table[ LieDer[X[[k]],psi,ql/norms[[k]]ul
+ LieDer[X[[k]],phi,ql/norms[[k]]u2 ,{k,3}];

(* EQUATIONS OF MOTION *)

v={vel[t], psi’[t], phi’[t]l}; EqMotion = Table[

(* CONTROLLABILITY ANALYSIS *)

X13 = LieBracket[X1,X3,q]; X113 = LieBracket[X1,X13,q];
Det [AppendColumns [{X1}, {X2},{X3},{X13},{X113}1];
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11 The roller racer example

Inertia tensor:

m
0
0
0

Constraint one-forms:

w1 = sin fdx — cos Ody
wo = sin(0 + ¢)dx — cos(6 + ¢)dy

— (b2 + €1 cosp)df — Lody) .
Configuration manifold:

Coordinates: q=(z,y,0,7)
Input force: dvy
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11.1 Application of the method

Step (ii): compute generalized Christoffel symbols
Step (i): Choice of basis for Z:

. a1 _ [t lacosy (L + Lp)sing
Xlzcosﬁ(%—i—sinO%A—(%)% ("D)ay = <£2+£1c08w> f1(¥)
’ 5 5 (XT)L, = m(ly + €y costp)(ba + ¢4 cos ) (€11z cosp — laly)
Xé__<€2+€fcosw>%+% Ay
(¥T)2, = (El + £y cosgb) m €11z costp — laly)
2 by + £y cos f2(¥)
X, = (boIy; — €115 cos 1) siny v mly(Ly + €1 costp) + Iy sin® 1) a9 0 (*)2, = —m(ly1z costp — La1y)(siny) f3(¢))

) v 1) 20 " ou 1) (@)

where V. = cosHag n Sinﬁag where f3(1p) = (0113 — la1q cosvp) + mlyla(le + £1 cos ).
x y

1
f1(¥) = m(ly + €1 cosp)? + (I} + 1) sin® o) Step (iii): input coefficients: Ix, =0, —— Lx, b=
f2(1) = me2I, + 2Tym(cosp)? + I Iy sin 4 .

Using the Gramm-Schmitt procedure we can construct the orthogonal basis:

X212
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11.2 Kinematic and dynamic equations

the kinematic equations are

. (0211 —£1 12 cos ) sinyp
T cos @ IAC)) cos 6

g|=| sing v+ | hhlosdlimygng |4
i sin ¢ mls (Lo +£1 cos )+ I (sin )2
lo+Lq cos —f1(%)

and the dynamic equations are
B+ (YT)gy () gv + (*T) g5 ()9 = 0

R (o (D2 (g )
Y+ ("D)31 (V)Y + (T3 ()9 = Fa(0) ¥
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12 Proofs

12.1 Constrained affine connection

Consider

V9 = A1) +G'F

PH(y) =0.
Project equation (2) onto 2, and covariantly differentiate equation (3):

PH(Vy) = A(t) + PHGT'F)
Vo (PH(Y)) =0 == PH(OVY) = (V. P) (Y).
Hence:
At) =— (°VyPY) (/) = PH(G'F)

and
Vo + (VP () = P(GT'F),
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Define:
WxY = VxY + ((VxPH) (V)
Summarizing:
V7 + (Y, PY) () = PGIF),
can be written as
Y.y = P(G™'F)
where ?V is the constrained connection.

The Christoffel symbols of the constrained connection with respect to the basis

{%,...,%}are

Py
(70)f =TF + a—qﬁ + 10, Prj — T P
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12.2 Constrained equations in coordinates
Definition 1 (°VxP) (V) = ®Vx (PH(Y)) — P (®VxY).
Lemma 2 For Y € 9, ?VxY = P(°VxY)
Lemma 3 Expression for V.,4/, where {X;} orthogonal family spanning 2:

Ny =7V (0'X;) = 0 X; + 0" (7Y X))

=0'X; + vV x, X;
Inner product with Xj:
(Xn, IV ) =0 ( Xy, X)) + 007 (X, PV x, X5)
= 0| X5 * + 0" (X, PV x, X))

Final simplification:

("Vx,Xj, X)) = (P°Vx,X;, Xi) = (°Vx, X;, X))
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13 Ideal impact models

e here only ideal case: no friction, plastic/elastic, holonomic/nonholonomic impact

e impact entails
(i) impulsive force that causes a jump in v/

(i) switch in equations of motions

Reference on impact models

[1] B. Brogliato. Nonsmooth Impact Mechanics: Models, Dynamics, and Control, volume 220 of Lecture Notes
in Control and Information Sciences. Springer Verlag, New York, NY, 1996.
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13.1 Definition of impact
e (Q,G,F =span{F! ... F™}) is a simple mechanical system
e 27 and 2 are two set of feasible velocities (right before, right after impact)

o (V7,P~F)and (V', PTF) give eqns of motion,
(P is orthogonal projection onto feasible velocities)

The system undergoes an impact at time t if
(i) the dynamics switch from (V=, P~ F) to (V*, PTF),

(ii) there exists a tensor field J, : T,Q — T,Q such that
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13.2 Classic impacts

Plastic impact from large to smaller space: The two sets of feasible velocities
2~ and 2 are distinct (for example 2~ = TQ and 2+ = TR is the tangent
space of a submanifold R C Q). The operator

Jy = Pos
is the orthogonal projection onto 2.

Elastic impact against surface: The equations of motion do not change, as
connection and input forces do not change. There exist a submanifold R such
that

J, = Prr + (—¢) Py

where Prg is the orthogonal projection onto the tangent space to R and where
0 < e < 1 is the coefficient of restitution.
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13.3 Hybrid mechanical control systems
given a mechanical control system (Q, G, F) with a given set of constraint
distributions %;, where i belongs to an index set I.

For each constraint &;, we consider the constrained mechanical control system
¥ =[Q,G,F, 2;,U], with associated V; and ).

We define the hybrid mechanical control system as
HMCS = [1,Q, Xq, V, A] (4)

where I index set, Q, 3q collection of constrained mech. sys., V- = {v;;}; jer
discrete controls and A jump transition maps (linear operators in v/ parametrized

by v;;).
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Summary of Modeling Methods
(lectures #1 and #2)

Simple mechanical control systems with constraints

A simple mechanical control system with constraints is a quintuple
(Q,G,V,2,.7) comprised of the following objects:

(i) an n-dimensional configuration manifold Q,
(ii

)
(i) a function V on Q describing the potential energy,
)

a Riemannian metric G on Q describing the kinetic energy,

(iv) a distribution 2 of feasible velocities describing the linear velocity constraints,
and

(v) a collection of m covector fields F = {F*, ..., F™}, linearly independent at
each ¢ € Q, defining the control forces.
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Given the metric G and the distribution &, we define the following objects. We let
P :TQ — TQ be the orthogonal projection onto the distribution & with respect to
the metric G. We let ®V be the Levi-Civita connection on Q induced by the metric
G. We let V be the constrained affine connection defined by the metric G and
the constraint distribution & according to

VxY =VxY — (°VxP) (Y),
for any vector fields X and Y. When the vector field Y takes value in &, we have

VxY = PVxY),
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Given the Riemannian metric G, we let G: TQ — T*Q and G~ !: T*Q — TQ
denote the musical isomorphisms associated with G. For a € {1,...,m}, we define
the input vector fields Y, = P(G~1(F%)), the family of input vector fields
Y={Y,...,Y,}, and the input distribution % with

%y = spanp{Yi1(q),...,Ym(q)}. Let Lx f be the Lie derivative of a scalar function
f with respect to the vector field X. The gradient of the function V is the vector
field grad V' defined implicitly by

G(gradV, X) = ZxV.
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A controlled trajectory for the mechanical control system with constraints
(Q,G,V,2,F) is a pair (y,u) with v: [0,T] — Q and
w=(u1,...,um): [0,T] — R™ satisfying the controlled geodesic equations

m

VA () = —Plgrad V(y(1)) + > Ya(y()ua(t). (3)
a=1
Here we assume that §(0) € Z,(0) and comment that this implies that
Y(t) € Dy for all t € [0,T]. Furthermore, we assume the input functions
u= (u1,...,Up): [0,T] — R™ to be Lebesgue measurable functions, and we write

ué%d’y’f].
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Coordinate representation #1

On an open subset U C Q let X = {X1,...,X,,} be a basis of vector fields, and
set

Vx, X; = (*T)§; Xe, (6)
where the n3 functions {(X]f‘)fj| i,j,k € {1,...,n}} are called the generalized
Christoffel symbols with respect to X'. Given vector fields Y and Z on U, we can
write Y = Y'X; and Z = Z'X;. Accordingly,

VyZ = ((&x,2")Y" + ("D ZY7) Xy

Let the velocity curve 4: I — TU have components (v, ... v™) with respect to
X, ie.,

(1) = o' () X ((1))-
The pair (v, u) is a controlled trajectory for the controlled geodesic equations (5) if
and only if it solves the controlled Poincaré equations

m

oF 4+ (D)5 (n)v'v? = = (Perad V)* (7) + D YE(Y)ua. (7)

a=1
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Coordinate representation #2

Let (¢%,...,q") be a coordinate system for the open subset U C Q. The curve
v: I — U has therefore components (v!,...,~™). The coordinate system on U
induces the natural coordinate basis {aiql, ce %} for the tangent bundle TU.
With respect to this basis, we write the velocity curve 4: I — TU as

(0 =5 (1) 505 ).

In the coordinate system (q!,...,q"), we write v = (y1,..., ™),
4 = (3',...,4™), and the equations of motion read

m

. cied k
R4 TEAS = — (Pgrad V)" (v) + ) YFu,.
a=1
Here, the Christoffel symbols {T'};| i, 7,k € {1,...,n}} and the terms in the
right-hand side are computed with respect to the natural coordinate basis. We
refer to these equations as the controlled Euler-Lagrange equations.
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Remarks

(i) If the distribution 2 has rank p < n, it is useful to construct a local basis for
TQ by selecting the first p vector fields to generate &, and the remaining
n — p to generate 2. In this case, one can see that vk(t) =0 for all time ¢
andall ke {p+1,...,n}.

Assume a Lie group G acts on the manifold Q, and assume the metric G, and
the distribution & are invariant. Then the constrained connection V is
invariant, and, selecting invariant vector fields { X1, ..., X, }, the generalized
Christoffel symbols are invariant functions.

simple mechanical control systems can be modeled under the general
framework of affine connection control systems

m

Vv =Yo(0) + ROY) + D Ya(y)ua(t)

a=1

fb-jul02-p96

Lecture #3: Perturbation Analyses of

Affine Connection Control Systems

Francesco Bullo
Coordinated Science Lab, General Engineering Dept, ECE, AAE
University of lllinois at Urbana-Champaign
1308 W. Main St, Urbana, IL 61801, USA

bullo@uiuc.edu, http://motion.csl.uiuc.edu

This lecture based on the following references

[1] F. Bullo, "Series expansions for mechanical control systems,” SIAM JCO, 40(1):166—190, 2001.

[2] F. Bullo, “Averaging and vibrational control of mechanical systems,” SIAM JCO, Submitted 1999. To
appear 2002.

[3] F. Bullo, “Series expansions for analytic systems linear in controls,” Automatica, 38(9):1425-1432, 2002.
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13.4 Intro: Perturbation methods for mechanical control systems

Before design, analyse forced response of Lagrangian system from rest

H = H(q,p) + %%0 (qvp’“ (é))

1) High magnitude high frequency
“oscillatory control &
vibrational stabilization”

I1) Small input from rest
“small-time local controllability”

I11) Classical formulation H = H(q,p) +eplq,p)

integrable Hamiltonian systems
p(0) = po
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13.5 Intro: oscillatory control

Known: Oscillatory controls generate motion in Lie bracket directions

= f(x) + g1 (2) (% sin é) + ga(2) (% cos z

Today's objective:  oscillatory controls in mechanical systems

VW’VI = Y(Q: t)

T
7'(0) =0, /0 Y(q,t)dt =0
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Incomplete List of References on Series Expansion and Averaging related to
Mechanical Systems
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13.6 Coordinate-free modelling: |

e manifold Q, metric G

e vector fields are written in terms of the canonical basis {6%1, ce %}, and
co-vector fields in terms of {dq',...,dq"}

e given a function :

I i
dp = a;’idq

9o\ 0
d == Y e -
grad ¢ <G 947 > aq

G = —grad ¢(q) ... (negative) gradient flow
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13.7 Coordinate-free modelling: 11

(i) given functions {F;k} and curve y: I — R

(Vo) =4 + A7 4% =0 . geodesic flow

(ii) Given two vector fields X,Y", the covariant derivative of Y with respect to X
is the third vector field V xY defined via

) ) AN ) .
(VxY) = o0 + T XYP.

(iii) symmetric product
<Ya : Yb> = VYQYL + VYbYa

) oY} - - ;
aY'bJ b Yj +F3k(YaJY27k +Yaky;)])

(Yo :3)' = g’ g’
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13.8 Coordinate-free modelling: 111

affine connection control system
m

vryl’)// =Yo(y) + R(’Y’) + Z Yo (7)ua(t)

a=1

Ex #1: robotic manipulators with kinetic energy and forces at joints

simple systems with conservative forces

Ex #2: aerospace and underwater vehicles
invariant systems on Lie groups

Ex #3: systems subject to nonholonomic constraints
locomotion devices with drift, e.g., bicycle, snake-like robots
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14 Perturbation Analysis I:

the “oscillatory control & vibrational stabilization” setting

(Bentsman et al, '86 — present) vibrational stabilization
(Baillieul '93 — present) discovery, study, apps of averaged potential

V. ' =Yo(y) + 7/ Ju(t)

Y () +Y
ot
€
where forcing v is T-periodic

T T prs1
/ v(sy)dsy = / / v(s2)ds1dses =0
0 0 Jo

2

T S1
A=
oT J, (/0 U(Sg)d82> dsy

and let

14.1 Averaging for general mechanical systems

1
Vo' =Yo() + RO + v

€

1

V' =Y+ RG) + AY:Y)()

(i) approximation valid as € — 0 on the time scale ¢ € [0, 1]

(ii) approximation valid as ¢ — 0 on the time scale ¢ € [0, c0),

if (v,7") = (0,0) is an hyperbolically stable critical point
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14.2 Ex #1: a 2-link manipulator

AN
8,

—

time (sec)

1 t
u=—0; + —cos <—>
€ €

Two-link damped manipulator with oscillatory control at first joint. The averaging
analysis predicts the behavior. (the gray line is 81, the black line is 65). See later
explanation for stability of (0,7/2).
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14.3 Ex #2: the roller racer

t

)

(ii) racer has single input Y = X5
)
)

recall X1, X5 two vector fields describing feasible velocities of racer

(i

(iv) hence, racer moves forward (or backward?) using zero mean input

symmetric product (Y : Y) has component along X
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14.4 Extension: Two-time scales result

1 t
va/ = Gravity + Damping + -v (—) Y(t,7)
€ \e
v(t) is T-periodic and cyclic

1

V. = Gravity + Damping + A (Y : Y)(t,7)

~
1 T S1 2
A= 3T ; </0 U(SQ)dSQ) dsy

as € — 0 on appropriate time scale
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—

time (sec)

1 t
u = —0 + — cos <—>
€ €

why stable?
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15 Simplified averaging analyses for SMCS with
conservative forces

integrable forces in the sense of conservative forces:

V(@) = gradple.0).  (gradp) =G oE

Symmetric product restricts
(grad ¢, : grad ¢p) = grad (v, : @p)

where Beltrami bracket (Crouch ’'81):

Ipi Op;
i) = (dgi, dp;) = G 72
(1 ) = (o, dis) = G G 2
Relationship between: (i) certain Lie brackets between vector fields on TQ, (ii)
symmetric products of vector fields on Q, Beltrami bracket of functions (and,
averaged potential)

15.1 Analysis I: averaging energy
In the open loop,
1 2
E(gv0) = 5l + V(@)

but for controlled geodesic equations with input vector field

"1 t
320 () st
p— € €
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Averaged potential and energy

1
Eaveraged ((Zap) = 5 ”UqHQ + V;veraged (q)

Vaveraged (7) = V(q) + A" (¢a : ¢)(q)

1 T S1 S1
A = </ v*(s ds)(/ o (s ds)ds
o7 J, : (s2)ds2 : (s2)ds2 1
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—

time (sec)

1 t
u = —0; + — cos <—>
€ €

Two-link damped manipulator with oscillatory control at first joint. (the gray line is
61, the black line is 605).

Despite the superimposed oscillatory behavior the variables (61, 603) converge to the
global minimum of the averaged controlled potential energy.

16 Proofs

16.1 Theorem statement
Consider a control system described by an affine connection
Vo' = Yola) + RO) + Yaly)cv(t/e)
where 7/(0) = vg, and where {v!, ..., v™} are T-periodic functions st:

T T s
/ v%(s1)ds; =0 = / / v?(s1)ds1dsy =0
0 o Jo

Define the matrix A according to:

A L T</Slva(s )ds > (/Slvb(s )ds )ds
T 0 0 2 2 0 2 2 1-

Define the time-varying vector field

=) = ([ o) Vo)
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Theorem 2 (Averaging under oscillatory control). Let v: I — Q be the
solution to the initial value problem in equation (9) and let r: I — Q be the
solution to

Vpr' = Yo(r) + R(r)i — A (Yy : Vi) (r)
7(0) = qo, 7(0) = vo.

There exist a positive €y, such that for all 0 < e < ¢g

V(t) = () + O(e)
V() =r'(t) + E(t/e,7(t)) + O(e)

as € — 0 on the time scale 1.

e F. Bullo, “Averaging and vibrational control of mechanical systems,” SIAM JCO,
Submitted November 1999. Appeared, Jul 2002.
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16.2 Fact #1: Coordinate-free Averaging

Let z,y, 20 € R", let € € (0, €] with g < 1. Let f,g: Ry X R® — R"™ be smooth
time-varying vector fields. Consider the initial value problem in standard form:

Assume f(¢,x) is a T-periodic function in ¢, and define the averaged system:

dy _ .o
E_ef()v

P =7 [ s

y(O) = Zo,

Theorem 3 (First order averaging). There exists €y, such that for 0 < € < €,
z(t) —y(t) = O(e)
as € — 0 on the time scale 1/e.

Recall: an estimate is on the time scale §(¢), if it holds for all ¢ such that
0 < 07 1(e)t < L with L independent of e.
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Fact #1: Coordinate-free Averaging — continued

dx 1 t
Ezf(fﬁ)‘f‘; <27~T>,

where ¢g(t,z) is a T-periodic function in . Define

z(0) = zo,

T
Flta) = (@400 @) F@ =7 [ Frae

Finally, let z and y be solutions to the initial value problems
2=F(t/e,z), =z(0)==xo,
y:FO( )a y(o):xo

Theorem 4 (First order averaging for oscillatory controls). Let F' be a
T-periodic function int. Fort € Ry, we have

2(t) = 87, (=(1)).

As € — 0 on the time scale 1, we have

2(t) = @,/ (y(t) + O(e)
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Fact #1: Coordinate-free averaging — the variation of constants formula

dx

= 1@+ gla)

¢ is nominal, f is perturbation

flow along X +Y X1y
o1 (40) = g 1(3q0)

flow along Y
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16.3 Fact #3: Homogeneity properties and Lie algebraic structure of
affine connection control systems

Given v = (v%,...,9™), write second order ODE on Q as first order ODE on TQ:
gl v

Lie algebraic & homogeneous structure

homogeneous polynomial of degree i in 41,... 4" ] }
homogeneous polynomial of degree (i + 1) in §1,...,4"

ZeP, ... Yftep |
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Lie algebraic & homogeneous structure: cont’d
The sets P; enjoy various interesting properties.

(i) [Pi,P;] C Piyj, thatis, the Lie bracket between a vector field in P; and a
vector field in P; belongs to P, ;.

(ii) Pr = {0} for all k < -2,
(iii) for all X € Py with £ > 1, X(0,) =0,
(iv) every X € P_q is the lift of a vector field on @, i.e.,

0
Y

X = Ylift _

where X is vector field on TQ and Y is vector field on Q
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Lie bracket diagram

#f 1 Pi Py P

Gy {0}

SRR R () S (3

[lenfta [Za Y2|ift]] €P_

0

vyt
o =(Y1:Y2)

[}qiftv [Za Y2|ift]] -
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Coordinated independent treatment

(i) Geometric homogeneity, Kawski '95:
given a Euler v.f. Xg, Y is homogeneous of degree v if [Xg, Y] =vY

(ii) Liouville vector field Xg(q,v) = vi%; key identities on TQ:
(Xe, 2] = (+1)2
[XE,Y“&] _ (71)Ylift_

Hence, degree of Z is 41, degree of Y'ift is —1
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16.4 Fact #4: putting it all together

Write second order equation (9) as first order —let = = (¢, ¢) and

f(z) = Z(z) + Yy () + R™(x),

glt,z) =Y Yy (2)o(t).

a=1

Define the vector field F’
* Y (y)v (2)) i i
Fty) = (@507 () = (25, ") (2() + Y™ () + B™(v)):

and compute it according to the series expansion

()" f=f+ Z/ / adg(sy) - --adg(sy) f) dsk ... ds

The Lie algebraic structure implies
adyin(Z(y) + Yo" (y) + B™(y)) =0,  Vk >3,
adyin ady (Z(y) + Yo (y) + R™(y)) = — (Y, : Vi)™,
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Some bookkeeping:
ylift @ * i i
(@57 O) (2() + Y () + B™(»))
t
— (Z+Y[;ift +R|ift) + </ 'Ua(s:[)dS]_) [Ya{ift’ (Z_’_Y(}ift +R“ft)]
0

</ / (s dsadsb> [y [y (Z+Y0|ift+Rnft)H

= (Z+)/(;ift+Rlift) i </tv (31)d51> [Ynft (Z+Rlift)]

(/ / (s dsadSb) (Yo 1 Y3)".
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An integration by parts and the symmetry of the symmetric product:

(/ / *(84q dsadsb> (Yo : V)
= 1 ' ’Ub(Sb)dSb t ’Ua(Sa)dsa <Ya : 1fb>7
3 () i [t

In summary

Fit.y) = (2 + 5" + B) + (/ | va<sl>dsl) YI®, (2 + R

3 ([ s [ surasa) tra vy

F is T-periodic —compute its average F° as

FO(y) — (Z + Yolift + R“ft) _ Aab<Ya . 1fb>“ft-

This is what we wished to show.
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17 Perturbation Analysis II:

the “small-time local controllability” setting

Small input from rest

V,Ym/

Objective: characterize forced flow via series expansion
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Series expansions for polynomial systems

& = P(z,z) + Az + Bu(t)
z(0)=0

1

+oo
xTr = E Tl
k=1

t
21(t) = / A7) Bu(r)dr
0

k—1 t
() =3 / A=) Py (7), s (7)) T, K > 2.
j=1"9

convergence radius: 3% [Jul|,_ <1, where 3 =2 HeAt||£1 IPl
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Series expansion for affine connection control systems

Vo = =k Y (1)
7' (0)=0

1

+oo
’yl = Z Vi (’y, t) absolute, uniform convergence
k=1

t
Vilg,t) = / Fe0Y (g, 5)ds
0

k—1 t
1 _

Wlat) = =5 2 [ 00 a5) s Vi (a.5)ds
=1
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17.3 Series: comments

Vi(g,t) =[5 eFm0Y (g, s)ds,

“+o0
v'=) Vi(y,t)
;; Vipr(g:t) = =33 [y et (Vo s Vieo)ds

Error bounds:

IVi(q. )l = O(IY[[*#2:1).

In abbreviated notation

so that

A1) = V(a,t) — 5V V), t) + 500270 V(g 0) + OV
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Analysis Il: a forces geodesic flow written as gradient flow

Vv/’y’ = grad ¢(7, 1)
7/(0) = Oqo

1

+oo
Y(t) = grad Y @r(y(t),t)  ¥(0) = qo
k=1

e1(g,t) = /0 ©(q, s)ds

k—1

_Z/Ot«oj(q,s) :
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17.5 Example of open-loop response: planar body

simple example: body with one force
through center of mass and one torque.

q(0) = (0,0,0), T =2r

uyp = .5(sint — 2sin2t), wug = .5cost

exact solution

=7
o

>
’1

D

&

first order second order third order
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Conjecture

+oo
Y =Y Vil t)
k=1

t
Vl(q,t)I/ Py (¢, 5)ds
0

k—1 t
1 —s

Wlat) = =3 2 [ MO0 s Vi (a9
j=1

Positive answer for isotropic damping: R = kI,,.
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18 Summary

(i) innovative approach towards control of mechanical systems
(homogeneity vs passivity)
(perturbation methods vs energy and Lyapunov functions)

(ii) challenges: convergence & complexity

(iii) applications to controllability, vibrational stabilization, analysis of
locomotion gaits, motion planning, optimal control, normal forms, etc
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Lecture #4: Kinematic Reductions and

Configuration Controllability

Francesco Bullo
Coordinated Science Lab, General Engineering Dept, ECE, AAE
University of lllinois at Urbana-Champaign
1308 W. Main St, Urbana, IL 61801, USA

bullo@uiuc.edu, http://motion.csl.uiuc.edu
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18.1 Preliminaries: Kinematic modeling

T =wvcos o
1 = vsin ¢
$=w

(wheeled robot dynamics)
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18.2 Preliminaries: Controllability theory

Given a driftless system 1 = g1(x)u; + go(x)us

define Lie bracket: [g1(z), g2(z)] = ==

system is controllable iff LARC

not full rank full rank

Example: car parking problem
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19 Kinematic reductions for simple mechanical

control systems with constraints

(i) Objective: relationships between the given mechanical control system and an
appropriate low-complexity kinematic representation

(i) treatment for simple mechanical control systems subject to no potential energy

(i) we relate controlled trajectories for the (second-order) controlled geodesic

equation
m

Vi) =Y Ya(y()ua(t).

a=1

to controlled trajectories for driftless control systems on Q.

when can a second order system follow the solution of a first order?




fb-jul02-p137

Motivating example
simple example: body with
one force through center of mass and one torque

(i) Can follow any straight
line and can turn (2 preferred velocity fields)

(ii) Controllable via these two motions
(hence, interesting for planning problems)

search for decoupling vector fields describing 1st order ODEs

whose time-scaled flow is solutions to (forced) 2nd order ODEs
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Nomenclature:

(i) The controlled geodesic equation is a dynamic models of mechanical systems:

m

Vi ¥(t) = Z Yo (y(t))ua(t).
a=1
In dynamic models the control inputs u are accelerations, and assumed

Lebesgue measurable functions: u € %, .

In contrast to this, we refer to first-order differential equations on Q as
kinematic models of mechanical systems. Let V = {V3,...,V;} be a family
of vector fields. For curves v: [0,7] — Q and w: [0,T] — R’ consider the
kinematic model induced by V

J4
A1) =D Vi(v(t))wy(1).
b=1

In kinematic models, the control inputs are velocity variables, and are assumed
absolutely continuous: w € %, .

fb-jul02-p139

19.2 Kinematic reductions and decoupling vector fields

In short, V is a kinematic reduction if any curve v: I — Q solving the
(controlled) kinematic model can be lifted to a solution to a solution of the
(controlled) dynamic model.

More accurately, the kinematic model induced by V = {Vi,...,V,} is a kinematic
reduction of the dynamic model, if, for any control input w € %, and
corresponding controlled trajectory (v, w) for the kinematic model, there exists a
control input u € %y, such that (7, u) is a controlled trajectory for the dynamic
model.

e The rank of a kinematic reduction is the rank of the distribution generated by
the vector fields V.

e Rank-one kinematic reductions are particularly interesting. We shall call a vector
field V' decoupling if the rank-one kinematic system induced by V = {V'} is a
kinematic reduction. Hence, the second-order control system can be steered
along any time-scaled integral curve of a decoupling vector field.
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19.3 Kinematic reductions and decoupling vector fields: cont’'d

The kinematic model induced by {Vi,...,V;} is a kinematic reduc-
tion of the mechanical control system (Q, G,V =0, F)

if and only if
the distribution span{V;, (V; : Vi)| 4,5,k € {1,...,¢}} is a sub-
distribution of the input distribution #.

The vector field V' is decoupling
if and only if
Ve# and (V:V)eZ.
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19.4 Mechanical systems fully reducible to kinematic systems

when is a mechanical system kinematic?

That is, when will the largest possible kinematic reduction, i.e., ) will be
attained?

The dynamic model for the system (Q,G,V = 0,F) is fully reducible to the
kinematic system induced by V if, V is a kinematic reduction of

(Q,G,V =0,F) and if, for any control input u € %d’;’n, initial condition

4(0) € span(V), and corresponding controlled trajectory (-y,u) for the dynamic
model, there exists a control input w € %, such that (v, w) is a controlled
trajectory for the kinematic model induced by V.

A dynamic system is fully reducible to a kinematic system is there exists one

such collection of vector fields V.

fb-jul02-p142

19.5 Mechanical systems fully reducible to kinematic systems: cont’d

A distribution 2" is said to be geodesically invariant if it is closed under
operation of symmetric product, i.e., if for all vector fields X and Y taking values
in 2, the vector field (X :Y) also takes value in 2". The symmetric closure of
the distribution 2 is the smallest geodesically invariant distribution containing 2.

Theorem 5. A mechanical control system is fully reducible to a kinematic system
if and only if

(i) the kinematic system is induced by the input distribution % and

(ii) the input distribution % is geodesically invariant.

20 Accessibility and controllability notions

20.1 Controllable kinematic systems

Here we consider the family ¥V = {V3,...,V;} giving rise to the driftless /
kinematic control system. For ¢y € Q we denote

RY(q0,T) = {v(T) | (v,u) is a controlled trajectory
for kinematic model defined on [0, 7] with v(0) = g0},

and RV(qO, < T) = UtE[O,T} RV(QOJ)-

RY(< T, q0)
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Definition 6. The kinematic system induced by V is

(i) locally accessible from qq if there exists T > 0 so that int(RY (qo, < t)) # ()
fort € (0,7, is

(i) small-time locally controllable (STLC) from qq if there exists T' > 0 so that
qo € int(RY(qo, < t)) fort € (0,7T], and is

(iii) controllable if for every qi1,q2 € Q there exists a controlled trajectory (v, u)
defined on [0,T] for some T > 0 with the property that v(0) = ¢1 and

Y(T) = qa.

Theorem 7. The kinematic system is STLC (and therefore accessible) from qq if
and only if Lie{span(V)},, = T,, Q. Furthermore, if Q is connected and if
Lie{span(V)}, = T,Q for each q € Q, then the kinematic mode is controllable.
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20.2 Kinematically controllable dynamic systems

(i) A dynamic mechanical system described by (Q,G,V, Z,.%) is kinematically
controllable if there exists a sequence of kinematic reductions
Vil i € {1,...,k},rank V; = ¢;} so that for every q1,¢2 € Q there are
corresponding controlled trajectories
{(viywi)| vi: [Ti-1, T5) — Quw;: [Ty_1,T;] — R% i € {1,... k}} such that
11 (To) = q1. Y (Tk) = g2, and vi(Ti) = vi1(T;) for all i € {1,...,k - 1}.

In other words, any g2 € Q is reachable from any ¢; € Q by concatenating
motions on Q corresponding to kinematic reductions of the dynamic system

The dynamic system is locally kinematically controllable from gq if, for any
neighborhood of gg on Q, the set of reachable configurations by trajectories
remaining in the neighborhood and following motions of its kinematic
reductions contains qq in its interior.
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Theorem 8. Consider a dynamic mechanical system. The system is locally
kinematically controllable if and only if it possesses a collection of decoupling
vector fields (i.e., rank-one kinematic reductions) whose involutive closure has
maximal rank everywhere in Q.
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20.3 Controllable dynamic systems

Consider a dynamic mechanical system (Q,G,V, 2, %). For qo € Q, denote

Rr1qlq0,T) ={4(T) | (v,u) is a controlled trajectory
of the dynamic model defined on [0, T and satisfying ¥(0) = 0Og, }.

Here 04, € T4,Q is the zero vector. Also, R1q(q0, < T') = Uc(o,7) R1alq0, 1)

Definition 9. Consider a dynamic mechanical system (Q,G,V,2,.%) and let

qo € Q. Suppose that the controls for the dynamic system are restricted to take
their values in a compact set of R™ which contains O in the interior of its convex
hull. The dynamic system is

(i) locally accessible from qq if there exists T > 0 so that int(R1g(qo, < t)) # 0
fort € (0,T], and is

(i) small-time locally controllable (STLC) from qq if there exists T > 0 so that
040 € int(R1q(qo, < t)) forallt € (0,T).
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Notation: Consider iterated symmetric products in the vector fields {Y7,..., Y}

(i) A symmetric product is bad if it contains an even number of each of the
vector fields Y7,...,Y,,, and otherwise is good. Thus, for example,
(Yo :Yp) : (Y, : Yy)) is bad for all a,b € {1,...,m} and (Y, : (Y} : Yc)) is
good for any a,b,c € {1,...,m}.

The degree of a symmetric product is the total number of input vector fields
comprising the symmetric product. For example, our given bad symmetric
product has degree 4 and the given good symmetric product has degree 3.

If P is a symmetric product in the vector fields {Y7,...,Y,,} and if 0 € S, is
an element of the permutation group on {1,...,m}, o(P) denotes the
symmetric product obtained by replacing each occurrence of Y, with Y (,).
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Theorem 10. Consider a dynamic mechanical system described by
(Q,G,V,2,F) and let qo € Q. The dynamic mechanical system is

(i) locally accessible from qq if and only if Sym{# }, = T, Q, and is

(i) STLC from qo if Sym{% },, = T,, @ and if for every bad symmetric product
P we have
Z o(P)(qo) € spang{Pi(qo), -, Pr(q0)},
oESm

where Py, ..., P, are good symmetric products of degree less than P.

The condition stated for STLC is derived from a result of Sussmann '87.
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20.4 Configuration controllable dynamic systems

The preceding discussion concerned the set of reachable states for a dynamic
mechanical system. Let us now restrict to descriptions of the set of reachable
configurations. We define

Rq(q0,T) = 7(R1q(q0,T)), Raqlqo, <T)

= J Ralat

te[0,T)

This gives the following notions of controllability relative to configurations.
Definition 11. Consider a dynamic mechanical system described by
(Q,G,V,2,F) and let gy € Q. The dynamic mechanical system is

(i) locally configuration accessible from qq if there exists T > 0 so that
int(Rq(qo, < t)) # 0 forallt € (0,T], and is

(ii) small-time locally configuration controllable (STLCC) from qq if there
exists T' > 0 so that qo € int(Rg(qo, < t)) for all t € (0,T] with the controls

restricted to take their values in a compact subset of R™ that contains the
origin in its convex hull.
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Theorem 12. Consider an analytic dynamic mechanical system described by
(Q,G,V,2,F) and let qo € Q. The dynamic mechanical system is

(i) locally configuration accessible from qq if and only if
Lie{Sym{# }},, = T4, Q. and is

(i) STLCC from qq if Lie{Sym{#}},, = T4, Q and if for every bad symmetric

product P we have
Z o(P)(qo) € spang{Pi(qo), - -, Pr(q0)},
oESm

where Py,..., Py are good symmetric products of degree less than P.
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20.5 Controllability inferences

STLC small-time locally controllable
STLCC small-time locally configuration controllable
LKC = locally kinematically controllable

FR-LKC = fully reducible, locally kinematically controllable

There exist counter-examples for each missing implication sign.




fb-jul02-p153

20.6 Controllability and Configuration Controllability

Locally controllable

(40,0) — (as, vr)
can reach open set

rank(Sym{# },,) =n
bad symmetric products are
linear combination of lower

order good products of velocities

Configuration controllable

(20,0) == (g£, 0)
can reach open set

rank(Lie{Sym{#} },,) = n —>
good/bad as above
of configurations

Simplifications:
(i) for systems on group: algebraic tests on the Lie algebra

(ii) for systems with integrable forces: Beltrami brackets between functions

20.7 Graphical illustration
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vav’

= —ky' + ZYa(q)ua
a=1

7' (0)=0

given forces

accessible accelerations

accessible velocities

accessible configurations

{F}

I

{Yo =G 1F%}

I

{Y07<Yb : 1/5>7}

I

{Yav <YE7 : }/C>7 [va YCL [<Ya . }/27>7}/C:|7 .. }M
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20.8 An example controllability analysis: the snakeboard

Symmetric products:

<X21X2>:0, <X3:X3>:0,

Jr-(cos ¢ sin ¢)
me + J(sing)2” >’

Jr
(X : X3) = W(COS¢)X1 -
span{ X, X3,(Xo: X3)} =2 if

cos ¢ # 0.

Lie brackets:

[X1, X3] = 4(sin @)V, + (cos qﬁ)%
[X17 [X17X3]] = _E(Sin ¢)Vy ’

span{ Xy, Xo, X3, [X1, X3], [X1,[X1, X3]]} = TQ ™= System is STLCC
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20.9 An example controllability analysis: the roller racer

Symmetric products:

(X1 X2) = 2("T)go(v) X1 +2("T)3, () Xz

span{ Xy, (Xs :

Lie brackets:

(X1, Xo] =

Xo)} =2 i ("T)g(v) #0

ly 14+ lycosyp O

(X1, [X1, Xo]] =

T by +licosty Y (Lo +€1cosw)2%

—{y sin ) {1 + €5 cos

span{ X1, Xo, [X1, Xo], [X1, [X1, Xo]]} = TQ

(bo + €1 cosp)2 ”

(bo + €1 cosp)2 ¥’

everywhere (5[ cost) # (115,

System is locally configuration accessible
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20.10 A catalog of affine connection control systems

System Picture

planar 2R robot / (1,0): no reductions, accessible

single torque at either joint:
(1,0),(0,1) (0,1): decoupling v.f., fully reducible,
not accessible or STLCC

‘ Reducibility & Controllability

n=2m=1

roller racer . . . .
no kinematic reductions, accessible,

single torque at joint STLCC
not

n=4m=1

planar body with single force ] ] ]
decoupling v.f., reducible, not accessi-

or torque
ble

n=3m=1

planar body with single gen- . . . .
no kinematic reductions, accessible,

not STLCC

eralized force
n=3m=1

I body with two f
planar body with two torces two decoupling v.f., LKC, STLC

n=3m=2

fb-jul02-p158

robotic leg two decoupling v.f., fully reducible and
n=3m=2 LKC

(1,0,1) and (1,1,0): two decoupling

planar 3R robot, two torques: vf., LKC and STLC
(0,1,1), (1,0,1), (1,1,0)
n=3m=2 (0,1,1): two decoupling v.f., fully re-

ducible and LKC

1li
rolling penny fully reducible and LKC
n=4m=2

keboard
snakeboar two decoupling v.f., LKC, STLCC
n=>5m=2

3D vehicle with 3 generalized
forces three decoupling v.f., LKC, STLC
n=6,m=3
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Summary of Analysis Methods
(lectures #3 and #4)

Comprehensive, coherent body of work encompassing results on
(i) perturbation methods
(ii) kinematic reductions

(iii) controllability properties

Open directions
Averaging higher order, 2-time scales, gait analysis

Controllability gravity or generic dissipation
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Lecture #5: Stabilization and Tracking for

fully actuated systems

Francesco Bullo
Coordinated Science Lab, General Engineering Dept, ECE, AAE
University of Illinois at Urbana-Champaign
1308 W. Main St, Urbana, IL 61801, USA

bullo@uiuc.edu, http://motion.csl.uiuc.edu

This lecture based on the following references

[1] F. Bullo and R. M. Murray, “Tracking for fully actuated mechanical systems: A geometric framework,”
Automatica, vol. 35, no. 1, pp. 17-34, 1999.
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Incomplete List of References on Lyapunov and passivity methods for stabilization
and tracking
[1] S. Arimoto. Control Theory of Non-linear Mechanical Systems: A Passivity-Based and Circuit-Theoretic
Approach, volume 49 of OESS. Oxford University Press, Oxford, UK, 1996.

[2] A. M. Bloch, N. E. Leonard, and J. E. Marsden, “Controlled Lagrangians and the stabilization of
mechanical systems. |. the first matching theorem,” IEEE TAC, vol. 45, no. 12, pp. 2253-2270, 2000.

[3] D. E. Koditschek, “The application of total energy as a Lyapunov function for mechanical control
systems,” in Dynamics and Control of Multibody Systems (J. E. Marsden, P. S. Krishnaprasad, and J. C.
Simo, eds.), vol. 97, pp. 131-157, AMS, 1989.

H. Nijmeijer and A. J. van der Schaft. Nonlinear Dynamical Control Systems. Springer Verlag, New York,
NY, 1990.

R. Ortega, A. Loria, P. J. Nicklasson, and H. Sira-Ramirez. Passivity-Based Control of Euler-Lagrange
Systems: Mechanical, Electrical and Electromechanical Applications. Communications and Control
Engineering. Springer Verlag, New York, NY, 1998.

R. Ortega, A. J. van der Schaft, |. Mareels, and B. Maschke, “Putting energy back in control,” IEEE
Control Systems Magazine, vol. 21, no. 2, pp. 18-33, 2001.

S. Stramigioli, Modeling and IPC Control of Interactive Mechanical Systems- A Coordinate - Free
Approach, vol. 266 of Lecture Notes in Control and Information Sciences. Springer Verlag, 2001.

A. J. van der Schaft, “Stabilization of Hamiltonian systems,” Nonl. Analysis, Theory, Methods & App.s,
vol. 10, no. 10, pp. 1021-1035, 1986.

A. J. van der Schaft, L2-Gain and Passivity Techniques in Nonlinear Control, vol. 218 of Lecture Notes in
Control and Information Sciences. New York, NY: Springer Verlag, 1996.
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20.11 Stabilization via the total energy as Lyapunov function

Consider a simple mechanical control system (Q,G,V = 0, F) with

equations
Vyy =G 'F

Goal: Stabilize gg € Q

(i) fully actuated system: span(F) = T*Q

(i) ¢: Q — R with critical zero and positive definite Hessian
(q0) =0, dp(go) =0, Hessp(go) >0

(i) Rayleigh dissipation function K4 : TQ — T*Q
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Classic PD control:  Fpp(ve) = —dp(q) — Kqvq
Stability, local exponential stability, global convergence to critical points of ¢
(assuming existence compact and invariant set)

(i) Lyapunov function is

d 1 1
—(p+ §H7’Il2) =Vypo+ 5wa||7’\|2

dt
(do, v") + (V" )
(do, ) + (=dp(q) = Kav', ') = —(Kav', 7).

(ii) Proof of exponential convergence rates: modify Lyapunov function with ey
term, or perform linearized analysis
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21 Tracking for Fully Actuated Systems

Objective: track reference trajectory yef
Configuration and velocity errors:

(i) “distance” between ¢ and r

e positive definite, symmetric, quadratic ¥: Q x Q — R

(i) “distance” between " and 7/
e linear map 7y ) : T,Q — T,Q
o velocity erroris ¢ = ¥ —T(y ) Vref

= U=(d7T,eé)

e ‘“compatibility:” doU(q,r) = —T(’; "

Examples: joint or Euler angle rates, body-fixed angular velocities

dlql(qu)

error function

transport map
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21.1 Tracking on Manifolds

Goal: Track a reference yef: I — Q for V., =G F

PD + Feedforward: Let F = Fpp + Frr with

_dI\IJ(’Yv 'Yref) —Kyé

G <(V7’T(%T)w7“)

Fpp(7',1)

d
Fee(v', 1) = + d—(T(qmefﬂﬁef)‘ _ >
q=>(t)

w"':’yrlef
(i) Lyapunov stability with exponential convergence rates.

(i) time-varying Lyapunov function
t = (Y (t), Wt (1)) + 5117 (1) = Tty (6) et Veer (DI

(iii) Frr has two terms: “curvature” and acceleration of 7y

21.2 Table of Examples
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configuration
space

error function

transport map/
velocity error

Rob. manipulator

Pointing device

Satellite

Submersible

Riemannian mfld

Rn

SO(3)

llg —r|*

1—q"r

tr (K(I3 — RRY))
tr (K(I3 — RYR))

[combination of R3
and SO(3)]

geodesic distance

I,
(¢"r) s+ (r x q)”

Q- Qy
QO — RTR Oy

[change of reference

frame]

parallel transport
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21.3 Effects of Different Choices of Error Computations

Closed-loop trajectory on SO(3) with different feedforward

Left transport map: trajectory Right transport map: trajectory
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Lecture #6: Trajectory Planning via

Motion Primitives

Francesco Bullo
Coordinated Science Lab, General Engineering Dept, ECE, AAE
University of lllinois at Urbana-Champaign

1308 W. Main St, Urbana, IL 61801, USA

bullo@uiuc.edu, http://motion.csl.uiuc.edu

This lecture based on the following references

[1] F. Bullo and K. M. Lynch, “Kinematic controllability for decoupled trajectory planning in underactuated
mechanical systems,” IEEE TRA, 17(4)L402—-412, 2001.

[2] F. Bullo and A. D. Lewis, “Kinematic controllability and motion planning for the snakeboard,” IEEE TRA,

Jan. 2002. Submitted.

[3] F. Bullo, N. E. Leonard, and A. D. Lewis, “Controllability and motion algorithms for underactuated
Lagrangian systems on Lie groups,” IEEE TAC, 45(8):1437-1454, 2000.

W. T. Cerven and F. Bullo, “Constructive controllability algorithms for motion planning and
optimization,” IEEE TAC, Nov. 2001. Submitted.
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22 Motion planning for underactuated vehicles

SCAMP project Cassini probe
SSL, U. Maryland

hovercraft  tail-less aircraft helicopter Honda biped
(i) vehicles, robotic manipulators, locomotion devices
(ii) nonlinearities (kinetic energy, forces, configurations/velocities)

(iii) limited actuation (under-actuation, mag. & rate limits, ...)

22.1 Limited actuation provides for challenges

Real time motion planning
— feedforward and 2 degree-of-freedom design for aggressive tracking

— can compute feasible trajectory only via 2 pt. boundary value
optimal control: iterative, off-line algorithms, convergence

— loss of controllability along minimum-time trajectories

Stabilization
— accurate hovering/station keeping (™= exponential stab.)

— reconfiguration after actuator failure

(not linearly controllable)

Locomotion
— analysis of gaits and of novel propulsion mechanisms

— system design

fb-jul02-p170

fb-jul02-p171

22.2 Motion Planning Scenarios

S is submanifold of trim conditions, helices, rel. equilibria, hover

(i) Classic Point-to-Point Setting: on manifold
and linearly controllable

(ii) Point-to-Point remaining on manifold and sys-
tem is not linearly controllable (low velocity
regime, internal actuation, actuator failure, ill
conditioned linearization)

(iii) Fast Point-to-Point via minimum-time trajec-
tory and system is not linearly controllable

(iv) Harder: Point-to-Point away from S

22.3 Preliminaries: Numerical Optimal Control

OprTIMAL CONTROL

T
min / | (t)||?dt
0

Subj 33'(0) =0, QZ(T) = Tdesired
b= f) z(t) ~ xj; = x(t;)

ul <1, fil <1 J= bt

TRANSCRIPTION

u(t) = 3 dia(t)

1

FINITE DIMENSIONAL NLP
NUMERICAL

IMPLEMENTATION min ||d||?

Your favorite solver: .
subj 1 =0, TN, = Tdesired
rip1 = f(x;,d)

lg(d)] <1

Sequence of QP
Feasible SQP
Dimension: NV, + NV,
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22.4 Motion planning via primitives

Goal: reduce complexity & abstract dynamics

(i) quantize system dynamics into finite set of primitives { Py, ..., P,}
system can evolve on primitive for arbitrary time

(ii) characterize switches/transitions between primitives
transition requires a fix duration and displacement

Wheeled robot example
restrict search / abstract dynamics to straight lines and circles

T

\/

switch / transition
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Incomplete List of References on Motion planning via low complexity models and via
series expansions

[1] E. G. Al'brekht, “On the optimal stabilization of nonlinear systems,” PMM - Journal of Applied
Mathematics and Mechanics, vol. 25, pp. 1254-1266, 1961.

[2] E. Frazzoli, M. A. Daleh, and E. Feron, “Real-time motion planning for agile autonomous vehicles,” AIAA
Journal of Guidance, Control, and Dynamics, vol. 25, no. 1, pp. 116-129, 2002.

[3] A. Halme and J. Orava, “Generalized polynomial operators for nonlinear systems analysis,” IEEE
Transactions on Automatic Control, vol. 17, no. 2, pp. 226-8, 1972.

W. Magnus. On the exponential solution of differential equations for a linear operator. Communications
on Pure and Applied Mathematics, VII: 649-673, 1954.

G. Lafferriere and H. J. Sussmann. A differential geometric approach to motion planning. In Z. Li and
J. F. Canny, editors, Nonholonomic Motion Planning, pages 235-270. Kluwer Academic Publishers,
Boston, MA, 1993.

N. E. LEONARD AND P. S. KRISHNAPRASAD, Motion control of drift-free, left-invariant systems on Lie
groups, |EEE Transactions on Automatic Control, 40 (1995), pp. 1539-1554.

V. Manikonda, P. S. Krishnaprasad, and J. Hendler, “Languages, behaviors, hybrid architectures and
motion control,” in Mathematical Control Theory (J. Baillieul and J. C. Willems, eds.), New York, NY:
Springer Verlag, 1998.

R. M. MURRAY AND S. S. SASTRY, Nonholonomic motion planning: Steering using sinusoids, |IEEE
Transactions on Automatic Control, 5 (1993), pp. 700-726.

H. J. Sussmann, “New differential geometric methods in nonholonomic path finding,” in Systems, Models,
and Feedback: Theory and Applications (A. Isidori and T. J. Tarn, eds.), pp. 365-384, Boston, MA:
Birkhauser, 1992.
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23 Decoupled motion planning via kinematic
controllability

Motion planning for underactuated robot system

(i) actuator failure

(i) lighter design with no actuators

controllable kinematic reduction:

(i) Can follow any straight line
and can turn (2 preferred velocity fields)

(i) Controllable via these two motions

(i) Planning via inverse kinematic
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23.1 Decoupling vector fields and kinematic controllability

Data structure

(i) given inertia tensor G, Christoffel symbols I'%,
) A . .
(VxY)' = —X/ + T}, X/y"

and covariant derivative .
¢’

(i) given force co-vectors {F1 ... F™},

and input distribution % =span{Y, =G 'F* a=1,...,m}

Theorems

‘The vector field V' is decoupling if and only if V € & and VyV € #.

‘ System is kinematically controllable if LARC on decoupling v. fields
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23.2 Ex #1: A three-dimensional aerospace vehicle with three forces

kinematically controllable via

body-fixed constant velocity fields

since invariant vector fields
decoupled trajectory planning
via inverse kinematic

fb-jul02-p178

23.3 Ex #2: Three link planar manipulator with passive link

Actuator Decoupling  Kinematically

configuration  vector fields  controllable
(0,1,1) 2 yes
(1,0,1) 2 yes
(1,1,0) 2 yes

Lynch, Shiroma, Arai, Tanie. “Collision-free trajectory planning for a 3-DOF robot with a passive joint” 1JRR, 19(12):1171-1184, 2000
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23.4 Ex #3: The snakeboard and the roller racer

a

7

(i) snakeboard is kinematically controllable

(i) roller racer is not:
(a) single input Y such that VyY ¢ span{Y}

(b) moves forward using zero mean (cyclic) input
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24 Motion planning via series expansions

Linear Control Systems Nonlinear Mechanical

Systems

= fo(x) + Zfi(m)ui(t)

T = Ax + bu(t)

where x € R?, u € R™.

1) Solution from z(0) =0 is 1) Evolution is a series expansion,
with iterated integrals of u and iter-

ated Lie brackets between f;.

x(t) = /Ot e pu(s)ds.

: 2) Controllability: sufficient tests in-
2) Iff the system is controllable ) Controllability: su _ICIen estsin
clude a full rank question.

T
Wr —/ eAT=9)pp A (T=5) g, 3) Local constructive planning pro-

0 . .
cedure: truncate the series, find an

3) Open-loop control to reach z4 inverse (local motion primitives),

ult) = b/eA’(T—t)W;1xd_ combine in iterative fashion.
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24.1 Mechanical control systems on matrix groups

(i) g € G is configuration on n-dimensional matrix group
local coordinates via x = log(g)

(ii) kinetic energy K& = 1vTTv with T> 0
v € R™ velocity in body frame
(iii) body-fixed forces f1,..., f™ € (R™)*.

Generalized Christoffel symbols written with respect to a basis of left invariant
vector fields are constant.
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24.2 Reviewing various concepts

rewrite:

1
5
SO fu(t) = bruk(t) =: B(t)

' —|—F§-kvjvk =0+ = (v:v)

Given the family of input vectors {b1,...,b,,}, define
Sym{by bm }

a symmetric product in Sym{bs,...,b,} is bad if it contains even number of
each b;. Otherwise good.

bad: (b1 : b1), (b1:(ba: (b2:0b1)))
good: by, (by:b)

definite time integral:  3(t) = fg B(T)dr
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24.3 Computing the “Force to Displacement” Map

With € <« 1, let

Bt e) = eBH(t) + € 3°(1)

If £(0) = 0, v(0) = 0, then over finite interval

B(t) + (7 = 1B D) (1) + O()
o(t) = eBL(t) + € <
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24.4 Example 1: single input systems

planar rigid body with only
by =T""f,

set (B(t), 5(t)) = (£eyp(t)b2,0)

provided (27) = 0, we have:

v(27m) = *%(51 L ph)(2m) = 1€ ( [

independent of sign of ¢(t) (“energy integral” always positive)

z(27m) behaves similarly
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24.5 Simulation with “uni-directional” motion

red is force green is center of mass

1

-

%

24.6 Example 2: systems with two inputs

e With 52 =0, and with 31(27) = f1(27) = 0

2_

v(2m) ~ =5 (BT : 1) (2m)

e Satellite with two thrusters
— {b1, b2} torques about first two axes
(bi, : b) =0, (b1 : be) torque about third axis
- If 61( ) = ’(ﬁ(t)(bl + bg) then
(BT B (2m) = 20 2 ba) (Jy7 07t

energy integral =)  in-phase

=)  out-of-phase)

(classic area integral
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24.7 Interpretation

{bi =1""f}
{
{bi, (b : b),...}
{

{bi, <b] : bk>, [bj, bk], .. }

given accelerations

“reachable” velocities

“reachable” configurations

24.8 Examples of systems with “fully reachable” velocities

24.9 Inverting the Approximate Map

o recall v(27) ~ €2 (“82 — (BT 7>> (27)
Bt =37 uj(t)by,
e assume “controllable”

rank{b;, (b; : by)} = n,
(b; : b;) € span{by,..., by}

can design (81(t), B2(t))

(m) (27) = Vdesired

e Inverse (Udesired) :

(i) in-phase inputs generate motion along good symmetric product

(i) uni-directional contribution due to bad symmetric products can be
compensated for by lower order, good products

(i) ul sinusoids (cyclic, in-phase or orthogonal)
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24.10 Primitives of Motion

use Inverse as building block for motion planning

Change-Vel (€, ¥final) steer velocity v(t) to €vfinal
Initial state:  ©v(0) = evq

Final state:  v(27) & €Vfinal

Maintain-Vel (€, Vnom) keeps velocity v(t) at evyef
Initial state:  ©(0) = €vyef

Final state:  v(27) & €vyer

(i) can compute change in g
(i) expansions with low initial speed: v(0) = evg + €2v3

(i) “sum” contributions over finite and O(1/¢) intervals
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24.11 Point to point problem via constant velocity algorithm

GoAL drive system from (Id,0) to (g1,0)
ARGUMENTS  (g1,0)

REQUIRE log(g1) well defined

: N < Floor(]| log(g1)||/(2mc))
© Unom < IOg(gl)/(zwo—N)

: Change—Vel(U, Unom)
:fork=1to (N —1) do

Maintain-Vel(o, Unom)

{start maneuver}

{keep nominal velocity}
: end for

: Change-Vel(o,0) {stop maneuver}

N intervals X  ovpom = total displacement
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24.12 Stabilization problem via iterative steering

GOAL drive system to the state (Id,0) exponentially as ¢ — oo
ARGUMENTS o
REQUIRE I(log(9(0)), v(0))]| < o

1: for k=1 to +o0 do
t, < 4dkm {tx is the current time}

ox <= ||(log(g(tx), v(t)))ll

Change-Vel (ak, —(log(g(tr)) + ﬂ'v(tk))/(%rak))
:  Change-Vel(oy,0)
: end for

two primitives force final configuration and velocity to vanish
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24.13 Simulation of Point-to-Point Problem

Ty

8!
0
<

TS
I
X

1

Properties of algorithms
e closed form, negligible computational load
e asymptotic behavior: time O(e~!), final error (¢3/2)

e series expansion approach leads to complete algorithms
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24.14 Simulations for 3D vehicle

motion primitive
based on local inversion

global planning
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25 Motion planning for polynomial systems

Linear Control Systems
& = Ax + Bu(t)
1) Solution from z(0) =0 is

t
x(t):/ eAt=%) Bu(s)ds
0

2) Iff the system is controllable

T
W = / eAT=5) Bp/ A (T=5) 15 = )
0

3) Open-loop control to reach z4

u(t) = B'eX T-OW 1z,

Nonlinear Mechanical
Systems

= fo(x) + Z fi(w)u;(t)

1) Characterize flow map
z(T) = ®(u)
2) Controllability: range ®

3) Local planning:

u=®(xq)
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25.1 Series for polynomial systems

For low-dimensional models of aerospace and underwater vehicles, trigonometric

dependencies can be turned into polynomial:
i = Az + f®(z,z) + Bu, z(0) = zo,

2 R™ x R" — R™ is a symmetric tensor

evolution via (Volterra) series x(t) = O(u)

t
z1(t) = ety +/ eA=7) Bu(7)dr
0

t k—1
xp(t) = /0 eAt=T) (Z f (J:a(T),:cka(T))> dr

fb-jul02-p196

25.2 Constructive controllability

Let 2(0) = 0, choose base functions:

ceR”

2k (T) = ®le, ..., c)
]| = O(]|e]|")

To have z(T) = x4, solve

“+o00

Tq = <I31C+Z(I)k(c,...,c)
k=2

25.3 Minimum energy control
Set up Hamilton's equations:
i = Az + fP(2,2) — BB'X
A= —A'X—2fB(z) A

This time no input, A(0) = Ao € R"

T = 6k}()‘(]v LR )\O)

For boundaries conditions, solve

+o0

zq= D1 + ZEIC(M, o5 A0)
k=2
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25.4 Expression for ® tensors

In constructive controllability
t
(1) = / A7) Byi(r)dr
0
¢
Piria (1) = / A=) f12 (i (r), 0% (7)) dr,
0

B0 = [ A (FRI@ (), 05 (7)) + @Y (), 8 () dr

0

' k=1 o
q)?cl...ik (t) _ / eAlt=7) (Z f[2](q)21...z‘a (7_)’ q)'lbcl-»(fkl(,r))> dr.

To evaluate at t =T

fb-jul02-p198

25.5 Inversion for linearly controllable systems

To solve
T4 :<I)10+Z<I>k(c,...,c)
k=2

@, is full rank iff system is linearly controllable, and appropriate {t*(t)}

1: iterative numerical scheme lim ¢ — cgoa

k—oo

oo
-1 2: -1
Ck+1=(I)1 Tq — (I)l @k(ck,...,ck)
k=2

-1
c1 =P x4,

oo
2: inverse Taylor expansion Cgoal = E Ck
k=1

o =-07" ) <I>m<cil,~-~,cim)

i1t tim =k
i1, im <k

-1
c1 = P x4,
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25.6 Simulations for linearly controllable systems

planar vertical takeoff and landing aircraft model (PVTOL)

Desired motion is horizontal translation from left to right without any vertical or
rotational displacement.

first order second order
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25.7 Inversion for nonlinearly controllable systems

Solve

g = Pa(c,c) + Z@k(c, s 0)
k=3

for not linearly controllable system such as

i = fP(z,z) + Bu, z(0) =0

Assume A =0, rank{ B;, fm (Bj, Br)} =n

f2(B;, B;) € span{By,..., By}, Vi

Can invert x4 = ®a(c,c) via “"quadratic inversion”

u:[0,2r] = R™ = Inverse(zq)
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25.8 Quadratic inversion (compare with linear case)

(i) Lt N=m(m—1)/2, P={(,k) |1 <j<k<m},1<a<N,and
Yo (t) = \/%(asin(at) — (a4 N)sin((a+ N) ))

i) Compute (m + N) real numbers z; and z;; such that
J

Tq = Z 2 B; + Z ijf[z](Bijk)-

1<i<m 1<j<k<m

(iii) Leta: P~ {1,...,N} be an enumeration of P, and set

Z M(Bj — sign (ij)Bk)%(j,k) (t)

1<j<k<m
! 1 (2] 2]
=5r 2 mht g D |ijl(f (Bj, Bj) + f (BkaBk))

1<i<m 1<j<k<m

Bu(t) = b*(t) + b*(t) = Inverse(zq)

25.9 Simulations for nonlinearly controllable systems

motion primitive
based on local inversion

global planning
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Summary of Design Methods
(lectures #5 and #¢6)

Body of work encompassing results on

(i) stabilization via energy methods for fully actuated systems

(ii

motion planning via kinematic reductions

(iif) motion planning via low amplitude oscillations

(iv) talk by Jorge Cortés on motion planning via high amplitude oscillations

Open directions

Motion control via low amplitude oscillations general manifold case

Motion control via kinematic reductions numerical methods for inverse
kinematics, time-varying feedback stabilizers




