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Abstract: This work focuses on the problem of designing surveillance trajectories for a network
of autonomous cameras. As performance criterion we consider the worst-case detection time
of static intruders. First, we represent the environment by means of a robotic roadmap. We
show that optimal trajectories can be designed via a continuous graph partitioning problem.
This minimization problem is convex and not differentiable. Second, we derive an auxiliary
convex and differentiable minimization problem whose minimizer provides a solution to the
original problem. Third and finally, we develop three distributed algorithms, for the cameras
to partition the roadmap, and, consequently, synchronize along a trajectory with minimum
worst-case detection time. Different communication protocols are used for the three algorithms.

1. INTRODUCTION

Remote surveillance of human activities for military and
civil applications is receiving considerable attention form
the research community. Public places such as banks, art
galleries, homes, prisons, department stores, and parking
lots, are now equipped with camera networks to detect
important activities. From a scientific perspective, one of
the main challenge consists of developing efficient algo-
rithms for the cameras to autonomously and distributively
complete tracking, surveillance, and recognition tasks.

In this work we focus on the problem of detecting in-
truders by means of a network of autonomous cameras.
In particular, we consider camera networks installed at
important locations in an environment. We assume cam-
eras to be able to move their field of view (f.o.v.) to
sweep the whole environment. We develop algorithms for
the cameras to self-organize in order to detect intruders
in the environment. We consider static intruders, which
appear at arbitrary locations and at arbitrary times. As
performance criteria we consider the worst-case detection
time, that is the longest time needed for the cameras to
detect intruders. Our setup is illustrated in Fig. 1.

Related work. In mobile robotics, the patrolling problem
consists of repeatedly surveying a region with a team
of autonomous agents in order to detect intruders or
important events, e.g., see Alberton et al. [2012], Baseggio
et al. [2010], Pasqualetti et al. [2011]. Although related,
the patrolling problem and the problem considered in
this paper significantly differ. First, cameras are fixed at
predetermined locations, while robots are usually allowed
to travel the whole environment. Second, the cameras f.o.v.
must lie within the cameras visibility constraints, while

* This work was supported in part by NSF grants 1IS-0904501 and
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robots do not have visibility contraints, since they can
usually travel anywhere in the environment. Because of
these reasons, algorithms developed for teams of robots
are, in general, not applicable in our setup.

In the context of camera networks, the perimeter pa-
trolling problem has recently been studied in Baseggio
et al. [2010], Carli et al. [2011], Spindler et al. [2012]. In
these works, distributed algorithms are proposed for the
cameras to partition a one-dimensional environment, and
to synchronize along a trajectory with minimum worst-
case detection time of intruders. We improve the results
along this direction by developing cameras trajectories for
general environment topologies.

Paper contributions. The main contributions of this
work are as follows. We consider the problem of detect-
ing (static) intruders by means of a team of autonomous
cameras. We adopt the worst-case detection time as per-
formance function. We model the environment to be moni-
tored as a roadmap, in which vertices represent important
locations in the environment, and edges denote the pos-
sibility for a camera installed at an end-vertex to survey
the physical edge. We show that, for acyclic roadmaps,
cameras trajectories with minimum worst-case detection
time can be designed by solving a continuous roadmap
partitioning problem. We also conjecture that this is the
case for cyclic roadmaps. Second, we show that the above
continuous roadmap partitioning problem is convex but
non-differentiable. Hence, we derive an auxiliary (strictly)
convex and differentiable minimization problem. We show
that for general roadmaps the unique minimizer of the
smooth problem is also a minimizer for the original prob-
lem. Third, we develop three distributed algorithms for
the cameras to partition the roadmap, and hence to self-
organize along optimal trajectories. These three algo-
rithms rely upon different communication assumptions.
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Fig. 1. As example environment we choose the Louvre
museum, a map of which is here reported. We se-
lect 38 locations in the map (black circles and blue
squares), and we install cameras at 29 of these loca-
tions (blue squares). The environment is represented
by a roadmap, whose vertices correspond to the 38
locations, and whose edges are reported in the picture
as solid black lines.

In particular: our first algorithm assumes a synchronous
mode of operation of the cameras; our second algorithm as-
sumes an asymmetric broadcast communication model and
extends the class of block-coordinate descent algorithms to
the constrained case; and our third algorithm only requires
gossip communication. We show convergence of all three
algorithms, and we show their convergence properties via
a numerical experiment.

Paper organization. A description of the problem and
some remarks are stated in Section 2. Section 3 deals
with the design of an optimal camera trajectory and an
equivalent minimization problem is presented. In Section 4
three distributed partition algorithms are presented with
convergence results, and numerical results are shown in
Section 5 to validate the effectiveness of the proposed
algorithms. Finally Section 6 contains the conclusions of
this work and some perspectives related to future research.

2. PROBLEM SETUP AND PRELIMINARY
DEFINITIONS

Consider a set of n € N identical cameras {c1,...,c,} for
the task of monitoring a two dimensional environment. We
represent the environment with a roadmap G = (V, €) (see
LaValle [2006]), where the vertex set V corresponds to a set
of locations in the environment, and the edge set reflects
the visibility properties of the cameras. In particular, we
assume the cameras to be installed at the vertices V. C V,
with |V.| = n, and we let camera ¢; be installed at vertex
v; € V.. Let undirected edge {v;,v;} € & if there exists a
point in the segment [v;, v;] visible by the camera installed
at v; or vj. Let & = (V. x V) N &, and let the distance
between vertices v; and v; be the weight of the edge
{vi,v;}, defined by L;; = dist(v;,v;). Thus the camera
network is the undirected weighted graph G, = (V,, &, L),
where L is the vector of L;;. If {v;,v;} € &, then ¢; and ¢;
are neighboring cameras. Let N® denote the set of vertices
in V. adjacent to v;. Finally, let N"* denote the set of
vertices in V \ V., adjacent to v;.

Notice that the construction of the roadmap G depends
upon the cameras visibility constraints. We assume that:

(A1) at each point in time, the i-th f.o.v. is a point along
the segment [v;, v;] for some v; € N/®, and
(A2) the speed of i-th f.o.v. belongs to the set {0,1}.1

Let z;(t) denote the position at time ¢ of the i-th f.o.v..
We assume that each camera has a limited visibility range
along each adjacent edge. In particular, at each time t,

(Ag) if Il(t) S [UZ‘ ’Uj}, then ﬂijLij S dlSt(Il(t), UZ‘) S
wi; L;j, for some constants £;;,u;; € [0,1].

Let £ € [0,1]% and u € [0, 1]%¢ be the vectors of £;; and u;;,
respectively. Finally we assume that the whole roadmap G
is jointly visible by the cameras. Our setup is in Fig. 1.

A cameras trajectory is a set of n continuous functions
X = {x1,...,2,}, where x; describes the position of the
i-th f.o0.v. along the roadmap G. We focus on periodic cam-
eras trajectories, for which there exists T' € R+ such that
X(t+T) = X(t) fort € Rsg. Let T; € R be the period of
camera ¢;. Then, T' = l.c.m(T3) is the least common multi-
ple of the periods T;. Define the image of the i-th camera
as the set of points covered by the i-th f.o.v. in any period
of length T3, i.e., Im(z;) = Uiepo,,)®i(t). Finally, let the
image of the cameras trajectory be Im(X) = U™ ;Im(x;),
and the cameras image set be X = {Im(x),...,Im(x,)}.

We consider the problem of designing cameras trajectories
to detect static intruders along the roadmap. In particular,
we allow an intruder to appear at any time ¢, € Rsq,
and any point p along the roadmap G. We assume that the
intruder is detected at time tget if p € X (fdet). We evaluate
a trajectory X according to its worst-case detection time,
that is the longest time for the detection of an intruder.
Specifically, we define the worst-case detection time of a
cameras trajectory as
WDT(X) := max t*(to,po, X),

to,po

where
t*(to,po,X) = min{t —to : t =19, po € X(t)}

In this work we design cameras trajectories with minimum
worst-case detection time for the case of acyclic roadmaps.

3. CAMERAS TRAJECTORIES WITH MINIMUM
WORST-CASE DETECTION TIME

In this section we design a camera trajectory with min-
imum worst-case detection time of static intruders. In
particular, we assume the roadmap G and the cameras
locations V. to be given, and we design the cameras tra-
jectory X = {z1,...,2,} that achieves minimum worst-
case detection time of static intruders. This section is
organized as follows. First, we show that the trajectory
design problem can be cast as a convex, non-differentiable,
minimization problem (Section 3.1). Then we derive an
auxiliary convex and differentiable minimization problem
for computing optimal trajectories (Section 3.2). In Sec-
tion 4 we show that the latter formulation is amenable to
distributed implementation.

L1f #; denotes the linear speed of the i-th f.o.v., the related angular
speed 6; = #;/(a; sec?(6;)) depends on the distance a; of the camera
from the f.o.v. path, and the Pan-angle 6;.



3.1 Trajectory design and graph partitioning

We define a relative order among the cameras as follows.
For the neighboring cameras c¢; and c¢;, with i < j, let
the time ¢ be such that the i-th f.o.v. and the j-th f.o.v.
lie on the edge {v;,v;}. Then we say that ¢; < ¢; if
dist(z;(t), v;) < dist(z;(t), v;). If z;(¢), x;(¢) lie on different
edges at time ¢, our convention is z;(t) < z;(t). A camera
trajectory is order-invariant if the relative order of the
cameras along the edges is preserved over time.

Theorem 3.1. (Order-invariant cameras trajectory)
For any cameras trajectory X along the roadmap G,
there exists an order-invariant cameras trajectory X with
WDT(X) = WDT(X).

Proof. For any couple of adjacent cameras {v;,v;} € &
if there exists t > 0 such that x;(t) = x;(t) define t; =
min{t > 0 zi(t) = z;(t)} and t}; = min{t > t?j_l

z;i(t) = x;(t)},n € N. An order-invariant trajectory can
be derived from X permuting the cameras labels as follows

2i(t) = a;(1), 25 (1) = @(t), if 67 <t <

with £ = 0,1,... and define Z;(t) = x;(t),z;(t) = z;(¢)
otherwise. Each point along the roadmap receives the

same visits at the same time instants, thus WDT(X) =
WDT(X).

Notice that in general the images of neighboring cameras
may overlap. A camera trajectory is called non-overlapping
if for any {v;,v;} € &, it holds Int(Im(z;)) NInt(Im(z;)) =
(), where Int(-) denotes the interior of a set. Let |Im(x;)]
denote the length on G of the image Im(z;).

Theorem 3.2. (Non-overlapping cameras trajectory)
For any cameras trajectory X on an acyclic roadmap,
there exists an order-invariant non-overlapping cameras
trajectory X with WDT(X) > WDT(X).

Proof. We can assume X to be order invariant, if not
find an equivalent order invariant trajectory as in Theorem
3.1. Define a camera trajectory X = {Z1,...,T,} in
such a way that Z;(t) = x;(¢t) for any ¢ € V. with
deg(i) = 1, hence Im(z;) = Im(x;). Since the worst-
case detection time for the point v; is t*(tg,v;, X) = T3,
then max,cm(q,) t*(to, P, X) = MmaxX,emm(z,) t* (to,p, X) =
T;. Up to relabeling the nodes, suppose Zi,...,Z, have
already been assigned, where r denotes the number of
nodes with unitary degree. Define the subsets of the
roadmap Im(Z;) = cl(Im(z;)\ (U};llIm(ij))),i = 7+
1,...,n where cl(-) denotes the closure of a set, and we
choose the assignment order in such a way that node i
can be selected if it has at least one assigned neighbor.
Consider p € 9(Im(z;))\ (U;;lllm(fj)) yvqi=r4+1,...,n
where 0(-) denotes the boundary points of a set. Referring
to trajectory X, for sufficiently small ¢ > 0, note that
p+e along edge {v;,v;} can only be visited by node ¢. Thus
MaXpeim(az;) t* (to, p, X) > 2 |[Im(Z;)|—2¢. Moreover in limit
€ — 0, it holds maxpcim(q,) t* (to, p, X) > 2 [Im(Z;)| since
the trajectories are continuous. Given the partition of the
roadmap {Im(z;)}._,, define the overlapping trajectory X
assuming that the cameras sweep periodically at maximum
speed their image. Therefore maxpeim(z,)t* (to, p, X)
2|Im(%;)|, in other words WDT(X) = 2max; [Im(z;)|
WDT(X).

OIA I

Remark 1. (Order invariance and non-overlapping
properties for cyclic graphs) While Theorem 3.1 ap-
plies to general roadmaps, Theorem 3.2 only applies to
acyclic roadmaps. It is our conjecture that analogous re-
sults can be stated for cyclic graphs. We leave this impor-
tant aspect as the subject of future research.

Following Theorem 3.1 and 3.2 we focus on periodic
order-invariant and non-overlapping cameras trajectories.
Consider the set T = {Z1,...,Z,}, where Z; C G is
associated with camera c¢;. The set 7 is a continuous
partition of the roadmap G if G = U ,Z; and Int(Z;) N
Int(Z;) = 0 for all ¢ # j. Given a partition Z of G, let
the dimension of 7 equal max;|Z;|. For each {v;,v;} €
Ec,i < j, define the parameters a;; € [{;;,u;;], where £;;
and u;; are the previously defined cameras contraints. Let
a € [0,1]% be the vector of the a;; with the constraint
£ < a < u?. Notice that the vector o defines a continuous
partition of G, precisely

L =T v u™
where
' = Ujenn icjlvis vi + aij(v; —vi)],
I = Ujeninisjlvis vi + (1= aig)(v; — i),
o = Ujenrout [U5, ;).
Remark 2. (Finite worst-case detection time) For

any periodic cameras trajectory X, it holds WDT(X) < oo
only if the roadmap G is included in the image set ZX.

Given a continuous partition Z9, in Algorithm 2 we
design a trajectory X% called DF-Trajectory (Depth
First-Trajectory). In Theorem 3.3 we show that the DF-
Trajectory achieves minimum worst case detection time
among the cameras trajectories with image set Z (see
Diestel [2000] for the concept of depth-first tour).

Algorithm 1 DF-Trajectory
(Step A) Compute the partition Z from a € [0, 1]

(Step B) Design DF-Trajectory

1: for i € V. do

2 to :O,CCZ(O) = Vi;

3 for j € N do

4 while tg <t <ty+ 20&1‘]‘ do

5: xl(t) = (t — to)’l}j + (Oéij - (t - to))vi;
6: t <o+ ayj;

7 .’I?l(t) = —xi(t—aij),t>to+aij;
8 to =to + 2aij

9: end while

10: end for

11: end for

From Theorem 3.2, we next show that an optimal worst-
case detection time is given by the optimal partition.

Theorem 3.3. (Worst-case detection and partitions)
Consider an acyclic roadmap G, and let X be a cameras
trajectory with ZX a continuous partition of G. Then,

WDT(X) >2 max |Z|.
ie{1,...,n}

2 a < b, where a,b € R” means a; < b; foralli=1,...,n.



Additionally, the DF-Trajectory X4 with images set Z9f =
ZX in Algorithm 2 satisfies

WDT(X¥) =2 max |7;%).
i€{1,...,n}

Proof. The first statement can be achieved reasoning
along the lines of the proof of Theorem 3.2. Moreover it is
straightforward to show that W DT (X %) reaches the lower
bound. E

We conclude this section by noticing that, as a consequence
of Theorem 3.3, a cameras trajectory with minimum
worst-case detection time can be designed by addressing
the problem of finding a continuous partition of G with
smallest dimension.

3.2 Continuous min-max roadmap partitioning

In this section we introduce the graph partitioning prob-
lem we address and the necessary notation. Define the load
of the i-th camera, with i € V., by

W, = Z OzijLij + Z (1 — Oéij)Lij + Z Lij,
JENI i< FENI > JENUE
(1)
where the parameters o;; are defined as in Section 3.1, and
L;; denotes the length of the edge {v;,v;}. Let W be the
vector of the loads W;.

For an acyclic roadmap G = (V,€) with corresponding
camera network G, = (V.,&., L), let A € RY*& be
the weighted incidence matriz of the subgraph of G with
vertices V, and edges &,.. Specifically,

Lij = —Aj’e ife= {’Ui,vj} S 807 1< j,
Ai,e - .
0, otherwise.

(2)

Define the vector b € RY< as

bi= Y.  Li+ Y Li (3)
JEN > JENDUE
Notice that the loads vector W can be written as
W =Aa +b.

Recall from Theorem 3.3 that a minimum worst-case
detection time cameras trajectory can be designed from
a continuous partition of G with minimum dimension (see
also Algorithm 2). Thus we address the following convex
minimization problem (continuous min-maz partitioning)

eggu\\flaﬂ%llw (4)
Notice that, although the the minimization problem (4)
is not differentiable, it can be solved efficiently by means
of an LP solver (see Boyd and Vandenberghe [2004]). On
the other hand, since the infinity norm in (4) is not differ-
entiable, distributed solvers are difficult to find. We next
derive an equivalent differentiable minimization problem,
which is instead amenable to distributed implementation.

Theorem 8.4. (Auxiliary minimization problem) Con-
sider the minimization problem

. A 2
(Loin |l Ac+ b3, (5)
where A and b are as in equation (2) and (3), respectively,
and £,u denote the cameras constraints. Let a* be the
unique solution to the minimization problem (5). Then,

|[Aa® + b|loc = min ||Aa + bl/co-
<a<u

Proof. In the following we denote a;j; = 1 —o;; whenever
{vi,v;} € £,1 > j. Firstly we prove that (5) has a unique
minimizer. Consider f : [0, 1] — Rx, defined by

2
E aj Lij

; in
1€Nj

n n

flay=) Wi=3%"

Jj=1 Jj=1

This function is defined on a convex compact and non-
empty feasibility set and it is strictly convex, therefore
its minimum is unique. Let a* denote this minimizer and
W(a*) = {W5,..., W} the corresponding loads set.

Secondly, we characterize the minimizer as follows. Con-
sider any j € V. such that W} = [W"[| and parti-
tion the neighbor set as follows ./\f]in = le U /\/7-2, where
WrE<Wriie ./\/j1 and W = WS = IW*|oo,t € /\/']-2. For
any ¢ € J\/'j1 we claim that aj; = £;;, namely the parameter
is saturated on the lower bound starting from j. By absurd,
if there exists i € N such that o; > £;;, then consider

the loads set W defined as W* for all the parameters «
except for @ji =1- ééij = a;-‘l- — € such that dij < &j’ia or
equivalently
aj; te<aj —e (6)
Define the constants C; = Zke/\/j“,k;ﬁj afp L, and Cy =
2 okenin ki O Lik, the following contradiction is achieved
* T * 2 ~ 2
FW*) = f(W) = (C1 4 o Li;)” — (C1 + GijLij)
+ (Co + Oé;iLji)2 —(Cy + djiLji)2
= QELZ'j (CQ - C1 4+ L”(a;Z — Oé:j — 6))
> QEL?J- (2(aj; —aj;) —€) > 6€2L12j >0
using Eq. (6) and Cy — C1 > Lyj(aj; —
Wr < Wr.
Finally, we prove that ||W*| = ming [|[Aa + b .
Suppose not, there exists W # W* such that ||VVJOO =
ming A + b. Then suppose W) = [[W*|o and N} = 0),
hence for any i € N™ a;; = L. If N7 # 0, we can
reason along the same lines, considering the subgraph
G’ given by all the connected nodes j whose component

equals the infinity norm, and for the previous statement
all their adjacent nodes in G\G’ are saturated. Therefore

Wi < [[Wlleo < [[WHloo = W) = ZieN;_n l5, but W; >
Y ienin Lji since I < « < u. This is a contradiction, thus
J

X .
a;;), derived from

the thesis holds, i.e., W* achieves the minimum infinity
norm. g

Remark 3. (Unconstrained solution) Notice that the
vector W satisfies [|[Wl1 = >, , yee Lij, for every
parameters vector a. Then it can be verified that
Z{'ui,vj}GS LZJ 1
n
where 1 denotes the vector of all ones. g

argmin || A + b||3 = arg min ||Aa + b|| o =

4. DISTRIBUTED TRAJECTORY DESIGN

In this section we design three distributed, and thus scal-
able, algorithms for the continuous min-max partitioning
problem. Once an optimal partition has been computed,



it is immediate to design an optimal trajectory as in
Algorithm 2.

The algorithms we present rely upon different cameras
communication assumptions. We assume each camera to
be equipped with a wireless sensor device. In all our al-
gorithms, cameras perform the following operations: (i)
receive parameters from (some) neighboring cameras, (ii)
update the parameters corresponding to (some) adjacent
edges, and (iii) transmit the new values to (some) neigh-
boring cameras. These operations are detailed in the next
sections. For convenience, let S = {a;; : j € N{"} be the
state of camera ¢; at iteration t e N.

4.1 Synchronous Gradient Descent Partitioning algorithm

The distributed algorithm presented in this section as-
sumes a synchronous mode of operation of the cameras,
and it is inspired by the classical gradient projection
method (see Bertsekas and Tsitsiklis [1997]). In partic-
ular, every camera performs operations at uniform time
instants. This algorithm is detailed in Algorithm 2.

Algorithm 2 Synchronous Gradient Descent Partitioning
(Camera state) S; = {aij RS /\/;n} i€ V.

(Initialize) o,

o = Lij, for any {v;,v;} € &

(Transmit and compute at iteration ¢ € N)

1: for i € V. do

2: Camera ¢; receives S from every j € Nim;
3 Set a“‘l —af; — sLU(Wt w});

4 if atH <y then odfjl = lij;

5: else 1f atH > u;; then oztjl = Ujj;

6 end if )

7 Camera ¢; transmits S;-H'l to j € NJ™;

8: end for

Theorem 4.1. (Synchronous Partitioning) The Syn-
chronous Partitioning algorithm described in Algorithm
2 asymptotically converges to afsp = lim o, . More-
over,

einln |\Aa+b||2 —HAOéSGD‘i‘bHOO

Proof. Note that the update step can be expressed in
vector form as
o' ol — (AT At + ATb),

and that ATAa + ATb is the gradient of the quadratic
function ||Aa + b||%, /2. Therefore the Synchronous Par-
titioning algorithm coincides with the gradient projection
method (Bertsekas and Tsitsiklis [1997]). To conclude the
proof note that ||Aa + b||3/2 has a Lipschitz-continuous
gradient with Lipschitz constant K € Rsq, thus for a
sufficiently small step size the convergence of the algorithm
to the optimal solution of Equation (5) is achieved, see e.g.
[Bertsekas and Tsitsiklis, 1997, Proposition 3.4]. Finally
apply Theorem 3.4 to achieve the optimality with respect
to the infinity norm. (|

Remark 4. (Stepsize for Algorithm 2) The stepsize
in Algorithm 2 needs to satisfy 0 < ¢ < 2/K, where K
is Lipschitz constant of the function AT (A + b). Tt is
easy to show that K < 2d where dp.x denotes

max max’

the maximum degree of the nodes in V, and Ly.x the
maximum edge length. Thus it suffices to choose ¢ <
W See Bertsekas and Tsitsiklis [1997] for further

details. O
4.2 Asymmetric Broadcast Partitioning algorithm

The distributed algorithm presented in this section as-
sumes an asymmetric broadcast communication proto-
col. In particular, at any time iteration only one camera
updates its state, using only local information from its
neighboring cameras. We assume that each camera initiate
an update step according to a Poisson process which selects
a camera after an exponentially distributed waiting times.
From the Markovian property of Poisson processes (Ross
[1983]), the sequence of selected cameras is a sequence of
independent indexes uniformly distributed in V.. In order
to guarantee the convergence of the algorithm, we require
that every camera is selected at least once within a finite
time horizon as described in Theorem 4.2. This algorithm
is detailed in Algorithm 3.

Algorithm 3 Asymmetric Broadcast Partitioning
(Camera state) S; = {a;; : j e Nj*},ie V,

(Initialize) of; = £;5, for any {v;,v;} € &

(Transmit and computate at iteration ¢ € N)

Camera ¢; is randomly selected;
Camera c; receives S;f from every j € Ni*;
for j € N* do
t+1 — a _ ELU(Wt Wt).
1f atjl < 5 then atH =lij;

ij
else if atH > u;; then af;rl

end if
end for .
Camera ¢; transmits Sf“ toj € j\/i‘“;

= U4y,

Theorem 4.2. (Asymmetric Broadcast Partitioning)
Consider the Asynchronous Broadcast Partitioning algo-
rithm detailed in Algorithm 3. Assume the existence of a
finite duration B € Ry such that, for any ¢ € R>q, every
camera in )V, is selected at least once in the time interval
[t,t + B] (partial asynchronism assumption). The Asyn-
chronous Broadcast Partitioning algorithm asymptotically
converges to ajg = lim;_, o0 at. Moreover,

min [+ bl% = A + bl

Proof. Note that the constraints set {a € [0,1]%
£ < a<u} =T][[l, u] is a box, the gradient is Lips-
chitz continuous and the partial asynchronism assumption
holds, thus [Bertsekas and Tsitsiklis, 1997, Proposition 5.3]
applies. There exists €y € Ry such that for any € < &g,
this partially asynchronous gradient projection algorithm
converges to the optimal c. O

Remark 5. (Stepsize for Algorithm 3) The stepsize
€ in Algorithm 3 needs to satisfy 0 < & < gg, with
= m. The bound £y depends on the Lipschitz
constant K defined in Remark 4, the time horizon B and
the number of edges |E.|. See Bertsekas and Tsitsiklis
[1997] for further details. O



4.8 Symmetric gossip partitioning algorithm

The distributed algorithm presented in this section as-
sumes a symmetric gossip-type communication protocol.
In particular, at each time iteration only one component of
a camera state is updated, and only two adjacent cameras
are involved in the computation. As in the Asymmetric
Broadcast Partitioning algorithm, neighboring cameras
are selected according to a Poisson process. This algorithm
is detailed in Algorithm 4.

Algorithm 4 Symmetric Gossip Partitioning
(Camera state) S; = {aij RS /\/;r‘} e V.,

(Initialize) of; = £;;, for any {v;,v;} € &

(Transmit and compute at iteration ¢ € N)

Neighboring cameras c¢; and c¢; are randomly selected;
Camera ¢; (resp. ¢;) receives S% (resp. S7);
W= (Wit + W;)/2§
t4+1 " )
O‘J =W _Zke/\fi“‘,k;éj aly Lir) / Lij;

se t+l 1 _ gy .
if ;i < {;; then i = lij;
> u;; then altt

else if al! i

]

end if

= Usj53

Theorem 4.3. (Symmetric Gossip Partitioning) Con-
sider the Symmetric Gossip Partitioning algorithm de-
tailed in Algorithm 4. Assume the existence of a finite
duration B € Ry such that, for any ¢ € R>q, every cam-
era V. is selected at least once in any time interval [¢, ¢+ B]
(partial asynchronism assumption). The Symmetric Gos-
sip Partitioning algorithm converges to a§ = lim;_,o, .
Moreover,

. 2
min lAa+ bl = A + bl

Proof. Define the energy function U : [] [le,u.] = R
Ula) = Z{vi,vj}es(Wi —W;)? as energy storage function.
The convergence of a! can be retrieved by a reasoning

along the lines of [Alberton et al., 2012, Theorem IV.1],
and by applying Theorem 3.4. O

5. NUMERICAL EXAMPLES

In this section we validate our distributed algorithms
through a numerical study. The roadmap considered for
the simulations is in Fig. 1. Notice that |€| = 38, and n =
|€.] = 29. The stepsizes for Algorithm 3 and Algorithm
4 are chosen as in Remark 4 and Remark 5, respectively.
The results of our simulation study are in Fig. 2. Notice
that all algorithm converges to the desired value.

6. CONCLUSIONS

In this paper we design trajectories for a network of au-
tonomous cameras to detect static intruders. As perfor-
mance function we adopt the worst-case detection time,
that is the longest time needed for an intruder to be
detected. For acyclic roadmaps, we show that optimal tra-
jectories can be designed by solving a min-max continuous
graph partitioning problem. Then, we show that the min-
max continuous graph partitioning problem is equivalent

= —_—C

? — SGD-Alg.
= - = AB-Alg. |
< SG-Alg.
+
— 1
S
Na¥

3
=< 1.
= o

1D 50 100 150 200 250 300

Time

Fig. 2. This figure shows the convergence of the Syn-
chronous Gradient Partitioning (blue solid line), the
Asymmetric Broadcast Partitioning (black dash-dot
line), and the Symmetric Gossip Partitioning algo-
rithms (green dashed line) towards a solution of the
continuous min-max partitioning problem. For the
simulation we use the configuration in Fig. 1, with
£=0,u=1and a®=0.

to a convex and differentiable minimization problem. Fi-
nally, we propose three different distributed algorithms for
the min-max continuous graph partitioning problem.

Important aspects requiring further investigation include,
(i) the design of optimal trajectories for cyclic roadmaps,
(ii) more general intruder models, and (iii) the design of
non-deterministic cameras trajectories.
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