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Accuracy and Decision Time
for Sequential Decision Aggregation

Sandra H. Dandach Ruggero Carli Francesco Bullo

Abstract

This paper studies prototypical strategies to sequentially aggregate independent decisions. We consider a collection
of agents, each performing binary hypothesis testing and each obtaininga decision over time. We assume the agents
are identical and receive independent information. Individual decisions are sequentially aggregated via a threshold-
based rule. In other words, a collective decision is taken as soon as a specified number of agents report a concordant
decision (simultaneous discordant decisions and no-decision outcomesare also handled).

We obtain the following results. First, we characterize the probabilities of correct and wrong decisions as a
function of time, group size and decision threshold. The computational requirements of our approach are linear in the
group size. Second, we consider the so-called fastest and majority rules, corresponding to specific decision thresholds.
For these rules, we provide a comprehensive scalability analysis of bothaccuracy and decision time. In the limit of
large group sizes, we show that the decision time for the fastest rule converges to the earliest possible individual time,
and that the decision accuracy for the majority rule shows an exponentialimprovement over the individual accuracy.
Additionally, via a theoretical and numerical analysis, we characterize various speed/accuracy tradeoffs. Finally, we
relate our results to some recent observations reported in the cognitive information processing literature.

I. I NTRODUCTION

A. Problem setup

Interest in group decision making spans a wide variety of domains. Be it in electoral votes in politics, detection
in robotic and sensor networks, or cognitive data processing in the human brain, establishing the best strategy or
understanding the motivation behind an observed strategy,has been of interest for many researchers. This work
aims to understand how grouping individual sequential decision makers affects the speed and accuracy with which
these individuals reach a collective decision. This class of problems has a rich history and some of its variations
are studied in the context of distributed detection in sensor networks and Bayesian learning in social networks.

In our problem, a group of individuals independently decidebetween two alternative hypothesis, and each
individual sends its local decision to a fusion center. The fusion center decides for the whole group as soon
as one hypothesis gets a number of votes that crosses a pre-determined threshold. We are interested in relating the
accuracy and decision time of the whole population, to the accuracy and decision time of a single individual. We
assume that all individuals are independent and identical.That is, we assume that they gather information corrupted
by i.i.d. noise and that the same statistical test is used by each individual in the population. The setup of similar
problems studied in the literature usually assumes that allindividual decisions need to be available to the fusion
center, before the latter can reach a final decision. The workpresented here relaxes this assumption and the fusion
center might provide the global decision much earlier than the all individuals in the group. Researchers in behavioral
studies refer to decision making schemes where everyone is given an equal amount of time to respond as the “free
response paradigm.” Since the speed of the group’s decisionis one of our main concerns, we adjust the analysis
in a way that makes it possible to compute the joint probabilities of each decision at each time instant. Such a
paradigm is referred to as the “interrogation paradigm.”

B. Literature review

The framework we analyze in this paper is related to the one considered in many papers in the literature, see for
instance [1], [2], [3], [4], [5], [6], [7], [8], [9] and references therein. The focus of these works is mainly two-fold.
First, researchers in the fields aim to determine which type of information the decision makers should send to the
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fusion center. Second, many of the studies concentrate on computing optimal decision rules both for the individual
decision makers and the fusion center where optimality refers to maximizing accuracy. One key implicit assumption
made in numerous works, is that the aggregation rule is applied by the fusion center only after all the decision
makers have provided their local decisions.

Tsitsiklis in [1] studied the Bayesian decision problem with a fusion center and showed that for large groups
identical local decision rules are asymptotically optimal. Varshney in [2] proved that when the fusion rules at the
individuals level are non-identical, threshold rules are the optimal rules at the individual level. Additionally, Varshney
proved that setting optimal thresholds for a class of fusionrules, where a decision is made as soon as a certain
numberq out of theN group members decide, requires solving a number of equations that grows exponentially
with the group size. The fusion rules that we study in this work fall under theq out of N class of decision rules.
Finally, Varshney proved that this class of decision rules is optimal for identical local decisions.

C. Contributions

The contributions of this paper are three-folds. First, we introduce a recursive approach to characterize the
probabilities of correct and wrong decisions for a group of sequential decision makers (SDMs). These probabilities
are computed as a function of time, group size and decision threshold. The key idea is to relate the decision
probability for a group of sizeN at each timet, to the decision probability of an individual SDM up to that time t,
in a recursive manner. Our proposed method has many advantages. First, our method has a numerical complexity
that grows only linearly with the number of decision makers.Second, our method is independent of the specific
decision making test adopted by the SDMs and requires knowledge of only the decision probabilities of the SDMs
as a function of time. Third, our method allows for asynchronous decision times among SDMs. To the best of our
knowledge, the performance of sequential aggregation schemes for asynchronous decisions has not been previously
studied.

Second, we consider the so-calledfastestandmajority rules corresponding, respectively, to the decision thresholds
q = 1 andq = ⌈N/2⌉. For these rules we provide a comprehensive scalability analysis of both accuracy and decision
time. Specifically, in the limit of large group sizes, we provide exact expressions for the expected decision time and
the probability of wrong decision for both rules, as a function of the decision probabilities of each SDM. For the
fastestrule we show that the group decision time converges to the earliest possible decision time of an individual
SDM, i.e., the earliest time for which the individual SDM hasa non-zero decision probability. Additionally, the
fastestrule asymptotically obtains the correct answer almost surely, provided the individual SDM is more likely to
make the correct decision, rather than the wrong decision, at the earliest possible decision time. For themajority
rule we show that the probability of wrong decision converges exponentially to zero if the individual SDM has a
sufficiently small probability of wrong decision. Additionally, the decision time for themajority rule is related to
the earliest time at which the individual SDM is more likely to give a decision than to not give a decision. This
scalability analysis relies upon novel asymptotic and monotonicity results of certain binomial expansions.

As third main contribution, using our recursive method, we present a comprehensive numerical analysis of
sequential decision aggregation based on theq out of N rules. As model for the individual SDMs, we adopt the
sequential probability ratio test (SPRT), which we characterize as an absorbing Markov chain. First, for thefastest
and majority rules, we report how accuracy and decision time vary as a function of the group size and of the
SPRT decision probabilities. Second, in the most general setup, we report how accuracy and decision time vary
monotonically as a function of group size and decision threshold. Additionally, we compare the performance of
fastest versus majority rules, at fixed group accuracy. We show that the best choice between the fastest rule and
the majority rule is a function of group size and group accuracy. Our numerical results illustrate why the design of
optimal aggregation rules is a complex task [10]. Finally, we discuss possible relationships between our analysis
of sequential decision aggregation and mental behavior documented in the cognitive psychology and neuroscience
literature [11], [12], [13], [14].

Finally, we draw some qualitative lessons about sequentialdecision aggregation from our mathematical analysis.
Surprisingly, our results show that the accuracy of a group is not necessarily improved over the accuracy of an
individual. In aggregation based on themajority rule, it is true that group accuracy is (exponentially) better than
individual accuracy; decision time, however, converges toa constant value for large group sizes. Instead, if a quick
decision time is desired, then thefastestrule leads, for large group sizes, to decisions being made atthe earliest
possible time. However, the accuracy of fastest aggregation is not determined by the individual accuracy (i.e., the
time integral of the probability of correct decision over time), but is rather determined by the individual accuracy at
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a specific time instant, i.e., the probability of correct decision at the earliest decision time. Accuracy at this special
time might be arbitrarily bad especially for ”asymmetric” decision makers (e.g., SPRT with asymmetric thresholds).
Arguably, these detailed results forfastestandmajority rules,q = 1 andq = ⌊N/2⌋ respectively, are indicative of
the accuracy and decision time performance of aggregation rules for small and large thresholds, respectively.

D. Decision making in cognitive psychology

An additional motivation to study sequential decision aggregation is our interest in sensory information processing
systems in the brain. There is a growing belief among neuroscientists [12], [13], [14] that the brain normally
engages in an ongoing synthesis of streams of information (stimuli) from multiple sensory modalities. Example
modalities include vision, auditory, gustatory, olfactory and somatosensory. While many areas of the brain (e.g., the
primary projection pathways) process information from a single sensory modality, many nuclei (e.g., in the Superior
Colliculus) are known to receive and integrate stimuli frommultiple sensory modalities. Even in these multi-modal
sites, a specific stimulus might be dominant. Multi-modal integration is indeed relevant when the response elicited
by stimuli from different sensory modalities is statistically different from the response elicited by the most effective
of those stimuli presented individually. (Here, the response is quantified in the number of impulses from neurons.)
Moreover, regarding data processing in these multi-modal sites, the procedure with which stimuli are processed
changes depending upon the intensity of each modality-specific stimulus.

In [12], Werner et al. study a human decision making problem with multiple sensory modalities. They present
examples where accuracy and decision time depend upon the strength of the audio and visual components in audio-
visual stimuli. They find that, for intact stimuli (i.e., noiseless signals), the decision time improves in multi-modal
integration (that is, when both stimuli are simultaneouslypresented) as compared with uni-sensory integration.
Instead, when both stimuli are degraded with noise, multi-modal integration leads to an improvement in both
accuracy and decision time. Interestingly, they also identify circumstances for which multi-modal integration leads
to performance degradation: performance with an intact stimulus together with a degraded stimulus is sometimes
worse than performance with only the intact stimulus.

Another point of debate among cognitive neuroscientists ishow to characterize uni-sensory versus multi-modal
integration sites. Neuro-physiological studies have traditionally classified as multi-modal sites where stimuli are
enhanced, that is, the response to combined stimuli is larger than the sum of the responses to individual stimuli.
Recent observations of suppressive responses in multi-modal sites has put this theory to doubt; see [13], [14] and
references therein. More specifically, studies have shown that by manipulating the presence and informativeness
of stimuli, one can affect the performance (accuracy and decision time) of the subjects in interesting, yet not well
understood ways. We envision that a more thorough theoretical understanding of sequential decision aggregation
will help bridge the gap between these seemingly contradicting characterization of multi-modal integration sites.

As a final remark about uni-sensory integration sites, it is well known [15] that the cortex in the brain integrates
information inneural groupsby implementing adrift-diffusion model. This model is the continuous-time version of
the so-called sequential probability ratio test (SPRT) forbinary hypothesis testing. We will adopt the SPRT model
for our numerical results.

E. Organization

We start in Section II by introducing the problem setup. In Section III we present the numerical method that allows
us to analyze the decentralized Sequential Decision Aggregation (SDA) problem; We analyze the two proposed rules
in Section IV. We also present the numerical results in Section V. Our conclusions are stated in Section VI. The
appendices contain some results on binomial expansions andon the SPRT.

II. M ODELS OF SEQUENTIAL AGGREGATION AND PROBLEM STATEMENT

In this section we introduce the model of sequential aggregation and the analysis problem we want to address.
Specifically in Subsection II-A we review the classical sequential binary hypothesis testing problem and the notion
of sequential decision maker, in Subsection II-B we define theq out ofN sequential decisions aggregationsetting
and, finally, in Subsection II-C, we state the problem we aim to solve.
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A. Sequential decision maker

The classical binary sequential decision problem is posed as follows.
Let H denote a hypothesis which takes on valuesH0 and H1. Assume we are given an individual (called

sequential decision maker (SDM)hereafter) who repeatedly observes at timet = 1, 2, . . . , a random variableX
taking values in some setX with the purpose of deciding betweenH0 andH1. Specifically the SDM takes the
observationsx(1), x(2), x(3), . . ., until it provides its final decision at timeτ , which is assumed to be a stopping time
for the sigma field sequence generated by the observations, and makes a final decisionδ based on the observations
up to timeτ . The stopping rule together with the final decision rule represent the decision policy of the SDM. The
standing assumption is that the conditional joint distributions of the individual observations under each hypothesis
are known to the SDM.

In our treatment, we do not specify the type of decision policy adopted by the SDM. A natural way to keep our
presentation as general as possible, is to refer to a probabilistic framework that conveniently describes the sequential
decision process generated by any decision policy. Specifically, given the decision policyγ, let χ(γ)

0 andχ
(γ)
1 be

two random variables defined on the sample spaceN× {0, 1} ∪ {?} such that, fori, j ∈ {0, 1},

• {χ(γ)
j = (t, i)} represents the event that the individual decides in favor ofHi at time t given that the true

hypothesis isHj ; and
• {χ(γ)

j =?} represents the event that the individual never reaches a decision given thatHj is the correct
hypothesis.

Accordingly, definep(γ)i|j (t) and p
(γ)
nd|j to be the probabilities that, respectively, the events{χ(γ)

j = (t, i)} and

{χ(γ)
0 =?} occur, i.e,

p
(γ)
i|j (t) = P[χ

(γ)
j = (t, i)] and p

(γ)
nd|j = P[χ

(γ)
j =?].

Then the sequential decision process induced by the decision policyγ is completely characterized by the following
two sets of probabilities

{

p
(γ)
nd|0

}

∪
{

p
(γ)
0|0(t), p

(γ)
1|0(t)

}

t∈N

and
{

p
(γ)
nd|1

}

∪
{

p
(γ)
0|1(t), p

(γ)
1|1(t)

}

t∈N

, (1)

where, clearlyp(γ)nd|0 +
∑∞

t=1

(

p
(γ)
0|0(t) + p

(γ)
1|0(t)

)

= 1 andp
(γ)
nd|1 +

∑∞
t=1

(

p
(γ)
0|1(t) + p

(γ)
1|1(t)

)

= 1. In what follows,
while referring to a SDM running a sequential distributed hypothesis test with a pre-assigned decision policy, we will
assume that the above two probabilities sets are known. Fromnow on, for simplicity, we will drop the superscript
(γ).

Together with the probability of no-decision, forj ∈ {0, 1} we introduce also the probability of correct decision
pc|j := P[sayHj |Hj ] and the probability of wrong decisionpw|j := P[sayHi, i 6= j |Hj ], that is,

pc|j =

∞
∑

t=1

pj|j(t) and pw|j =

∞
∑

t=1

pi|j(t), i 6= j.

It is worth remarking that in most of the binary sequential decision making literature,pw|1 and pw|0 are referred
as, respectively, themis-detectionand false-alarmprobabilities of error.

Below, we provide a formal definition of two properties that the SDM might or might not satisfy.

Definition II.1 For a SDM with decision probabilities as in(1), the following properties may be defined:

(i) the SDM hasalmost-sure decisionsif, for j ∈ {0, 1},
∞
∑

t=1

(

p0|j(t) + p1|j(t)
)

= 1, and

(ii) the SDM hasfinite expected decision timeif, for j ∈ {0, 1},
∞
∑

t=1

t
(

p0|j(t) + p1|j(t)
)

< ∞.

One can show that the finite expected decision time implies almost-sure decisions.
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We conclude this section by briefly discussing examples of sequential decision makers. The classic model is the
SPRT model, which we discuss in some detail in the example below and in Section V. Our analysis, however,
allows for arbitrary sequential binary hypothesis tests, such as the SPRT with time-varying thresholds [16], constant
false alarm rate tests [17], and generalized likelihood ratio tests. Response profiles arise also in neurophysiology,
e.g., [18] presents neuron models with a response that varies from unimodal to bimodal depending on the strength
of the received stimulus.

Example II.2 (Sequential probability ratio test (SPRT)) In the case the observations taken are independent,
conditioned on each hypothesis, a well-known solution to the above binary decision problem is the so-called
sequential probability ratio test (SPRT)that we review in Section V. A SDM implementing the SPRT test has
both thealmost-sure decisionsand finite expected decision timeproperties. Moreover the SPRT test satisfies the
following optimality property: among all the sequential tests having pre-assigned values ofmis-detectionand false-
alarmprobabilities of error, the SPRT is the test that requires the smallest expected number of iterations for providing
a solution.

In Appendices B.1 and B.2 we review the methods proposed for computing the probabilities
{

pi|j(t)
}

t∈N
when

the SPRT test is applied, both in the caseX is a discrete random variable and in the caseX is a continuous random
variable. For illustration purposes, we provide in Figure 1the probabilitiespi|j(t) when j = 1 for the case when
X is a continuous random variable with a continuous distribution (Gaussian). We also note thatpi|j(t) might have
various interesting distributions.
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Fig. 1. This figure illustrates a typical unimodal set of decision probabilities{p1|1(t)}t∈N and{p0|1(t)}t∈N. Here the SDM is implementing
the sequential probability ratio test with three differentaccuracy levels (see Section V for more details).

B. Theq out ofN decentralized hypothesis testing

The basic framework for the binary hypothesis testing problem we analyze in this paper is the one in which there
areN SDMs and one fusion center. The binary hypothesis is denotedby H and it is assumed to take on valuesH0

andH1. Each SDM is assumed to perform individually a binary sequential test; specifically, fori ∈ {1, . . . , N},
at time t ∈ N, SDM i takes the observationxi(t) on a random variableXi, defined on some setXi, and it keeps
observingXi until it provides its decision according to some decision policy γi. We assume that

(i) the random variables{Xi}Ni=1 are identical and independent;
(ii) the SDMs adopt the same decision policyγ, that is,γi ∼= γ for all i ∈ {1, . . . , N};
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(iii) the observations taken, conditioned on either hypothesis, are independent from one SDM to another;
(iv) the conditional joint distributions of the individualobservations under each hypothesis are known to the

SDMS.
In particular assumptions (i) and (ii) imply that theN decision processes induced by theN SDMs are all described
by the same two sets of probabilities

{

pnd|0

}

∪
{

p0|0(t), p1|0(t)
}

t∈N
and

{

pnd|1

}

∪
{

p0|1(t), p1|1(t)
}

t∈N
. (2)

We refer to the above property ashomogeneityamong the SDMs.
Once a SDM arrives to a final local decision, it communicates it to the fusion center. The fusion center collects

the messages it receives keeping track of the number of decisions in favor ofH0 and in favor ofH1. A global
decision is provided according to aq out of N counting rule: roughly speaking, as soon as the hypothesisHi

receivesq local decisions in its favor, the fusion center globally decides in favor ofHi. In what follows we refer
to the above framework asq out ofN sequential decision aggregationwith homogeneous SDMs (denoted asq out
of N SDA, for simplicity).

We describe our setup in more formal terms. LetN denote the size of the group of SDMs and letq be a positive
integer such that1 ≤ q ≤ N , then theq out ofN SDAwith homogeneous SDMs is defined as follows:

SDMs iteration : For eachi ∈ {1, . . . , N}, thei-th SDM keeps observingXi, taking the observationsxi(1), xi(2), . . . ,
until time τi where it provides its local decisiondi ∈ {0, 1}; specificallydi = 0 if it decides in favor ofH0

anddi = 1 if it decides in favor ofH1. The decisiondi is instantaneously communicated (i.e., at timeτi) to
the fusion center.

Fusion center state : The fusion center stores in memory the variablesCount0 andCount1, which are initialized
to 0, i.e., Count0(0) = Count1(0) = 0. If at time t ∈ N the fusion center has not yet provided a global
decision, then it performs two actions in the following order:
(1) it updates the variablesCount0 and Count1, according toCount0(t) = Count0(t − 1) + n0(t) and
Count1(t) = Count1(t − 1) + n1(t) wheren0(t) and n1(t) denote, respectively, the number of decisions
equal to0 and1 received by the fusion center at timet.
(2) it checks if one of the following two situations is verified

(i)

{

Count1(t) > Count0(t),
Count1(t) ≥ q,

(ii)

{

Count1(t) < Count0(t).
Count0(t) ≥ q.

(3)

If (i) is verified the fusion center globally decides in favorH1, while if (ii) is verified the fusion center
globally decides in favor ofH0. Once the fusion center has provided a global decision theq out of N SDA
algorithm stops.

Remark II.3 (Notes about SDA) (i) Each SDM has in general a non-zero probability of not giving a decision.
In this case, the SDM might keep sampling infinitely without providing any decision to the fusion center.

(ii) The fusion center does not need to wait until all the SDM have provided a decision before a decision is reach
on the group level, as one of the two conditions(i) or (ii) in equation 3 might be satisfied much before the
N SDM provide their decisions.

(iii) While we study in this manuscript the case when a fusion center receives the information from all SDM, we
note that a distributed implementation of the SDA algorithmis possible. Analysis similar to the one presented
here is possible in that case. �

C. Problem formulation

We introduce now some definitions that will be useful throughout this paper. Given a group ofN SDMs running
the q out ofN SDAalgorithm,1 ≤ q ≤ N , we denote

(i) by T the random variable accounting for the number of iterationsrequired to provide a decision

T =min{t | eithercase(i) or case(ii) in equation (3) is satisfied};
(ii) by pi|j(t;N, q) the probability of deciding, at timet, in favor of Hi given thatHj is correct, i.e.,

pi|j(t;N, q) := P [Group ofN SDMs saysHi |Hj , q, T = t] ; (4)
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(iii) by pc|j(N, q) and pw|j(N, q) the probability of correct decision and of wrong decision, respectively, given
thatHj is the correct hypothesis, i.e.,

pc|j(N, q) =
∞
∑

t=1

pj|j(t;N, q) and pw|j(N, q) =
∞
∑

t=1

pi|j(t;N, q), i 6= j; (5)

(iv) by pnd|j(N, q), j ∈ {0, 1}, the probability of no-decision given thatHj is the correct hypothesis, i.e.,

pnd|j(N, q) := 1−
∞
∑

t=1

(

p0|j(t;N, q) + p1|j(t;N, q)
)

= 1− pw|j(N, q)− pc|j(N, q); (6)

(v) by E [T |Hj , N, q] the average number of iterations required by the algorithm to provide a decision, given that
Hj is the correct hypothesis, i.e.,

E [T |Hj , N, q] :=

{

∑∞
t=1 t(p0|j(t;N, q) + p1|j(t;N, q)), if pnd|j(N, q) = 0,

+∞, if pnd|j(N, q) > 0.
(7)

Observe thatpi|j(t; 1, 1) coincides with the probabilitypi|j(t) introduced in (1). For ease of notation we will
continue usingpi|j(t) instead ofpi|j(t; 1, 1).

We are now ready to formulate the problem we aim to solve in this paper.

Problem II.4 (Sequential decision aggregation)Consider a group ofN homogeneous SDMs with decision prob-
abilities

{

pnd|0

}

∪
{

p0|0(t), p1|0(t)
}

t∈N
and

{

pnd|1

}

∪
{

p0|1(t), p1|1(t)
}

t∈N
. Assume theN SDMs run theq out

of N SDA algorithm with the purpose of deciding between the hypothesis H0 and H1. For j ∈ {0, 1}, compute
the distributions

{

pi|j(t;N, q)
}

t∈N
as well as the probabilities of correct and wrong decision, i.e., pc|j(N, q) and

pw|j(N, q), the probability of no-decisionpnd|j(N, q) and the average number of iterations required to provide a
decision, i.e.,E [T |Hj , N, q].

We will focus on the above problem in the next two Sections, both through theoretical and numerical results.
Moreover, in Section IV, we will concentrate on two particular values ofq, specifically forq = 1 andq = ⌊N/2⌋+1,
characterizing the tradeoff between the expected decisiontime, the probabilities of correct and wrong decision and
the size of the group of SDMs. Whenq = 1 and q = ⌈N/2⌉, we will refer to theq out of N rule as thefastest
rule and themajority rule, respectively. In this case we will use the following notations

p
(f)
c|j(N) := pc|j(N ; q = 1), p

(f)
w|j(N) := pw|j(N ; q = 1)

and
p
(m)
c|j (N) := pc|j(N ; q = ⌊N/2⌋+ 1), p

(m)
w|j (N) := pw|j(N ; q = ⌊N/2⌋+ 1).

We end this Section by stating two propositions characterizing the almost-surely decisionsand finite expected
decision timeproperties for the group of SDMs.

Proposition II.5 Consider a group ofN SDMs running theq out ofN SDA algorithm. Let the decision-probabilities
of each SDM be as in(2). For j ∈ {0, 1}, assume there exists at least one time instanttj ∈ N such that both
probabilities p0|j(tj) and p1|j(tj) are different from zero. Then the group of SDMs has thealmost-sure decision
property if and only if

(i) the single SDM has thealmost-sure decisionproperty;
(ii) N is odd; and
(iii) q is such that1 ≤ q ≤ ⌈N/2⌉.

Proof: First we prove that if the group of SDMs has thealmost-sure decisionproperty, then properties (i), (ii)
and (iii) are satisfied. To do so, we show that if one between the properties (i), (ii) and (iii) fails then there exists an
event of probability non-zero that leads the group to not provide a decision. First assume that the single SDM does
not have thealmost-sure decisionproperty, i.e.,pnd|j > 0, j ∈ {0, 1}. Clearly this implies that the event”all the
SDMs of the group do not provide a decision”has probability of occurring equal topNnd|j which is strictly greater
than zero. Second assume thatN is even and consider the event”at time tj , N/2 SDMs decide in favor ofH0

andN/2 SDMs decide in favor ofH1” . Simple combinatoric and probabilistic arguments show that the probability
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of this event is
(

N
N/2

)

p
N/2
0|j p

N/2
1|j , which is strictly greater than zero because of the assumption p0|j(tj) 6= 0 and

p1|j(tj) 6= 0. Third assume thatq > ⌊N/2⌋+1. In this case we consider the event”at time tj , ⌈N/2⌉ SDMs decide
in favor of H0 and ⌊N/2⌋ SDMs decide in favor ofH1” that, clearly, leads the group of SDMs to not provide a
global decision for anyq > ⌊N/2⌋ + 1. Similarly to the previous case, we have that the probability of this event
is
(

N
⌈N/2⌉

)

p
⌈N/2⌉
0|j p

⌊N/2⌋
1|j > 0.

We prove now that if properties (i), (ii) and (iii) are satisfied then the group of SDMs has thealmost-sure decision
property. Observe that, since each SDM has thealmost-sure decisionproperty, there exists almost surely aN -tuple
(t1, . . . , tN ) ∈ N

N such that thei-th SDM provides its decision at timeti. Let t̄ := max{ti | i ∈ {1, . . . , N}}.
SinceN is odd, thenCount1(t̄) 6= Count0(t̄). Moreover sinceq ≤ ⌊N/2⌋+1 andCount1(t̄) +Count0(t̄) = N ,
eitherCount1(t̄) ≥ q or Count0(t̄) ≥ q holds true. Hence the fusion center will provide a global decision not later
than timet̄.

Proposition II.6 Consider a group ofN SDMs running theq out ofN SDA algorithm. Let the decision-probabilities
of each SDM be as in(2). For j ∈ {0, 1}, assume there exists at least one time instanttj ∈ N such that both
probabilitiesp1|j(tj) and p1|j(tj) are different from zero. Then the group of SDMs has thefinite expected decision
time property if and only if

(i) the single SDM has thefinite expected decision timeproperty;
(ii) N is odd; and
(iii) q is such that1 ≤ q ≤ ⌈N/2⌉.

Proof: The proof follows the lines of the proof of the previous proposition.

Remark II.7 The existence, forj ∈ {0, 1}, of a timetj such thatp0|j(tj) 6= 0 andp1|j(tj) 6= 0, is necessary only
for proving the ”if” side of the previous propositions. In other words the validity of properties (i), (ii) and (iii) in
Proposition II.5 (resp. in Prop. II.6) guarantees that the group of SDMs possesses thealmost-sure decisionproperty
(resp. thefinite expected decision timeproperty.) �

III. R ECURSIVE ANALYSIS OF THEq-OUT-OF-N SEQUENTIAL AGGREGATION RULE

The goal of this section is to provide an efficient method to compute the probabilitiespi|j(t;N, q), i, j ∈ {0, 1}.
These probabilities, using equations (5), (6) and (7) will allow us to estimate the probabilities of correct decision,
wrong decision and no-decision, as well as the expected number of iterations required to provide the final decision.

We first consider in subsection III-A the case where1 ≤ q ≤ ⌊N/2⌋; in subsection III-B we consider the case
where⌊N/2⌋+ 1 ≤ q ≤ N .

A. Case1 ≤ q ≤ ⌊N/2⌋
To present our analysis method, we begin with an informal description of the decision events characterizing

the q out of N SDA algorithm. Assume that the fusion center provides its decision at timet. This fact implies
that neither case (i) nor case (ii) in equation (3) has happened at any time beforet. Moreover, two distinct set
of events may precede timet, depending upon whether the values of the countersCount0 andCount1 at time
t − 1 are smaller thanq or not. In a first possible set of events, say the “simple situation,” the counters satisfy
0 ≤ Count0(t − 1), Count1(t − 1) ≤ q − 1 and, hence, the timet is the first time that at least one of the two
counters crosses the thresholdq. In a second possible set of events, say the “canceling situation,” the counters
Count0(t − 1) andCount1(t − 1) are greater thanq and, therefore, equal. In the canceling situation, there must
exist a time instant̄τ ≤ t−1 such thatCount0(τ̄ −1) < q, Count1(τ̄ −1) < q andCount0(τ) = Count1(τ) ≥ q
for all τ ∈ {τ̄+1, . . . , t−1}. In other words, both counters cross the thresholdq at the same time instant̄τ reaching
the same value, that is,Count0(τ̄) = Count1(τ̄), and, for timeτ ∈ {τ̄ +1, . . . , t−1}, the numbern0(τ) of SDMs
deciding in favor ofH0 at time τ and the numbern1(τ) of SDMs deciding in favor ofH1 at time τ cancel each
other out, that is,n0(τ) = n1(τ).

In what follows we study the probability of the simple and canceling situations. To keep track of both possible
set of events, we introduce four probability functions,α, β, ᾱ, β̄. The functionsα andβ characterize the simple
situation, whileᾱ and β̄ characterize the canceling situation. First, for the simple situation, define the probability
functionα : N× {0, . . . , q − 1} × {0, . . . , q − 1} → [0, 1] as follows: given a group ofs0 + s1 SDMs,α(t, s0, s1)
is the probability that
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(i) all the s0 + s1 SDMs have provided a decision up to timet; and
(ii) considering the variablesCount0 andCount1 restricted to this group ofs0 + s1 SDMs ,Count0(t) = s0

andCount1(t) = s1.

Also, define the probability functionβ1|j : N × {0, . . . , q − 1} × {0, . . . , q − 1} → [0, 1], j ∈ {0, 1} as follows:
given a group ofN − (s0 + s1) SDMs,β1|j(t, s0, s1) is the probability that

(i) no SDMs have provided a decision up to timet− 1; and
(ii) considering the variablesCount0 andCount1 restricted to this group ofN − (s0 + s1) SDMs,Count0(t)+

s0 < Count1(t) + s1, andCount1(t) + s1 ≥ q.

Similarly, it is straightforward to define the probabilities β0|j , j ∈ {0, 1}.
Second, for the canceling situation, define the probabilityfunction ᾱ : N× {q, . . . , ⌊N/2⌋} → [0, 1] as follows:

given a group of2s SDMs, ᾱ(t, s) is the probability that

(i) all the 2s SDMs have provided a decision up to timet; and
(ii) there existsτ̄ ≤ t such that, considering the variablesCount0 and Count1 restricted to this group of2s

SDMs

• Count0(τ̄ − 1) < q andCount1(τ̄ − 1) < q;
• Count0(τ) = Count1(τ) ≥ q for all τ ≥ τ̄ .

Also, define the probability function̄β1|j : N × {q, . . . ⌊N/2⌋} → [0, 1], j ∈ {0, 1} as follows: given a group of
N − 2s SDMs, β̄1|j(t, s) is the probability that

(i) no SDMs have provided a decision up to timet− 1; and
(ii) at time t the number of SDMs providing a decision in favor ofH1 is strictly greater of the number of SDMs

providing a decision in favor ofH0.

Similarly, it is straightforward to define the probabilities β̄0|j , j ∈ {0, 1}.
Note that, for simplicity, we do not explicitly keep track ofthe dependence of the probabilitiesβ and β̄ upon

the numbersN andq. The following proposition shows how to compute the probabilities
{

pi|j(t;N, q)
}∞

t=1
, i, j ∈

{0, 1}, starting from the above definitions.

Proposition III.1 (q out of N : a recursive formula) Consider a group ofN SDMs, running theq out of N SDA
algorithm. Without loss of generality, assumeH1 is the correct hypothesis. Then, fori ∈ {0, 1}, we have, fort = 1,

pi|1(1;N, q) = βi|1(1, 0, 0), (8)

and, for t ≥ 2,

pi|1(t;N, q) =

q−1
∑

s0=0

q−1
∑

s1=0

(

N

s1 + s0

)

α(t− 1, s0, s1)βi|1(t, s0, s1) +

⌊N/2⌋
∑

s=q

(

N

2s

)

ᾱ(t− 1, s)β̄i|1(t, s). (9)

Proof: The proof that formulas in (8) hold true follows trivially form the definition of the quantitiesβ1|1(1, 0, 0)
andβ0|1(1, 0, 0). We start by providing three useful definitions.

First, letEt denote the event that the SDA with theq out of N rule provides its decision at timet in favor of
H1.

Second, fors0 ands1 such that0 ≤ s0, s1 ≤ q − 1, let Es0,s1,t denote the event such that

(i) there ares0 SDMs that have decided in favor ofH0 up to timet− 1;
(ii) there ares1 SDMs that have decided in favor ofH1 up to timet− 1;
(iii) there exist two positive integer numberr0 andr1 such that

• s0 + r0 < s1 + r1 ands1 + r1 ≥ q.
• at time t, r0 SDMs decides in favor ofH0 while r1 SDMs decides in favor ofH1

Third, for q ≤ s ≤ ⌊N/2⌋, let Es,t denote the event such that

(i) 2s SDMs have provided their decision up to timet− 1 balancing their decision, i.e., there existsτ̄ ≤ t− 1
with the properties that, considering the variablesCount− andCount+ restricted to these2s SDMs

• Count0(τ) < q, Count1(τ) < q, for 1 ≤ τ ≤ τ̄ − 1;
• Count0(τ) = Count1(τ) for τ̄ ≤ τ ≤ t− 1;
• Count0(t− 1) = Count1(t− 1) = s.
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(ii) at time t the number of SDMs providing their decision in favor ofH1 is strictly greater than the number of
SDMs deciding in favor ofH0.

Observe that

Et =

(

∪
0≤s0,s1≤q−1

Es0,s1,t

)

⋃

(

∪
q≤s≤⌊N/2⌋

Es,t

)

.

SinceEs0,s1,t, 0 ≤ s0, s1 ≤ q − 1, andEs,t, q ≤ s ≤ ⌊N/2⌋ are disjoint sets, we can write

P [Et] =
∑

0≤s0,s1≤q−1

P [Es0,s1,t] +
∑

q≤s≤⌊N/2⌋

P [Es,t] . (10)

Observe that, according to the definitions ofα(t − 1, s0, s1), ᾱ(t − 1, s), β1|1(t, s0, s1) and β̄1|1(t, s), provided
above,

P [Es0,s1,t] =

(

N

s1 + s0

)

α(t− 1, s0, s1)β1|1(t, s0, s1) (11)

and that

P [Es,t] =

(

N

2s

)

ᾱ(t− 1, s)β̄1|1(t, s). (12)

Plugging equations (11) and (12) into equation (10) concludes the proof of the Theorem.
Formulas, similar to the ones in (8) and (9) can be provided for computing also the probabilities

{

pi|0(t;N, q)
}∞

t=1
,

i ∈ {0, 1}.
As far as the probabilitiesα(t, s0, s1), ᾱ(t, s), βi|j(t, s0, s1), β̄i|j(t, s), i, j ∈ {0, 1}, are concerned, we now

provide expressions to calculate them.

Proposition III.2 Consider a group ofN SDMs, running theq out of N SDA algorithm for 1 ≤ q ≤ ⌊N/2⌋.
Without loss of generality, assumeH1 is the correct hypothesis. Fori ∈ {0, 1}, let πi|1 : N → [0, 1] denote the
cumulative probability up to timet that a single SDM provides the decisionHi, given thatH1 is the correct
hypothesis, i.e.,

πi|1(t) =

t
∑

s=1

pi|1(t). (13)

For t ∈ N, s0, s1 ∈ {1, . . . , q − 1}, s ∈ {q, . . . , ⌊N/2⌋}, the probabilitiesα(t, s0, s1), ᾱ(t, s), β1|1(t, s0, s1), and
β̄1|1(t, s) satisfy the following relationships (explicit forα, β, β̄ and recursive for̄α):

α(t, s0, s1) =

(

s0 + s1
s0

)

πs0
0|1(t)π

s1
1|1(t),

ᾱ(t, s) =

q−1
∑

s0=0

q−1
∑

s1=0

(

2s

s0 + s1

)(

2s− s0 − s1
s− s0

)

α(t− 1, s0, s1)p
s−s0
0|1 (t)ps−s1

1|1 (t)

+
s
∑

h=q

(

2s

2h

)(

2s− 2h

s− h

)

ᾱ(t− 1, h)ps−h
0|1 (t)ps−h

1|1 (t),

β1|1(t, s0, s1) =
N−s̄
∑

h1=q−s1

(

N − s̄

h1

)

ph1

1|1(t)

[

m
∑

h0=0

(

N − s̄− h1

h0

)

ph0

0|1(t)
(

1− π1|1(t)− π0|1(t)
)N−s̄−h0−h1

]

,

β̄1|1(t, s) =

N−2s
∑

h1=1

(

N − 2s

h1

)

ph1

1|1(t)

[

m̄
∑

h0=0

(

N − 2s− h1

h0

)

ph0

0|1(t)(1− π1|1(t)− π0|1(t))
N−2s−h0−h1

]

,

wheres̄ = s0+s1, m = min{h1+s1−s0−1, N − (s0+s1)−h1} and m̄ = min{h1−1, N −2s−h1}. Moreover,
corresponding relationships forβ0|1(t, s0, s1) and β̄0|1(t, s) are obtained by exchanging the roles ofp1|1(t) with
p0|1(t) in the relationships forβ1|1(t, s0, s1) and β̄1|1(t, s).

Proof: The evaluation ofα(t, s0, s1) follows from standard probabilistic arguments. Indeed, observe that,
given a first group ofs0 SDMs and a second group ofs1 SDMs, the probability that all the SDMs of the first
group have decided in favor ofH0 up to timet and all the SDMs of the second group have decided in favor of
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H1 up to timet is given byπs0
0|1(t)π

s1
1|1(t). The desired result follows from the fact that there are

(

s1+s0
s0

)

ways of
dividing a group ofs0 + s1 SDMs into two subgroups ofs0 ands1 SDMs.

Consider nowᾱ(t, s). Let Eᾱ(t,s) denote the event of which̄α(t, s) is the probability of occurring, that is, the
event that, given a group of2s SDMs,

(i) all the 2s SDMs have provided a decision up to timet; and
(ii) there existsτ̄ ≤ t such that, considering the variablesCount0 and Count1 restricted to this group of2s

SDMs

• Count0(τ̄ − 1) < q andCount1(τ̄ − 1) < q;
• Count0(τ) = Count1(τ) ≥ q for all τ ≥ τ̄ .

Now, for a group of2s SDMs, for 0 ≤ s0, s1 ≤ q − 1, let Et−1,s0,s1 denote the event that

(i) s0 (resp.s1) SDMs have decided in favor ofH0 (resp.H1) up to timet− 1;
(ii) s− s0 (resp.s− s1) SDMs decide in favor ofH0 (resp.H1) at time t.

Observing that fors0 + s1 assigned SDMs the probability that fact (i) is verified is given byα(t − 1, s0, s1) we
can write that

P[Et−1,s0,s1 ] =

(

2s

s0 + s1

)(

2s− s0 − s1
s− s0

)

α(t− 1, s0, s1)p
s−s0
0|1 (t)ps−s1

1|1 (t).

Consider again a group of2s SDMs and forq ≤ h ≤ s let Ēt−1,h denote the event that

(i) 2h SDMs have provided a decision up to timet− 1;
(ii) there existsτ̄ ≤ t− 1 such that, considering the variablesCount0 andCount1 restricted to the group of2h

SDMs that have already provided a decision,

• Count0(τ̄ − 1) < q andCount1(τ̄ − 1) < q;
• Count0(τ) = Count1(τ) ≥ q for all τ ≥ τ̄ ; and
• Count0(t− 1) = Count1(t− 1) = h;

(iii) at time instantt, s− h SDMs decide in favor ofH0 ands− h SDMs decide in favor ofH1.

Observing that for2h assigned SDMs the probability that fact (i) and fact (ii) areverified is given byᾱ(t− 1, h),
we can write that

P[Ēt−1,h] =

(

2s

2h

)(

2s− 2h

s− h

)

ᾱ(t− 1, h)ps−h
0|1 (t)ps−h

1|1 (t).

Observe that

Eᾱ(t,s) =

(

q
⋃

s0=0

q
⋃

s1=0

Et−1,s0,s1

)

⋃





⌊N/2⌋
⋃

h=q

Ēt−1,h



 .

Since the eventsEt−1,s0,s1 , 0 ≤ s0, s1 < q and Ēt−1,h, q ≤ h ≤ ⌊N/2⌋, are all disjoint we have that

P[Eᾱ(t,s)] =

q−1
∑

s0=0

q−1
∑

s1=0

P[Et−1,s0,s1 ] +

s
∑

h=q

P[Ēt−1,h].

Plugging the expressions ofP[Et−1,s0,s1 ] andP[Ēt−1,h] in the above equality gives the recursive relationship for
computingᾱ(t, s).

Consider now the probabilityβ1|1(t, s0, s1). Recall that this probability refers to a group ofN− (s0+s1) SDMs.
Let us introduce some notations. LetEβ1|1(t,s0,s1) denote the event of whichβ1|1(t, s0, s1) represents the probability
of occurring and letEt;h1,s1,h0,s0 denote the event that, at timet

• h1 SDMs decides in favor ofH1;
• h0 SDMs decides in favor ofH0;
• the remainingN − (s0 + s1)− (h0 + h1) do not provide a decision up to timet.

Observe that the above event is well-defined if and only ifh0 + h1 ≤ N − (s0 + s1). MoreoverEt;h1,s1,h0,s0

contributes toβ1|1(t, s0, s1), i.e., Et;h1,s1,h0,s0 ⊆ Eβ1|1(t,s0,s1) if and only if h1 ≥ q − s1 andh0 < h1 + s1 − s0
(the necessity of these two inequalities follows directly from the definition ofβ1|1(t, s0, s1)). Considering the three
inequalitiesh0 + h1 ≤ N − (s0 + s1), h1 ≥ q − s1 andh0 < h1 + s1 − s0, it follows that

Eβ1|1(t,s0,s1) =
⋃

{

Et;h1,s1,h0,s0 | q − s1 ≤ h1 ≤ N − (s0 + s1) and h0 ≤ m
}

,
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wherem = min{h1+s1−s0−1, N−(s0+s1)−h1}. To conclude it suffices to observe that the eventsEt;h1,s1,h0,s0

for q − s1 ≤ h1 ≤ N − (s0 + s1) andh0 ≤ m are disjoint events and that

P[Et;h1,s1,h0,s0 ] =

(

N − s̄

j

)

ph1

1|1(t)

(

N − s̄− h1

h0

)

ph0

0|1(t)
(

1− π1|1(t)− π0|1(t)
)N−s̄−h0−h1

,

where s̄ = s0 + s1.
The probabilityβ̄1|1(t, s) can be computed reasoning similarly toβ1|1(t, s0, s1).
Now we describe some properties of the above expressions in order to assess the computational complexity

required by the formulas introduced in Proposition III.1 inorder to compute
{

pi|j(t;N, q)
}∞

t=1
, i, j ∈ {0, 1}. From

the expressions in Proposition III.2 we observe that

• α(t, s0, s1) is a function ofπ0|1(t) andπ1|1(t);
• ᾱ(t, s) is a function ofα(t− 1, s0, s1), 0 ≤ s0, s1 ≤ q − 1, p0|1(t), p1|1(t) and ᾱ(t− 1, h), q ≤ h ≤ s;
• βi|1(t, s0, s1), β̄i|1, i ∈ {0, 1}, are functions ofp0|1(t), p1|1(t), π0|1(t) andπ1|1(t).

Moreover from equation (13) we have thatπi|j(t) is a function ofπi|j(t− 1) andpi|j(t).
Based on the above observations, we deduce thatp0|1(t;N, q) and p1|1(t;N, q) can be seen as the output of a

dynamical system having the(⌊N/2⌋ − q + 3)-th dimensional vector with components the variablesπ0|1(t − 1),
π1|1(t − 1), ᾱ(t − 1, s), q ≤ h ≤ ⌊N/2⌋ as states and the two dimensional vector with componentsp0|1(t),
p1|1(t), as inputs. As a consequence, it follows that the iterative method we propose to compute

{

pi|j(t;N, q)
}∞

t=1
,

i, j ∈ {0, 1}, requires keeping in memory a number of variables which grows linearly with the number of SDMs.

B. Case⌊N/2⌋+ 1 ≤ q ≤ N

The probabilitiespi|j(t;N, q), i, j ∈ {0, 1} in the case where⌊N/2⌋ + 1 ≤ q ≤ N can be computed according
to the expressions reported in the following Proposition.

Proposition III.3 Consider a group ofN SDMs, running theq out of N SDA algorithm for ⌊N/2⌋+1 ≤ q ≤ N .
Without loss of generality, assumeH1 is the correct hypothesis. Fori ∈ {0, 1}, let πi|1 : N → [0, 1] be defined
as (13). Then, fori ∈ {0, 1}, we have fort = 1

pi|1(1;N, q) =

N
∑

h=q

(

N

h

)

phi|1(1)
(

1− pi|1(1)
)N−h

(14)

and for t ≥ 2

pi|1(t;N, q) =

q−1
∑

k=0

(

N

k

)

πk
i|1(t− 1)

N−k
∑

h=q−k

(

N − k

h

)

phi|1(t)
(

1− πi|1(t)
)N−(h+k)

. (15)

Proof: Let t = 1. Sinceq > N/2, the probability that the fusion center decides in favor ofHi at time t = 1
is given by the probability that al leastq SDMs decide in favor ofHi at time 1. From standard combinatoric
arguments this probability is given by (14).

If t > 1, the probability that the fusion center decides in favor ofHi at time t is given by the probability that
h SDMs, 0 ≤ h < q, have decided in favor ofHi up to timet− 1, and that at leastq − h SDMs decide in favor
of Hi at time t. Formally letE(i)

t denote the event that the fusion center provides its decision in favor of Hi at
time t and letE(i)

h,t;k,t−1 denote the event thatk SDMs have decided in favor ofHi up to timet− 1 andh SDMs
decide in favor ofHi at time t. Observe that

E
(i)
t =

q−1
⋃

k=0

N−k
⋃

h=q−k

E
(i)
h,t;k,t−1.

SinceE(i)
h,t;k,t−1 are disjoint sets it follows that

P

[

E
(i)
t

]

=

q−1
∑

k=0

N−k
∑

h=q−k

P

[

E
(i)
h,t;k,t−1

]

.
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The proof is concluded by observing that

P

[

E
(i)
h,t;k,t−1

]

=

(

N

k

)

πk
i|1(t− 1)

(

N − k

h

)

phi|1(t)
(

1− πi|1(t)
)N−(h+k)

.

Regarding the complexity of the expressions in (15) it is easy to see that the probabilitiespi|j(t;N, q), i, j ∈
{0, 1} can be computed as the output of a dynamical system having thetwo dimensional vector with components
π0|1(t − 1), π1|1(t − 1) as state and the two dimensional vector with componentsp0|1(t), p1|1(t) as input. In this
case the dimension of the system describing the evolution ofthe desired probabilities is independent ofN .

IV. SCALABILITY ANALYSIS OF THE FASTEST AND MAJORITY SEQUENTIAL AGGREGATION RULES

The goal of this section is to provide some theoretical results characterizing the probabilities of being correct and
wrong for a group implementing theq-out-of-NSDA rule. We also aim to characterize the probability with which
such a group fails to reach a decision in addition to the time it takes for this group to stop running any test. In
Sections IV-A and IV-B we consider the fastest and the majority rules, namely the thresholdsq = 1 andq = ⌈N/2⌉,
respectively; we analyze how these two counting rules behave for increasing values ofN . In Section IV-C, we
study how these quantities vary with arbitrary valuesq and fixed values ofN .

A. The fastest rule for varying values ofN

In this section we provide interesting characterizations of accuracy and expected time under thefastestrule, i.e.,
the counting rules with thresholdq = 1. For simplicity we restrict to the case where the group has the almost-sure
decision property. In particular we assume the following two properties.

Assumption IV.1 The numberN of SDMs is odd and the SDMs satisfy thealmost-suredecision property.

Here is the main result of this subsection. Recall thatp
(f)
w|1(N) is the probability of wrong decision by a group of

N SDMs implementing the fastest rule (assumingH1 is the correct hypothesis).

Proposition IV.1 (Accuracy and expected time under the fastest rule) Consider theq out ofN SDA algorithm
under Assumption IV.1. Assumeq = 1, that is, adopt thefastestSDA rule. Without loss of generality, assumeH1 is
the correct hypothesis. Define theearliest possible decision time

t̄ := min{t ∈ N | either p1|1(t) 6= 0 or p0|1(t) 6= 0}. (16)

Then the probability of error satisfies

lim
N→∞

p
(f)
w|1(N) =











0, if p1|1(t̄) > p0|1(t̄),

1, if p1|1(t̄) < p0|1(t̄),
1
2 , if p1|1(t̄) = p0|1(t̄),

(17)

and the expected decision time satisfies

lim
N→∞

E [T |H1, N, q = 1] = t̄. (18)

Proof: We start by observing that in the case where the fastest rule is applied, formulas in (9) simplifies to

p1|1(t;N, q = 1) = β1|1(t, 0, 0), for all t ∈ N.

Now, sincep1|1(t) = p0|1(t) = 0 for t < t̄, it follows that

p1|1(t;N, q = 1) = β1|1(t, 0, 0) = 0, t < t̄.

Moreover we haveπ1|1(t̄) = p1|1(t̄) andπ0|1(t̄) = p0|1(t̄). According to the definition of the probabilityβ1|1(t̄, 0, 0),
we write

β1|1(t̄, 0, 0) =
N
∑

j=1

(

N

j

)

pj1|1(t̄)

{

m
∑

i=0

(

N − j

i

)

pi0|1(t̄)
(

1− p1|1(t̄)− p0|1(t̄)
)N−i−j

}

,
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wherem = min {j − 1, N − j}, or equivalently

β1|1(t̄, 0, 0) =

⌊N/2⌋
∑

j=1

(

N

j

)

pj1|1(t̄)

{

j−1
∑

i=0

(

N − j

i

)

pi0|1(t̄)
(

1− p1|1(t̄)− p0|1(t̄)
)N−i−j

}

+

N
∑

j=⌈N/2⌉

(

N

j

)

pj1|1(t̄)

{

N−j
∑

i=0

(

N − j

i

)

pi0|1(t̄)
(

1− p1|1(t̄)− p0|1(t̄)
)N−i−j

}

=

⌊N/2⌋
∑

j=1

(

N

j

)

pj1|1(t̄)

{

j−1
∑

i=0

(

N − j

i

)

pi0|1(t̄)
(

1− p1|1(t̄)− p0|1(t̄)
)N−i−j

}

+
N
∑

j=⌈N/2⌉

(

N

j

)

pj1|1(t̄)
(

1− p1|1(t̄)
)N−j

. (19)

An analogous expression forβ0|1(t̄, 0, 0) can be obtained by exchanging the roles ofp0|1(t̄) and p0|1(t̄) in
equation (19). The rest of the proof is articulated as follows. First, we prove that

lim
N→∞

(

p1|1(t̄;N, q = 1) + p0|1(t̄;N, q = 1)
)

= lim
N→∞

(

β1|1(t̄, 0, 0) + β0|1(t̄, 0, 0)
)

= 1. (20)

This fact implies that equation (18) holds and that, ifp1|1(t̄) = p0|1(t̄), then limN→∞ p
(f)
w|1(N) = 1/2. Indeed

lim
N→∞

E [T |Hj , N, q = 1] = lim
N→∞

∞
∑

t=1

t(p0|j(t;N, q = 1) + pi|j(t;N, q = 1)) = t̄.

Moreover, if p1|1(t̄) = p0|1(t̄), then also(β1|1(t̄, 0, 0) = β0|1(t̄, 0, 0).
Second, we prove thatp1|1(t̄) > p0|1(t̄) implies limN→∞ β0|1(t̄, 0, 0) = 0. As a consequence, we have that

limN→∞ β1|1(t̄, 0, 0) = 1 or equivalently thatlimN→∞ p
(f)
w|1(N) = 0.

To show equation (20), we consider the eventthe group is not giving the decision at timēt. We aim to show
that the probability of this event goes to zero asN → ∞. Indeed we have that

P [T 6= t̄] = P [T > t̄] = 1−
(

p1|1(t̄, N) + p0|1(t̄, N)
)

,

and, hence,P [T > t̄] = 0 implies p1|1(t̄, N) + p0|1(t̄, N) = 1. Observe that

P [T > t̄] =

⌊N
2 ⌋
∑

j=0

(

N

2j

)(

2j

j

)

pi|1(t̄)
jp0|i(t̄)

j
(

1− pi|1(t̄)− p0|i(t̄)
)N−2j

.

For simplicity of notation, let us denotex := p1|1(t̄) andy := p0|1(t̄). We distinguish two cases, (i)x 6= y and (ii)
x = y.

Casex 6= y. We show that in this case there existsǭ > 0, depending only onx andy, such that
(

2j

j

)

xjyj < (x+ y − ǭ)
2j
, for all j ≥ 1. (21)

First of all observe that, since
(

2j
j

)

xjyj is just one term of the Newton binomial expansion of(x+ y)
2j , we know

that
(

2j
j

)

xjyj < (x+ y)
2j for all j ∈ N. Defineǫ(j) := x+y−

(

2j
j

)1/2j√
xy and observe that proving equation (21)

is equivalent to provinglimj→∞ ǫ(j) > 0. This also makes it possible to defineǭ := infj∈N ǫ(j). To prove the

inequality limj→∞ ǫ(j) > 0, let us computelimj→∞

(

2j
j

)1/(2j)
. By applying Stirling’s formula we can write

lim
j→∞

(

2j

j

)1/(2j)

= lim
j→∞

(√
2π2j

(

2j
e

)2j

2πj
(

j
e

)2j

)1/(2j)

=

(
√

1

πj2
22j
)1/(2j)

= 2
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and, in turn,limj→∞ ǫ(j) = x+ y − 2
√
xy. Clearly, if x 6= y, thenx+ y − 2

√
xy > 0. Defining ǭ := infj∈N ǫ(j),

we can write

lim
N→∞

⌊N
2 ⌋
∑

j=0

(

N

2j

)(

2j

j

)

xjyj (1− x− y)
N−2j ≤ lim

N→∞

⌊N
2 ⌋
∑

j=0

(

N

2j

)

(x+ y − ǭ)
2j
(1− x− y)

N−2j

≤ lim
N→∞

N
∑

j=0

(

N

j

)

(x+ y − ǭ)
j
(1− x− y)

N−j

= lim
N→∞

(1− ǭ)
N

= 0,

which implies alsolimN→∞ P [T > t̄] = 0.

Casex = y. To study this case, lety = x + ξ and letξ → 0. In this case, the probability of the decision time
exceedinḡt becomes

f(x,N, ξ) = P [T > t̄] =

⌊N
2 ⌋
∑

j=0

(

N

2j

)(

2j

j

)

xj(x+ ξ)j (1− 2x− ξ)
N−2j

.

Considerlimξ→0 f(x,N, ξ). We have that

lim
ξ→0

f(x,N, ξ) =

⌊N
2 ⌋
∑

j=0

(

N

2j

)(

2j

j

)

x2j (1− 2x)
N−2j

<

⌊N
2 ⌋
∑

j=0

(

N

2j

)

22jx2j (1− 2x)
N−2j

< 1,

where the first inequality follows from
(

2j
j

)

<
∑2j

l=0

(

2j
l

)

= 22j , and the second inequality follows from
∑⌊N

2 ⌋
j=0

(

N
2j

)

(2x)2j (1− 2x)
N−2

∑N
2j=0

(

N
2j

)

(2x)2j (1− 2x)
N−2j

= 1. Solimξ→0 f(x,N, ξ) exists, and since we know that alsolimN→∞ f(x,N, ξ)
exists, the limits are exchangeable inlimN→∞ limξ→0 f(x,N, ξ) and

lim
N→∞

lim
ξ→0

f(x,N, ǫ) = lim
ξ→0

lim
N→∞

f(x,N, ξ) = 0.

This concludes the proof of equation (20).
Assume now thatp1|1(t̄) > p0|1(t̄). We distinguish between the case wherep1|1(t̄) > 1

2 and the case where
p0|1(t̄) < p1|1(t̄) ≤ 1

2 .
If p1|1(t̄) >

1
2 , then Lemma .1 implies

lim
N→∞

N
∑

j=⌈N/2⌉

(

N

j

)

pj1|1(t̄)
(

1− p1|1(t̄)
)N−j

= 1,

and, sincelimN→∞ β1|1(t̄, 0, 0) > limN→∞

∑N
j=⌈N/2⌉

(

N
j

)

pj1|1(t̄)
(

1− p1|1(t̄)
)N−j

, we have also thatlimN→∞ β1|1(t̄, 0, 0) =
1.

The casep0|1(t̄) < p1|1(t̄) <
1
2 is more involved. We will see that in this caselimN→∞ β0|1(t̄, 0, 0) = 0. We

start by observing that, from Lemma .1,

lim
N→∞

N
∑

j=⌈N
2 ⌉

(

N

j

)

pj1|1(t̄)
(

[1− p1|1(t̄)
)N−j

= 0,

and in turn

lim
N→∞

β1|1(t̄, 0, 0) = lim
N→∞

⌊N
2 ⌋
∑

j=1

(

N

j

)

pj1|1(t̄)×
(j−1
∑

i=0

(

N − j

i

)

pi0|1(t̄)

[

1− p1|1(t̄)− p0|1(t̄)

]N−j−i)

.
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The above expression can be written as follows

lim
N→∞

β1|1(t̄, 0, 0) = lim
N→∞

N−2
∑

h=1

( h
∑

j=⌊h
2 ⌋+1

(

N

j

)(

N − j

h− j

)

ph−j
0|1 (t̄)pj1|1(t̄)

)(

1−
(

p0|1(t̄)p1|1(t̄)
)

)N−h

= lim
N→∞

N−2
∑

h=1

(

N

h

) h
∑

j=⌊h
2 ⌋+1

(

h

j

)

ph−j
1|1 (t̄)pj0|1(t̄)

(

1− p1|1(t̄)− p0|1(t̄)

)N−h

where, for obtaining the second equality we used the fact
(

N
j

)(

N−j
h−j

)

=
(

N
h

)(

h
j

)

. Similarly,

lim
N→∞

β0|1(t̄, 0, 0) = lim
N→∞

N−2
∑

h=1

(

N

h

) h
∑

j=⌊h
2 ⌋+1

(

h

j

)

ph−j
0|1 (t̄)pj1|1(t̄)

(

1− p1|1(t̄)− p0|1(t̄)

)N−h

.

We prove now thatlimN→∞ β0|1(t̄, 0, 0) = 0. To do so we will show that there exists̄ǫ depending only onp0|1(t̄)
andp1|1(t̄) such that

h
∑

j=⌊h
2 ⌋+1

(

h

j

)

ph−j
0|1 (t̄)pj1|1(t̄) <

(

p0|1(t̄) + p1|1(t̄)− ǭ

)h

.

To do so, let

ǫ(h) = p0|1(t̄) + p1|1(t̄)− h

√

√

√

√

√

h
∑

j=⌊h
2 ⌋+1

(

h

j

)

ph−j
0|1 (t̄)pj1|1(t̄).

Becauseh is bounded, one can see thatǫ(h) > 0 as the sum inside the root is always smaller than(p0|1(t̄)+p1|1(t̄))
h.

We show below that Lemma .1 implies thatlim infh→∞ ǫ(h) > 0. In fact, with the notation in Lemma .1 and with
x = p0|1(t̄) andc = p0|1(t̄) + p1|1(t̄),

h
∑

j=⌊h
2 ⌋+1

(

h

j

)

ph−j
0|1 (t̄)pj1|1(t̄) =

h
∑

j=⌊h
2 ⌋+1

(

h

j

)

xh−j(c− x)j = S(h; c, x),

and, using Lemma .1,
S(h; c, x)

ch
<

⌈h/2⌉
(

h
⌈h/2⌉

)

x⌈h/2⌉(c− x)⌊h/2⌋

ch
.

From the above, we know that

ǫ(h) > c− h

√

⌈h/2⌉
(

h

⌈h/2⌉

)

x⌈h/2⌉(c− x)⌊h/2⌋.

We now takelim infh→∞ ǫ(h) and obtain

lim inf
h→∞

ǫ(h) ≥ c− lim
h→∞

⌈h/2⌉1/h
(

h

⌈h/2⌉

)1/h

(x⌈h/2⌉)1/h(c− x)⌊h/2⌋/h = c− 2x1/2(c− x)1/2.

The last equality is true becauselimh→∞⌈h/2⌉1/h
(

h
⌈h/2⌉

)1/h
= 2. In order to complete the proof, we need to show

that c−2x1/2(c−x)1/2 > 0, indeedc−2x1/2(c−x)1/2 has the same sign asc2−4x(c−x) = (c−2x)2. Since we
are studying the case wherep0|1(t̄) < p1|1(t̄), it follows that0 ≤ x < c

2 making the term of interest always strictly
positive. This fact implies thatlim infh→∞ ǫ(h) is strictly positive and that, along with the fact thatǫ(h) > 0 for
all finite h by definition, infh∈N ǫ(h) > 0.
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By letting ǭ := infh∈N ǫ(h), we conclude that

lim
N→∞

β0|1(t̄, 0, 0) ≤
N−2
∑

h=1

(

N

h

)(

p1|1(t̄) + p0|1(t̄)− ǭ

)(

1− p1|1(t̄)− p0|1(t̄)

)N−h

≤
N
∑

h=0

(

N

h

)(

p1|1(t̄) + p0|1(t̄)− ǭ

)(

1− p1|1(t̄)− p0|1(t̄)

)N−h

= (1− ǭ)N = 0.

This concludes the proof.

Remark IV.2 The earliest possible decision timet̄ defined in (16) is the best performance that the fastest rule can
achieve in terms of number of iterations required to providethe final decision. �

B. The majority rule for varying values ofN

We consider now themajority rule, i.e., the counting rule with thresholdq = ⌊N/2⌋ + 1. We start with the
following result about the accuracy. Recall thatpw|1 is the probability of wrong decision by a single SDM and that

p
(m)
w|1(N) is the probability of wrong decision by a group ofN SDMs implementing the majority rule (assuming

H1 is the correct hypothesis).

Proposition IV.3 (Accuracy under the majority rule) Consider theq out ofN SDA algorithm under Assumption
IV.1. Assumeq = ⌊N/2⌋+1, i.e., themajority rule is adopted. Without loss of generality, assumeH1 is the correct
hypothesis. Then the probability of error satisfies

p
(m)
w|1(N) =

N
∑

j=⌊N/2⌋+1

(

N

j

)

pjw|1

(

1− pw|1

)N−j
. (22)

According to(22), the following characterization follows:

(i) if 0 ≤ pw|1 < 1/2, thenp(m)
w|1(N) is a monotonic decreasing function ofN that approaches0 asymptotically,

that is,
p
(m)
w|1(N) > p

(m)
w|1(N + 2) and lim

N→∞
p
(m)
w|1(N) = 0;

(ii) if 1/2 < pw|1 ≤ 1, thenp(m)
w|1(N) is a monotonic increasing function ofN that approaches1 asymptotically,

that is,
p
(m)
w|1(N) < p

(m)
w|1(N + 2) and lim

N→∞
p
(m)
w|1(N) = 1;

(iii) if pw|1 = 1/2, thenp(m)
w|1(N) = 1/2;

(iv) if pw|1 < 1/4, then

p
(m)
w|1(N) =

(

N

⌈N
2 ⌉

)

p
⌈N

2 ⌉

w|1 + o
(

p
⌈N

2 ⌉

w|1

)

=
√

N/(2π) (4pw|1)
⌈N

2 ⌉ + o
(

(4pw|1)
⌈N

2 ⌉
)

. (23)

Proof: We start by observing that

t
∑

s=1

p0|1(s;N, q = ⌊N/2⌋+ 1) =

N
∑

j=⌊N/2⌋+1

(

N

j

)

π0|1(t)
j
(

1− π0|1(t)
)N−j

.

Sincep(m)
w|1(N) =

∑∞
s=1 p0|1(s;N, q = ⌊N/2⌋+ 1), taking the limit fort → ∞ in the above expression leads to

p
(m)
w|1(N) =

N
∑

j=⌈N
2 ⌉

(

N

j

)

pjw|1

(

1− pw|1

)N−j
.
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Facts (i), (ii), (iii) follow directly from Lemma .1 in Appendix A applied to equation (22). Equation (23) is a
consequence of the Taylor expansion of (22):

N
∑

j=⌈N
2 ⌉

(

N

j

)

pjw|1(1− pw|1)
N−j =

N
∑

j=⌈N
2 ⌉

(

N

j

)

pjw|1(1− (N − j)pw|1 + o(pw|1))

=

(

N

⌈N
2 ⌉

)

p
⌈N

2 ⌉

w|1 + o
(

p
⌈N

2 ⌉+1

w|1

)

.

Finally, Stirling’s Formula implieslimN→∞

(

N
⌈N

2 ⌉

)

=
√

2N/π 2N and, in turn, the final expansion follows from

2N = 4⌈N/2⌉/2.
We discuss now the expected time required by the collective SDA algorithm to provide a decision when the

majority rule is adopted. Our analysis is based again on Assumption IV.1 and on the assumption thatH1 is the
correct hypothesis. We distinguish four cases based on different properties that the probabilities of wrong and correct
decision of the single SDM might have:

(A1) the probability of correct decision is greater than theprobability of wrong decision, i.e.,pc|1 > pw|1;
(A2) the probability of correct decision is equal to the probability of wrong decision, i.e.,pc|1 = pw|1 = 1/2 and

there existt0 and t1 such thatπ0|1(t0) = 1/2 andπ1|1(t1) = 1/2;
(A3) the probability of correct decision is equal to the probability of wrong decision, i.e.,pc|1 = pw|1 = 1/2 and

there existst1 such thatπ1|1(t1) = 1/2, while π0|1(t) < 1/2 for all t ∈ N and limt→∞ π0|1(t) = 1/2;
(A4) the probability of correct decision is equal to the probability of wrong decision, i.e.,pc|1 = pw|1 = 1/2, and

π0|1(t) < 1/2, π1|1(t) < 1/2 for all t ∈ N and limt→∞ π0|1 = limt→∞ π1|1(t) = 1/2.

Note that, since Assumption IV.1 impliespc|1+pw|1 = 1, the probability of correct decision in case (A1) satisfies
pc|1 > 1/2. Hence, in case (A1) and under Assumption IV.1, we definet< 1

2
:= max{t ∈ N | π1|1(t) < 1/2} and

t> 1
2
:= min{t ∈ N | π1|1(t) > 1/2}.

Proposition IV.4 (Expected time under themajority rule) Consider theq out of N SDA algorithm under As-
sumption IV.1. Assumeq = ⌊N/2⌋ + 1, that is, adopt themajority rule. Without loss of generality, assumeH1 is
the correct hypothesis. Define the SDM properties (A1)-(A4)and the decision timest0, t1, t< 1

2
and t> 1

2
as above.

Then the expected decision time satisfies

lim
N→∞

E
[

T |H1, N, q = ⌈N/2⌉
]

=



















t< 1
2
+ t> 1

2
+ 1

2
, if the SDM has the property (A1),

t1 + t0
2

, if the SDM has the property (A2),

+∞, if the SDM has the property (A3) or (A4).

Proof: We start by proving the equality for case (A1). Since, in thiscase we are assumingpc|1 > pw|1, the
definitions oft< 1

2
and t> 1

2
implies thatπ1|1(t) = 1/2 for all t< 1

2
< t < t> 1

2
. Observe that

t
∑

s=1

p1|1(s;N, q = ⌊N/2⌋+ 1) =

N
∑

h=⌊N
2 ⌋

(

N

h

)

πh
1|1(t)

(

1− π1|1(t)

)N−h

.

Hence Lemma .1 implies

lim
N→∞

t
∑

s=1

p1|1(s;N, q = ⌊N/2⌋+ 1) =











0, if t ≤ t< 1
2
,

1, if t ≥ t> 1
2
,

1
2 , if t< 1

2
< t < t> 1

2
,

and, in turn, that

lim
N→∞

p1|1(t;N, q = ⌊N/2⌋+ 1) =

{

1/2, if t = t< 1
2
+ 1 and t = t> 1

2
,

0, otherwise.
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It follows

lim
N→∞

E [T |H1, N, q = ⌊N/2⌋+ 1] = lim
N→∞

∞
∑

t=0

t
(

p0|1(t;N, q = ⌊N/2⌋+ 1) + p1|1(t;N, q = ⌊N/2⌋+ 1)
)

=
1

2

(

t< 1
2
+ 1 + t> 1

2

)

.

This concludes the proof of the equality for case (A1).
We consider now the case (A2). Reasoning similarly to the previous case we have that

lim
N→∞

p1|1(t1;N, q = ⌊N/2⌋+ 1) = 1/2 and lim
N→∞

p0|1(t0;N, q = ⌊N/2⌋+ 1) = 1/2,

from which it easily follows thatlimN→∞ E [T |H1, N, q = ⌊N/2⌋+ 1] = 1
2 (t0 + t1).

For case (A3), it suffices to note the following implication of Lemma .1: if, for a giveni ∈ {0, 1}, we have
πi|1(t) < 1/2 for all t ∈ N, then limN→∞ pi|1(t;N, q = ⌊N/2⌋ + 1) = 0 for all t ∈ N. The analysis of the case
(A4) is analogous to that of case (A3).

Remark IV.5 The cases wherepw|1 > pc|1 and where there existst0 such thatπ0|1(t0) = 1/2 while π1|1(t) < 1/2
for all t ∈ N and limt→∞ π1|1(t) = 1/2, can be analyzed similarly to the cases (A1) and (A3). Moreover, the
most recurrent situation in applications is the one where there exists a time instantt such thatπ1|1(t) < 1/2 and
π1|1(t + 1) > 1/2, which is equivalent to the above case (A1) witht> 1

2
= t< 1

2
+ 1. In this situation we trivially

havelimN→∞ E [T |H1, N, q = ⌈N/2⌉] = t> 1
2
. �

C. FixedN and varyingq

We start with a simple result characterizing the expected decision time.

Proposition IV.6 Given a group ofN SDMs running theq out of N SDA, for j ∈ {0, 1},

E[T |Hj , N, q = 1] ≤ E[T |Hj , N, q = 2] ≤ · · · ≤ E[T |Hj , N, q = N ].

The above proposition states that the expected number of iterations required to provide a decision constitutes
a nondecreasing sequence for increasing value ofq. Similar monotonicity results hold true also forpc|j(N, q),
pw|j(N, q), pnd|j(N, q) even though restricted only to⌊N/2⌋+ 1 ≤ q ≤ N .

Proposition IV.7 Given a group ofN SDMs running theq out of N SDA, for j ∈ {0, 1},

pc|j(N, q = ⌊N/2⌋+ 1) ≥ pc|j(N, q = ⌊N/2⌋+ 2) ≥ · · · ≥ pc|j(N, q = N),

pw|j(N, q = ⌊N/2⌋+ 1) ≥ pw|j(N, q = ⌊N/2⌋+ 2) ≥ · · · ≥ pw|j(N, q = N),

pnd|j(N, q = ⌊N/2⌋+ 1) ≤ pnd|j(N, q = ⌊N/2⌋+ 2) ≤ · · · ≤ pnd|j(N, q = N).

We believe that similar monotonic results hold true also for1 ≤ q ≤ ⌊N/2⌋. In particular, here is our conjecture:
if N is odd, the single SDM has thealmost-suredecision and the single SDM is more likely to provide the correct
decision than the wrong decision, that is,pc|j + pw|j = 1 andpc|j > pw|j , then

pc|j(N, q = 1) ≤ pc|j(N, q = 2) ≤ · · · ≤ pc|j(N, q = ⌊N/2⌋+ 1),

pw|j(N, q = 1) ≥ pw|j(N, q = 2) ≥ · · · ≥ pw|j(N, q = ⌊N/2⌋+ 1).

These chains of inequalities are numerically verified in some examples in Section V.
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V. NUMERICAL ANALYSIS

The goal of this section is to numerically analyze the modelsand methods described in previous sections. In all
the examples, we assume that the sequential binary test run by each SDMs is the classical sequential probability
ratio test (SPRT) developed in 1943 by Abraham Wald. To fix some notation, we start by briefly reviewing the
SPRT. LetX be a random variable with distributionf(x; θ) and assume the goal is to test the null hypothesis
H0 : θ = θ0 against the alternative hypothesisH1 : θ = θ1. For i ∈ {1, . . . , N}, the i-th SDM takes the
observationsxi(1), xi(2), x(3), . . . , which are assumed to be independent of each other and from theobservations
taken by all the other SDMs. The log-likelihood ratio associated to the observationxi(t) is

λi(t) = log
f(xi(t), θ1)

f(xi(t), θ0)
. (24)

Accordingly, letΛi(t) =
∑t

h=1 λi(h) denote the sum of the log-likelihoods up to time instantt. The i-th SDM
continues to sample as long asη0 < Λi(t) < η1, whereη0 andη1 are two pre-assigned thresholds; instead sampling
is stopped the first time this inequality is violated. IfΛi(t) < η0, then thei-th SDM decides forθ = θ0. If
Λi(t) > η1, then thei-th SDM decides forθ = θ1.

To guarantee thehomogeneity propertywe assume that all the SDMs have the same thresholdsη0 andη1. The
threshold values are related to the accuracy of the SPRT as described in the classic Wald’s method [19]. We shortly
review this method next. Assume that, for the single SDM, we want to set the thresholdsη0 andη1 in such a way
that the probabilities of misdetection (sayingH0 whenH1 is correct, i.e.,P[sayH0|H1]) and of false alarm (saying
H1 whenH0 is correct, i.e.,P[sayH1|H0]) are equal to some pre-assigned valuespmisdetectionandpfalse alarm. Wald
proved that the inequalitiesP[sayH0 |H1] ≤ pmisdetectionandP[sayH1 |H0] ≤ pfalse alarmare achieved whenη0 and
η1 satisfyη0 ≤ log pmisdetection

1−pfalse alarm
andη1 ≥ log 1−pmisdetection

pfalse alarm
. As customary, we adopt the equality sign in these inequalities

for the design ofη0 andη1. Specifically, in all our examples we assume thatpmisdetection= pfalse alarm= 0.1 and, in
turn, thatη1 = −η0 = log 9.

We provide numerical results for observations described byboth discrete and continuous random variables. In
caseX is a discrete random variable, we assume thatf(x; θ) is a binomial distribution

f(x; θ) =

{

(

n
x

)

θx(1− θ)n−x, if x ∈ {0, 1, . . . , n} ,
0, otherwise,

(25)

wheren is a positive integer number. In caseX is a continuous random variable, we assume thatf(x; θ) is a
Gaussian distribution with meanθ and varianceσ2

f(x; θ) =
1√
2πσ2

e−(x−θ)2/2σ2

. (26)

The key ingredient required for the applicability of Propositions III.1 and III.2 is the knowledge of the probabilities
{

p0|0(t), p1|0(t)
}

t∈N
and

{

p0|1(t), p1|1(t)
}

t∈N
. Given thresholdsη0 and η1, there probabilities can be computed

according to the method described in the Appendix B.1 (respectively Appendix B.2) forX discrete (respectively
X continuous) random variable.

We provide three sets of numerical results. Specifically, inExample V.1 we emphasize the tradeoff between
accuracy and expected decision time as a function of the number of SDMs. In Example V.2 we concentrate on the
monotonic behaviors that theq out ofN SDA algorithm exhibits both whenN is fixed andq varies and whenq is
fixed andN varies. In Example V.3 we compare thefastestand themajority rule. Finally, Section V-A discusses
drawing connections between the observations in Example V.3 and the cognitive psychology presentation introduced
in Section I-D.

Example V.1 (Tradeoff between accuracy and expected decision time) This example emphasizes the tradeoff
between accuracy and expected decision time as a function ofthe number of SDMs. We do that for thefastestand
the majority rules. We obtain our numerical results for odd sizes of groupof SDMs ranging from1 to 61. In all
our numerical examples, we compute the values of the thresholds η0 andη1 according to Wald’s method by posing
pmisdetection= pfalse alarm= 0.1 and, therefore,η1 = log 9 andη0 = − log 9.

For a binomial distributionf(x; θ) as in (25), we provide our numerical results under the following conditions:
we setn = 5; we run our computations for three different pairs(θ0, θ1); precisely we assume thatθ0 = 0.5− ǫ and
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θ1 = 0.5 + ǫ whereǫ ∈ {0.03, 0.05, 0.07}; andH1 : θ = θ1 is always the correct hypothesis. For any pair(θ0, θ1)
we perform the following three actions in order

(i) we compute the probabilities
{

p0|1(t), p1|1(t)
}

t∈N
according to the method described in Appendix B.1;

(ii) we compute the probabilities
{

p0|1(t;N, q), p1|1(t;N, q)
}

t∈N
for q = 1 andq = ⌊N/2⌋+ 1 according to the

formulas reported in Proposition III.1;
(iii) we compute probability of wrong decision and expectedtime for the group of SDMs exploiting the formulas

pw|1(N, q) =

∞
∑

t=1

p0|1(t;N, q) and E[T |H1, N, q] =

∞
∑

t=1

(p0|1(t;N, q) + p1|1(t;N, q))t.

According to Remark II.7, since we consider only odd numbersN of SDMs, sinceq ≤ ⌈N/2⌉ and since each
SDM running the SPRT has thealmost-sure decisionsproperty, thenpw|1(N, q) + pc|1(N, q) = 1. In other words,
the probability of no-decision is equal to0 and, hence, the accuracy of the SDA algorithms is characterized only
by the probability of wrong decision and the probability of correct decision. In our analysis we select to compute
the probability of wrong decision.

For a Gaussian distributionf(x; θ, σ), we obtain our numerical results under the following conditions: the two
hypothesis areH0 : θ = 0 andH1 : θ = 1; we run our computations for three different values ofσ; precisely
σ ∈ {0.5, 1, 2}; andH1 : θ = 1 is always the correct hypothesis. To obtainpw|1(N, q) andE[T |H1, N, q] for a
given value ofσ, we proceed similarly to the previous case with the only difference that

{

p0|1(t), p1|1(t)
}

t∈N
are

computed according to the procedure described in Appendix B.2.
The results obtained for thefastestrule are depicted in Figure V.1, while the results obtained for the majority

rule are reported in Figure 3.
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Fig. 2. Behavior of the probability of wrong decision and of the expected number of iterations required to provide a decision as the number
of SDMs increases when thefastestrule is adopted. In Figure (a) we consider the binomial distribution, in Figure (b) the Gaussian distribution.

Some remarks are now in order. We start with thefastestrule. A better understanding of the plots in Figure V.1
can be gained by specifying the values of the earliest possible decision timēt defined in (16) and of the probabilities
p1|1(t̄) andp0|1(t̄). In our numerical analysis, for each pair(θ0, θ1) considered and for both discrete and continuous
measurementsX, we hadt̄ = 1 and p1|1(t̄) > p0|1(t̄). As expected from Proposition IV.1, we can see that the
fastestrule significantly reduces the expected number of iterations required to provide a decision. Indeed, asN

increases, the expected decision timeE[T |H1, N, q = 1] tends to1. Moreover, notice thatp(f)w|1(N) approaches0;
this is in accordance with equation (17).

As far as themajority rule is concerned, the results established in Proposition IV.3 and in Proposition IV.4 are
confirmed by the plots in Figure 3. Indeed, since for all the pairs (θ0, θ1) we have considered, we hadpw|1 < 1/2,
we can see that, as expected from Proposition IV.3, the probability of wrong decision goes to0 exponentially fast
and monotonically as a function of the size of the group of theSDMs. Regarding the expected time, in all the
cases, the expected decision timeE[T |H1, N, q = ⌊N/2⌋ + 1] quickly reaches a constant value. We numerically
verified that these constant values corresponded to the values predicted by the results reported in Proposition IV.4.
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Fig. 3. Behavior of the probability of wrong decision and of the expected number of iterations required to provide a decision as the number of
SDMs increases when themajority rule is adopted. In Figure (a) we consider the binomial distribution, in Figure (b) the Gaussian distribution.

Example V.2 (Monotonic behavior) In this example, we analyze the performance of the generalq out of N
aggregation rule, as the number of SDMsN is varied, and as the aggregation rule itself is varied. We obtained our
numerical results for odd values ofN ranging from1 to 35 and for values ofq comprised between1 and⌊N/2⌋+1.
Again we set the thresholdsη0 andη1 equal tolog(−9) and log 9, respectively. In this example we consider only
the Gaussian distribution withσ = 1. The results obtained are depicted in Figure 4, where the following monotonic
behaviors appear evident:

(i) for fixed N and increasingq, both the probability of correct decision and the decision time increases;
(ii) for fixed q and increasingN , the probability of correct decision increases while the decision time decreases.

The fact that the decision time increases for fixedN and increasingq has been established in Proposition IV.6.
The fact that the probability of correct decision increasesfor fixed N and increasingq validates the conjecture
formulated at the end of Section IV-C.
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Fig. 4. Probability of correct detection (left figure) and expected decision time (right figure) for theq out ofN rule, plotted as a function of
network sizeN and accuracy thresholdq.

Example V.3 (Fastest versus majority, at fixed group accuracy) As we noted earlier, Figures V.1-3 show that
the majority rule increases remarkably the accuracy of the group, while the fastestrule decreases remarkably the
expected number of iteration for the SDA to reach a decision.It is therefore reasonable to pose the following
question: if the local accuracies of the SDMs were set so thatthe accuracy of the group is the same for both the
fastestand themajority fusion rule, which of the two rules requires a smaller numberof observations to give a
decision. That is, at equal accuracy, which of the two rules is optimal as far as decision time is concerned.

In order to answer this question, we use a bisection on the local SDM accuracies. We apply the numerical
methods presented in Proposition III.1 to find the proper local thresholds that set the accuracy of the group to the
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desired valuepw|1. Different local accuracies are obtained for different fusion rules and this evaluation needs to be
repeated for each group sizeN .

In these simulations, we assume the random variableX is Gaussian with varianceσ = 2. The two hypotheses
areH0 : θ = 0 andH1 : θ = 1. The numerical results are shown in Figure 5 and discussed below.

As is clear by the plots, the strategy that gives the fastest decision with the same accuracy varies with group size
and desired accuracy. The left plot in Figure 5 illustrates that, for very high desired group accuracy, themajority
rule is always optimal. As the accuracy requirement is relaxed, thefastestrule becomes optimal for small groups.
Moreover, the group size at which the switch between optimalrules happens, varies for different accuracies. For
example, the middle and right plot in Figure 5 illustrate that while the switch happens atN = 5 for a group
accuracyp(m)

w|1 = p
(f)
w|1 = 0.05 and atN = 9 for p(m)

w|1 = p
(f)
w|1 = 0.1.
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Fig. 5. Expected decision time for thefastestand themajority rules versus group sizeN , for various network accuracy levels.

We summarize our observations about which rule is optimal (i.e., which rule requires the least number of
observations) as follows:

(i) the optimal rule varies with the desired network accuracy, at fixed network size;
(ii) the optimal rule varies with the desired network size, at fixed network accuracy; and
(iii) the change in optimality occurs at different network sizes for different accuracies.

A. Decision making in cognitive psychology revisited

In this section we point out possible relationships betweenour results in sequential decision aggregation (SDA)
and some recent observations about mental behavior from thecognitive psychology literature. Starting with the
literature review in Subsection I-D, our discussion here isbased upon the following assumptions:

(i) SDA models multi-modal integration in cognitive information processing (CIP),
(ii) the number of SDMs correspond to the number of sensory modalities in CIP,
(iii) the expected decision time in the SDA setup is analogous to the reaction time in CIP, and
(iv) the decision probability in the SDA setup is analogous to the firing rate of neurons in CIP.

Under these assumptions, we point out similarities betweenour SDA analysis and some recent observations reported
in the CIP literature. In short, thefastestandmajority rules appear to emulate behaviors that are similar to the ones
manifested by the brain under various conditions. We brieflymention below an example in cognitive psychology,
where a parallelism might be drawn.

It is observed in cognitive information processing (CIP) that, even under the same type of stimuli, the stimuli
strength affects the additivity of the neuron firing, which might end up adding up to more, less, much less, and
sometimes to much more than the sum of the stimuli. These behaviors of the firing rates are called in CIP literature
additive, suppressive, sub-additive or super-additive. Additionally, scientists have observed that depending on the
intensity of the stimuli, various areas of the brain are activated when processing the same type of stimuli [11], [12],
[13], [14], [15]. A possible explanation for these two observed behaviors is that the brain processes information in
a way that maintains optimality. Indeed, our comparison in the middle and right parts of Figure 5 shows how the
fastest rule is optimal when individual SDMs are highly accurate (strong and intact stimuli) and, vice versa, the
majority rule is optimal when individual SDMs are relatively inaccurate (weak and degraded stimuli).

We observed in the middle and right part of Figure 5 that, for high individual accuracies, thefastestrule is more
efficient than themajority rule. We reach this conclusion by noting two observations: first, smaller group sizes
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require higher local accuracies than larger group sizes in order to maintain the same group accuracy; second, the
fastestrule is optimal for small groups while themajority rule is always optimal for larger groups. We believe that
these similarities between SDA and CIP propose the possibility of explaining better, other observed behaviors in
cognitive data processing if stronger links can be made between the models.

VI. CONCLUSION

In this work, we presented a complete analysis of how a group of SDMs can collectively reach a decision about
the correctness of a hypothesis. We presented a numerical method that made it possible to completely analyze and
understand interesting fusion rules of the individuals decisions. The analysis we presented concentrated on two
aggregation rules, but a similar analysis can be made to understand other rules of interest. An important question
we were able to answer, was the one relating the size of the group and the overall desired accuracy to the optimal
decision rules. We were able to show that, no single rule is optimal for all group sizes or for various desired group
accuracy. We are currently extending this work to cases where the individual decision makers are not identical.
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APPENDIX

A. Asymptotic and monotonicity results on combinatorial sums

Some of the results provided for thefastestrule and for themajority rule are based on the following properties
of the binomial expansion(x+ y)N =

∑N
j=0

(

N
j

)

xjyN−j .

Lemma .1 (Properties of half binomial expansions)For an odd numberN ∈ N, and for real numbersc ∈ R

and x ∈ R satisfying0 < c ≤ 1 and 0 ≤ x ≤ c/2, define

S(N ; c, x) =

⌊N/2⌋
∑

j=0

(

N

j

)

xj(c− x)N−j and S(N ; c, x) =

N
∑

j=⌈N/2⌉

(

N

j

)

xj(c− x)N−j .
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The following statements hold true:
(i) if 0 ≤ x < c/2, then, taking limits over odd values ofN ,

lim
N→∞

S(N ; c, x)

cN
= 1 and lim

N→∞

S(N ; c, x)

cN
= 0;

(ii) if x = c/2, then

S(N ; c, x) = S(N ; c, x) =
cN

2
;

(iii) if c = 1 and 0 ≤ x < 1/2, then

S(N + 2; 1, x) < S(N ; 1, x) and S(N + 2; 1, x) > S(N ; 1, x).

Proof: To prove statement (i), we start with the obvious equalitycN = (c−x+x)N = S(N ; c, x)+S(N ; c, x).
Therefore, it suffices to show thatlimN→∞

S(N ;c,x)
cN

= 0. Define the shorthandh(j) :=
(

N
j

)

xj(c − x)N−j and
observe

h(j)

h(j + 1)
=

N !
j!(N−j)!x

j(c− x)N−j

N !
(j+1)!(N−j−1)!x

j+1(c− x)N−j−1
=

j + 1

N − j

c− x

x
.

It is straightforward to see thath(j)h(j+1) > 1 ⇐⇒ cj − xN + c − x > 0 ⇐⇒ j > xN
c − (c−x)

c . Moreover, if
j > N

2 and0 ≤ x < c
2 , thenj − xN

c + c−x
c > N

2 − xN
c + c−x

c ≥ N
2 − N

2 + c−x
c > 0. Here, the second inequality

follows from the fact that−xN
c ≥ −N

2 if 0 ≤ x < c
2 . In other words, ifj > N

2 and0 ≤ x < c
2 , then h(j)

h(j+1) > 1.
This result implies the following chain of inequalitiesh (⌈N/2⌉) > h (⌈N/2⌉+ 1) > · · · > h(N) providing the
following bound onS(N ; c, x)

S(N ; c, x)

cN
=

∑N
j=⌈N/2⌉

(

N
j

)

xj(c− x)N−j

cN
<

⌈N/2⌉
(

N
⌈N/2⌉

)

x⌈N/2⌉(c− x)⌊N/2⌋

cN
.

Since
(

N
⌈N/2⌉

)

< 2N , we can write

S(N ; c, x)

cN
< ⌈N/2⌉ 2

Nx⌈N/2⌉(c− x)⌊N/2⌋

cN
= ⌈N/2⌉

(

2x

c

)⌈N/2⌉(
2(c− x)

c

)⌊N/2⌋

= ⌈N/2⌉
(

2x

c

)(

2x

c

)⌊N/2⌋(
2(c− x)

c

)⌊N/2⌋

.

Let α = 2x
c and β = 2

(

c−x
c

)

and considerα · β = 4x(c−x)
c2 . One can easily show thatα · β < 1 since

4cx− 4x2 − c2 = −(c− 2x)2 < 0. The proof of statement (i) is completed by noting

lim
N→∞

S(N ; c, x)

cN
< lim

N→∞
⌈N/2⌉

(

2x

c

)

(α · β)⌊N/2⌋
= 0.

The proof of the statement (ii) is straightforward. In fact it follows from the symmetry of the expressions when
x = c

2 , and from the obvious equality
∑N

j=0

(

N
j

)

xj(c− x)N−j = cN .
Regarding statement (iii), we prove here only thatS(N + 2; 1, x) < S(N ; 1, x) for 0 ≤ x < 1/2. The proof of

S(N + 2; 1, x) > S(N ; 1, x) is analogous. Adopting the shorthand

f(N,x) :=
N
∑

i=⌈N
2 ⌉

(

N

i

)

xi(1− x)N−i,

we claim that the assumption0 < x < 1/2 implies

∆(N,x) := f(N + 2, x)− f(N,x) < 0.

To establish this claim, it is useful to analyze the derivative of ∆ with respect tox. We compute

∂f

∂x
(N,x) =

N−1
∑

i=⌈N/2⌉

i

(

N

i

)

xi−1(1− x)N−i −
N−1
∑

i=⌈N/2⌉

(N − i)

(

N

i

)

xi(1− x)N−i−1 +NxN−1. (27)
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The first sum
∑N−1

i=⌈N/2⌉ i
(

N
i

)

xi−1(1− x)N−i in the right-hand side of (27) is equal to

(

N

⌈N/2⌉

)

⌈N

2

⌉

x⌈N/2⌉−1 (1− x)
N−⌈N/2⌉

+
N−1
∑

i=⌈N/2⌉+1

i

(

N

i

)

xi−1(1− x)N−i.

Moreover, exploiting the identity(i+ 1)
(

N
i+1

)

= (N − i)
(

N
i

)

,

N−1
∑

i=⌈N/2⌉+1

i

(

N

i

)

xi−1(1− x)N−i =
N−2
∑

i=⌈N/2⌉

(i+ 1)

(

N

i+ 1

)

xi(1− x)N−i−1

=

N−2
∑

i=⌈N/2⌉

(N − i)

(

N

i

)

xi(1− x)N−i−1.

The second sum in the right-hand side of (27) can be rewrittenas

N−1
∑

i=⌈N/2⌉

(N − i)

(

N

i

)

xi(1− x)N−i−1 =

N−2
∑

i=⌈N/2⌉

(N − i)

(

N

i

)

xi(1− x)N−i−1 +NxN−1.

Now, many terms of the two sums cancel each other out and one can easily see that

∂f

∂x
(N,x) =

(

N

⌈N/2⌉

)

⌈N/2⌉x⌈N/2⌉−1 (1− x)
N−⌈N/2⌉

=

(

N

⌈N/2⌉

)

⌈N/2⌉ (x (1− x))
⌈N/2⌉−1

,

where the last equality relies upon the identityN − ⌈N/2⌉ = ⌊N/2⌋ = ⌈N/2⌉ − 1. Similarly, we have

∂f

∂x
(N + 2, x) =

(

N + 2

⌈N/2⌉+ 1

)

(⌈N/2⌉+ 1) (x (1− x))
⌈N/2⌉

.

Hence

∂∆

∂x
(N,x) = (x (1− x))

⌈N/2⌉−1

((

N + 2

⌈N/2⌉+ 1

)

(⌈N/2⌉+ 1)x(1− x)−
(

N

⌈N/2⌉

)

⌈N/2⌉
)

.

Straightforward manipulations show that
(

N + 2

⌈N/2⌉+ 1

)

(⌈N/2⌉+ 1) = 4
N + 2

N + 1
⌈N/2⌉

(

N

⌈N/2⌉

)

,

and, in turn,

∂∆

∂x
(N,x) =

(

N

⌈N/2⌉

)⌈

N

2

⌉

(x (1− x))
⌈N/2⌉−1

[

4
N + 2

N + 1
x(1− x)− 1

]

=: g(N,x)

[

4
N + 2

N + 1
x(1− x)− 1

]

,

where the last equality defines the functiong(N,x). Observe thatx > 0 implies g(N,x) > 0 and, otherwise,
x = 0 implies g(N,x) = 0. Moreover, for allN , we have thatf(N, 1/2) = 1/2 andf(N, 0) = 0 and in turn that
∆(N, 1/2) = ∆(N, 0) = 0. Additionally

∂∆

∂x
(N, 1/2) = g(N, 1/2)

(

N + 2

N + 1
− 1

)

> 0

and
∂∆

∂x
(N, 0) = 0 and

∂∆

∂x
(N, 0+) = g(N, 0+)

(

0+ − 1
)

< 0.

The roots of the polynomialx 7→ 4N+2
N+1x(1 − x) − 1 are 1

2

(

1±
√

1
N+2

)

, which means that the polynomial has

one root inside the interval(0, 1/2) and one inside the interval(1/2, 1). Considering all these facts together, we
conclude that the functionx 7→ ∆(N,x) is strictly negative in(0, 1/2) and hence thatf(N +2, x)− f(N,x) < 0.
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B. Computation of the decision probabilities for a single SDM applying the SPRT test

In this appendix we discuss how to compute the probabilities
{

pnd|0

}

∪
{

p0|0(t), p1|0(t)
}

t∈N
and

{

pnd|1

}

∪
{

p0|1(t), p1|1(t)
}

t∈N
(28)

for a single SDM applying the classicalsequential probability ratio test(SPRT). For a short description of the
SPRT test and for the relevant notation, we refer the reader to Section V. We consider here observations drawn
from both discrete and continuous distributions.

1) Discrete distributions of the Koopman-Darmois-Pitman form: This subsection review the procedure proposed
in [5] for a certain class of discrete distributions. Specifically, [5] provides a recursive method to compute the
exact values of the probabilities (28); the method can be applied to a broad class of discrete distributions, precisely
whenever the observations are modeled as a discrete random variable of the Koopman-Darmois-Pitman form.

With the same notation as in Section V, letX be a discrete random variable of the Koopman-Darmois-Pitman
form; that is

f(x, θ) =

{

h(x) exp(B(θ)Z(x)−A(θ)), if x ∈ Z,

0, if x /∈ Z,

whereh(x), Z(x) andA(θ) are known functions and whereZ is a subset of the integer numbersZ. In this section
we shall assume thatZ(x) = x. Bernoulli, binomial, geometric, negative binomial and Poisson distributions are
some widely used distributions of the Koopman-Darmois-Pitman form satisfying the conditionZ(x) = x. For
distributions of this form, the likelihood associated withthe t-th observationx(t) is given by

λ(t) = (B(θ1)−B(θ0))x(t)− (A(θ1)−A(θ0)).

Let η0, η1 be the pre-assigned thresholds. Then, one can see that sampling will continue as long as

η0 + t(A(θ1)−A(θ0))

B(θ1)−B(θ0))
<

t
∑

i=1

x(i) <
η1 + t(A(θ1)−A(θ0))

B(θ1)−B(θ0))
(29)

for B(θ1) − B(θ0) > 0; if B(θ1) − B(θ0) < 0 the inequalities would be reversed. Observe that
∑t

i=1 x(i) is an
integer number. Now let̄η(t)0 be the smallest integer greater than{η0 + t(A(θ1)−A(θ0))} /(B(θ1)− B(θ0)) and
let η̄(t)1 be the largest integer smaller than{η1 + t(A(θ1)−A(θ0))} /(B(θ1)−B(θ0)). Sampling will continue as
long asη̄(t)0 ≤ X (t) ≤ η̄

(t)
1 whereX (t) =

∑t
i=1 x(i). Now suppose that, for anyℓ ∈ [η̄

(t)
0 , η̄

(t)
1 ] the probability

P[X (t) = ℓ] is known. Then we have

P[X (t+ 1) = ℓ|Hi] =

η̄
(t)
1
∑

j=η̄
(t)
0

f(ℓ− j; θi)P[X (t) = j|Hi],

and

pi|1(t+ 1) =

η̄
(t)
1
∑

j=η̄
(t)
0

∞
∑

r=η̄
(t)
1 −j+1

P[X (t) = j|Hi]f(r; θi),

p0|i(t+ 1) =

η̄
(t)
1
∑

j=η̄
(t)
0

η̄
(t)
0 −j−1
∑

r=−∞

P[X (t) = j|Hi]f(r; θi).

Starting withP[X (0) = 1], it is possible to compute recursively all the quantities
{

pi|j(t)
}∞

t=1
andP[X (t) = ℓ],

for any t ∈ N, ℓ ∈ [η̄
(t)
0 , η̄

(t)
1 ], and

{

pi|j(t)
}∞

t=1
. Moreover, if the setZ is finite, then the number of required

computations is finite.
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2) Computation of accuracy and decision time for pre-assigned thresholdsη0 and η1: continuous distributions:
In this section we assume thatX is a continuous random variable with density function givenby f(x, θ). As
in the previous subsection, given two pre-assigned thresholds η0 and η1, the goal is to compute the probabilities
pi|j(t) = P[sayHi|Hj , T = t], for i, j ∈ {1, 2} and t ∈ N.

We start with two definitions. Letfλ,θi andfΛ(t),θi denote, respectively, the density function of the log-likelihood
function λ and of the random variableΛ(t), under the assumption thatHi is the correct hypothesis. Assume that,
for a givent ∈ N, the density functionfΛ(t),θi is known. Then we have

fΛ(t),θi(s) =

∫ η1

η0

fλ,θi(s− x)fΛ(t),θi(x)dx, s ∈ (η0, η1) ,

and

pi|1(t) =

∫ η1

η0

(∫ ∞

η1−x

fλ,θi(z)dz

)

fΛ(t),θi(x)dx, andp0|i(t) =
∫ η1

η0

(∫ η0−x

−∞

fλ,θi(z)dz

)

fΛ(t),θi(x)dx.

In what follows we propose a method to compute these quantities based on a uniform discretization of the functions
λ andΛ. Interestingly, we will see how the classic SPRT algorithm can be conveniently approximated by a suitable
absorbing Markov chain and how, through this approximation, the probabilities

{

pi|j(t)
}∞

t=1
, i, j ∈ {1, 2}, can be

efficiently computed. Next we describe our discretization approach.
First, let δ ∈ R>0, η̄0 = ⌊η0

δ ⌋δ and η̄1 = ⌈η1

δ ⌉δ. Second, forn = ⌈η1

δ ⌉ − ⌊η0

δ ⌋+ 1, introduce the sets

S = {s1, . . . , sn} and Γ = {γ−n+2, γ−n+3, . . . , γ−1, γ0, γ1, . . . , γn−3, γn−2} ,

wheresi = η̄0 + (i− 1)δ, for i ∈ {1, . . . , n}, andγi = iδ, for i ∈ {−n+ 2,−n+ 3, . . . , n− 3, n− 2}. Third, let
λ̄ (resp.Λ̄) denote a discrete random variable (resp. a stochastic process) taking values inΓ (resp. inS). Basically
λ̄ and Λ̄ represent the discretization ofΛ andλ, respectively. To characterizēλ, we assume that

P
[

λ̄ = iδ
]

= P

[

iδ − δ

2
≤ λ ≤ iδ +

δ

2

]

, i ∈ {−n+ 3, . . . , n− 3} ,

and

P
[

λ̄ = (−n+ 2)δ
]

= P

[

λ ≤ (−n+ 2)δ +
δ

2

]

and P
[

λ̄ = (n− 2)δ
]

= P

[

λ ≥ (n− 2)δ − δ

2

]

.

From now on, for the sake of simplicity, we shall denoteP
[

λ̄ = iδ
]

by pi. Moreover we adopt the convention
that, givensi ∈ S and γj ∈ Γ, we have thatsi + γj := η̄0 whenever eitheri = 1 or i + j − 1 ≤ 1, and
si + γj := η̄1 whenever eitheri = n or i+ j − 1 ≥ n. In this waysi + γj is always an element ofS. Next we set
Λ̄(t) :=

∑t
h=1 λ̄(h).

To describe the evolution of the stochastic processΛ̄, define the row vectorπ(t) = [π1(t), . . . , πn(t)]
T ∈ R

1×n

whosei-th componentπi(t) is the probability that̄Λ equalssi at timet, that is,πi(t) = P
[

Λ̄(t) = si
]

. The evolution
of π(t) is described by the absorbing Markov chain(S, A, π(0)) where

• S is the set of states withs1 andsn as absorbing states;
• A = [aij ] is the transition matrix:aij denote the probability to move from statesi to statesj and satisfy,

according to our previous definitions and conventions,

– a11 = ann = 1; a1i = anj = 0, for i ∈ {2, . . . , n} and j ∈ {1, . . . , n− 1};
– ai1 =

∑−h+1
s=−n+2 ps and ain =

∑n−2
s=1 ps, h ∈ {2, . . . , n− 1};

– aij = pj−i i, j ∈ {2, . . . , n− 1};

• π(0) is the initial condition and has the property thatP[Λ̄(0) = 0] = 1.

In compact form we writeπ(t) = π(0)At.
The benefits of approximating the classic SPRT algorithm with an absorbing Markov chain(S, A, π(0)) are sum-

marized in the next Proposition. Before stating it, we provide some useful definitions. First, letQ ∈ R
(n−2)×(n−2)

be the matrix obtained by deleting the first and the last rows and columns ofA. Observe thatI−Q is an invertible
matrix and that its inverseF := (I − Q)−1 is typically known in the literature as thefundamental matrixof the
absorbing matrixA. Second letA(1)

2:n−1 andA(n)
2:n−1 denote, respectively, the first and the last column of the matrix

A without the first and the last component, i.e.,A
(1)
2:n−1 := [a2,1, . . . , an−1,1]

T andA(n)
2:n−1 := [a2,n, . . . , an−1,n]

T .
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Finally, let e⌊ η0
δ
⌋+1 and 1n−2 denote, respectively, the vector of the canonical basis ofR

n−2 having 1 in the
(⌊η0

δ ⌋+ 1)-th position and the(n− 2)-dimensional vector having all the components equal to1 respectively.

Proposition .2 (SPRT as a Markov Chain) Consider the classic SPRT test. Assume that we model it through the
absorbing Markov chain(S, A, π(0)) described above. Then the following statements hold:

(i) p0|j(t) = π1(t)− π1(t− 1) and p1|j(t) = πn(t)− πn(t− 1), for t ∈ N;
(ii) P[sayH0|Hj ] = eT

⌊
η0
δ
⌋+1

Nā1 andP[sayH0|Hj ] = eT
⌊
η0
δ
⌋+1

Nān; and

(iii) E[T |Hj ] = eT
⌊
η0
δ
⌋+1

F1n−2.
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