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~ Abstract—We consider the problem of sensor selection for  In this paper, we consider the problem of quickest decision
time-optimal detection of a hypothesis. We consider a group of making and sequential probability ratio tests. Recent acks
sensors transmitting their observations to a fusion center. The in cognitive psychology [7] show that human performance

fusion center considers the output of only one randomly chosen . . - " .
sensor at the time, and performs a sequential hypothesis test. &V in decision making tasks, such as the "two-alternativeedrc

consider the class of sequential tests which are easy to implement,choice task,” is well modeled by a drift diffusion process, i
asymptotically optimal, and computationally amenable. For three by the continuous-time version of SPRT. Roughly speaking,
distinct performance metrics, we show that, for a generic set of modeling decision making as an SPRT process may be ap-

sensors and binary hypothesis, the fusion center needs to cone_rd propriate even for situations in which a human is making the
at most two sensors. We also show that for the case of multiple decision

hypothesis, the optimal policy needs at most as many sensors to ) . . . .
be observed as the number of underlying hypotheses. Sequential hypothesis testing and quickest detection-prob
Index Terms—Sensor selection, decision making, SPRT lems have been vastly studied [17], [4]. The SPRT for binary

MSPRT, sequential hypothesis testing, linear-fractional progran- ~d€cision making was introduced by Wald in [21], and was
ming. extended by Armitage to multiple hypothesis testing in [1].
The Armitage test, unlike the SPRT, is not necessarily op-

. INTRODUCTION timal [24]. Various other tests for multiple hypothesisties

In today’s information-rich world, different sources ard"d have been developed throughout the years; a survey is
best informers about different topics. If the topic unden<o Présented in [18]. Designing hypothesis tests, i.e., dhgos
sideration is well known beforehand, then one chooses tigesholds to decide within a given expected number of
best source. Otherwise, it is not obvious what source Bgrations, through any of the procedures in [18] is infbiesas
how many sources one should observe. This need to idenfig€ Of them provides any results on the expected sample size
sensors (information sources) to be observed in decisipreeduential test for multiple hypothesis testing was dgyed
making problems is found in many common situations, e.d" [5]; [10], and [11], which provides with an asymptotic

when deciding which news channel to follow. When a perséiPression for the expected sample size. This sequergtabte
decides what information source to follow, she relies inggah Cc2/léd the MSPRT and reduces to the SPRT in case of binary

upon her experience, i.e., one knows through experienceé wh4POthesis. _ o _ _
combination of news channels to follow. Recent years have witnessed a significant interest in the

In engineering applications, a reliable decision on the uH_roblem of sensor sglection for optimal detection gnd estim
derlying hypothesis is made through repeated measuremeHg¥- Tay et al [20] discuss the problem of censoring sensors
Given infinitely many observations, decision making can J&r decentralized binary detection. They assess the guafit
performed accurately. Given a cost associated to each-ob$§1S0r data by the Neyman-Pearson and a Bayesian binary
vation, a well-known tradeoff arises between accuracy amypothesis test and decide on which sensors should transmit
number of iterations. Various sequential hypothesis teate their observation at that time instant. Gupta et al [13] foon
been proposed to detect the underlying hypothesis withinstpchastic Sensor_selgctlon and minimize the error cavegia
given degree of accuracy. There exist two different class@§ @ process estimation problem. Isler et al [14] propose
of sequential tests. The first class includes sequentias te§EOMetric sensor selection schemes for error minimization
developed from the dynamic programming point of view! tf_;lr_get detection. Debouk_et al [9] formulate_ a Markovw_;\n
These tests are optimal and, in general, difficult to implé&€cision problem to ascertain some property in a dynamical
ment [5]. The second class consists of easily-implemeetal?lyStem’ and choosen sensors to minimize the assomgted cost.
and asymptotically-optimal sequential tests; a widelydgd VWang et al [22] design entropy-based sensor selection algo-
example is the Sequential Probability Ratio Test (SPRTijhms for target localization. Joshi et al [15] present awex
for binary hypothesis testing and its extension, the MultRptimization-based heuristic to select multiple sensas f

hypothesis Sequential Probability Ratio Test (MSPRT). optimz_il parameter estimation. Bajéwet al [3] d_iscuss sensor
selection problems for Neyman-Pearson binary hypothesis
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fractional functionals, some efficient iterative algonith have are presented in Section Ill. We develop the switching-sens

been proposed, including the algorithms by Falk et al [12] awversion of the SPRT and the MSPRT procedures in Section IV.

by Benson [6]. In Section V, we formulate the optimization problems for
In this paper, we analyze the problem of time-optimal séme-optimal sensor selection, and determine their smiuti

quential decision making in the presence of multiple sviitgh We elucidate the results obtained through numerical exesnpl

sensors and determine a sensor selection strategy to achigvSection VI. Our concluding remarks are in Section VII.

the same. We consider a sensor network where all sensors are

connected to a fusion center. The fusion center, at eacinist Il. PROBLEM SETUP

receives information from only one sensor. Such a situation

. : ) We consider a group af > 1 agents (e.g., robots, sensors,
arises when we have interfering sensors (e.g., sonar Snsor . ;
or cameras), which take measurements and transmit them to a

a fusion center with limited attention or information presig fusion center. We generically call these agents "sensue.”

capabilities, or sensors with shared communication ressur . . . . .

) ) . . |d?nt|fy the fusion center with a person supervising thenége
The fusion center implements a sequential hypothesis t%%d call it "the supervisor”

with the gathered information. We consider two such tests, P '

namely, the SPRT and the MSPRT for binary and multiple

hypothesis, respectively. First, we develop a version ef th S

SPRT and the MSPRT where the sensor is randomly switched

at each iteration, and determine the expected time thae thes / \
tests require to obtain a decision within a given degree of

accuracy. Second, we identify the set of sensors that maeimi A A A

the expected decision time. We consider three different cos
functions, namely, the conditioned decision time, the wors
case decision time, and the average decision time. We sh@y/ 1. The agents! transmit their observation to the supervisgrone at
that the expected decision time, conditioned on a given tiypothe time. The supervisor performs a sequential hypothesistdedecide on
esis, using these sequential tests is a linear-fractiomaition e Underlying hypothesis.

defined on the probability simplex. We exploit the special i ) )

structure of our domain (probability simplex), and the fact 1he goal of the supervisor is to decide, based on the
that our data is positive to tackle the problem of the sum aff¢asurements it receives, which of thé > 2 alternative
the maximum of linear-fractional functionals analytigalour YPOtheses or “states of naturd/y, & € {0,..., M —1} is

approach provides insights into the behavior of these fonst  CO"TeCt: For doing so, the supervisor uses sequential hgpist
The major contributions of this paper are: tests, which we briefly review in the next section.

We assume that only one sensor can transmit to the supervi-
i) We develop a version of the SPRT and the MSPRJyy at each (discrete) time instant. Equivalently, the siper
where the sensor is selected randomly at each obsgin process data from only one of theagents at each time.
vation. Thus, at each time, the supervisor must decide which sensor
i) We determine the asymptotic expressions for the thres§hoyld transmit its measurement. We are interested in findin

olds and the expected sample size for these sequeniid optimal sensor(s), which must be observed in order to

 lests. o _ minimize the decision time.
iif) We incorporate the processing time of the sensors into \we model the setup in the following way:

these models to determine the expected decision time.

iv) We show that, to minimize the conditioned expected
decision time, the optimal policy requires only one
sensor to be observed.

i) Let s; € {1,...,n} indicate which sensor transmits its
measurement at time instaht N.
i) Conditioned on the hypothesHy, k € {0,..., M —1},

. the probability that the measurement at sensi@y, is
v) We show that, for a generic set of sensors awd P y 4

: . . denoted byfk(y).
underlying hypotheses, the optimal average demsmqii) The prior yjrjré%élbility of the hypothesisily, k €
time policy requires the fusion center to consider at most {0 M — 1}, being correct isry ’

. IJ:w st(;nsg_rs. hvbothesi identify th i Iiv) The measurement of sensoat timel is y,,. We assume
vi) For the binary hypothesis case, we identify the optima that, conditioned on hypothesiBy, y,, is independent

set of sensors in the worst case and the average decision R =
time minimization problems. Moreover, we determine an of y(sq), for (I, s1) # (L, s1).

) On probiems. ’ ) ) The time it takes for senserto transmit its measurement
optimal probability distribution for the sensor selection (or for the supervisor to process it) & > 0

vii) In_the_ worst case and the average decision time m!r"'vi) The supervisor chooses a sensor randomly at each time
mization problems, we encounter the problem of min-

o ) ) ; instant; the probability to choose sensois stationary
imization of sum and maximum of linear-fractional

) . and given byg;.
funcyongls.' We. treat t.h ese.problems_ analytically, anQ/ii) The supervisor uses the data collected to execute a
provide insight into their optimal solutions.

sequential hypothesis test with the desired probability of
The remainder of the paper is organized in following way. In incorrect decision, conditioned on hypothesis, given
Section Il, we present the problem setup. Some prelimisarie by ay.



viii) We assume that there are no two sensors with identicalGiven the probability of false alarif?(H;|Hy) = oy and
conditioned probability distributiorf*(y) and process- probability of missed detectioft(Hy|H;) = a1, the Wald's
ing time 7. If there are such sensors, we club therthresholds), andr; are defined by
together in a single node, and distribute the probability

. (€3] 1— (&%)
assigned to that node equally among them. no = log 7— . and 7, = log o 3)
The expected sample siz&, for decision using SPRT is
A. Linear-fractional function 1— —
. E [N|Ho] — (1 =—a)m 3‘ 0410771 >\07 and

Given parameterst € R9*?, B € RY, ¢ € R?, andd € R, D(fo 1) @)

the functiong : {z € R? | ¢’z +d > 0} — RY, defined by E[N|H,] — aino+ (I —a1)n — o

1 )

Ao+ B D(fT, 1)
g(x) = Tr+d as—mng,1n1 — oo. The asymptotic expected sample size expres-

is called alinear-fractional function[8]. A linear-fractional sions in equation (4) are valid for large thresholds. Theafse

:( nction | ! i n\; « l:/v ”' ' il cav ;n rtithes;e asymptotic expressions as approximate expectedesamp
unction I quast-convex as well as quasi-concave. In @arll;, ¢ is o standard approximation in the information thery |
ular, if ¢ = 1, then any scalar linear-fractional functign

erature, and is known as Wald’s approximation [4], [17],][19

satisfies For given error probabilities, the SPRT is the optimal se-
gtz + (1 —t)y) < max{g(x),g(y)}, ) quential binary h)_/pothesis test, if the sample size is cmrsd
gtz + (1 —t)y) > min{g(x), g(y)}, as the cost function [19].

T
forall ¢ € [0,1] andz,y € {z € R? | ¢"z +d > 0}. D. Multi-hypothesis Sequential Probability Ratio Test

The MSPRT for multiple hypothesis testing was introduced
B. Kullback-Leibler distance in [5], and was further generalized in [10] and [11]. It is

Given two probability distributions functionf : R — R describ.e_d_ as follows. Givedl/ hypotheses vv_ith their p.r_ior
and f, : R — Rso, the Kullback-Leibler distance® : £1 x probabilitiesry, k € {0, ..., M — 1}, the posterior probability

L' = R is defined by after N observationsy;,l € {1,..., N} is given by
N
f1(X)] / fi(z) e I f% (yr)
D =E |l = 1 dx. —
(F1, £2) [Og f2(X) Rf1(:v) ® h@) ™ ph =P(H = Hilyr, ... ,yn) = 575 l 1n . ;
Further,D(f1, f2) > 0, and the equality holds if and only if j; T <11=11f](yl))

= fo almost everywhere.
fi=ra W where f* is the probability density function of the observation

of the sensor, conditioned on hypothegis

C. Sequential Probability Ratio Test Before we state the MSPRT, for a givéh, we definek by
The SPRT is a sequential binary hypothesis test that pro- . N
vides us with two thresholds to decide on some hypothesis, k= jef{s‘ggmﬁfl}”jlgf ().

opposed to classical hypothesis tests, where we have a&sing| o o i
threshold. Consider two hypothesi, and H;, with prior The MSPRT at each sampling iteratibms defined as

1

probabil?tiesﬂ_o qnd 2y respe_ctively. Given Teiroconditional pF > 1+7]k7f0r at least one:, say H;,
probability distribution functionsf(y|Hy) = f’(y) and herwi . i
f(ylHy) = f*(y), and repeated measuremefits, s, ...}, otherwise, continue sampling,
with A\ defined by where the thresholds, for given frequentist error probabili-
Ao = log ﬂ7 (2) ties (accept a given hypothesis wrongly), & € {0,..., M —
o 1}, are given by
the SPRT provides us with two constamtsand; to decide N = i , (5)
on a hypothesis at each time instantn the following way: TkTk
i) Compute the log likelihood ratio); := log ;;Eyz; where~, € ]0,1] is a constant function of* (see [5])._
& It can be shown [5] that the expected sample size of the
ii) Integrate evidence up to tim&’, i.e., Ay = > A, MSPRT, conditioned on a hypothesis, satisfies
1=0
. . . . 1
iii) Decide only if a threshold is crossed, i.e., E[N|H)] — 0g le’ as  max 1 — 0T,
Ok ke{0,...,M—1}
Ay > n1, say Hy, . PP
Ay <10, say Ho, wheredy, = min{D(f", f7) | j € {0,...,. M — 1} \ {k}}.

The MSPRT is an easily-implementable hypothesis test and

Aw € mo,m], continue sampling is shown to be asymptotically optimal in [5], [10].



V. SEQUENTIAL HYPOTHESIS TESTS WITH SWITCHING  the processing time of sensors are independent. Hence, the
SENSORS expected value of the decision tinig is

A. SPRT with switching sensors E[T4|Hy) =E[N|H,|E[T], foreachk € {0,1}. (8)
Consider the case when the fusion center collects data fr

n sensors. At each iteration the fusion center looks at on
sensor chosen randomly with probabiligy, s € {1,...,n}. -
E[T) =) o

the definition of expected value,

The fusion center performs SPRT with the collected data. ©)
We define this procedure as SPRT with switching sensors. If _ _
we assume that senser is observed at iteratioh, and the From equations (6), (8), and (9) it follows that
observed value igj;,, then SPRT with switching sensors is n
described as following, with the thresholglg and»; defined ;qus q-T
in equation (3), and\, defined in equation (2): E[Ta|Hy] = 35 =T for eachk € {0, 1},
i) Compute log likelihood ratio: é;qslﬁ
A = lo fs, (Z/sl)7 where ¥ € R, is a constant, for each € {0,1}, ands €
0 (ys)) {1,...,n}. [ |
. . . - N
i) Integrate evidence up to timd/, i.e.,, Ay := Y\, B. MSPRT with switching sensors
. . . . =0
iif) Decide only if a threshold is crossed, i.e., We call the MSPRT with the data collected framsensors

while observing only one sensor at a time as the MSPRT with

An >, say Hi, switching sensors. The one sensor to be observed at each time
An <o, say H, is determined through a randomized policy, and the proibabil
AN €]no,m[, continue sampling of choosing sensos is stationary and given by,. Assume

that the sensos; € {1,...,n} is chosen at time instant

ITem.ma 1 (Expected s.ample sizépr the SPRT with l, and the prior probabilities of the hypothesis are given by
switching sensors described above, the expected samgle $IZ 1 ¢ (0 M — 1}, then the posterior probability after

conditioned on a hypothesis is asymptotically given by: 5, observationg),,l € {1,..., N} is given by

(1= ao)mo + aom — Ao

E [N|Ho] — - and ™, H f k()
0 1
5;1(]81)( safs) (6) p?V:P(Hklyl,...,yN): 1 ) s
1— _ ZW(Hfg(yz))
E [N|H1} N 170 ;:_ ( ()‘1)771 )\0’ j=0 J =1 !
Zlqsp( 3 1) Before we state the MSPRT with switching sensors, for a

given N, we definek by
as —1o, N1 — 0.

Proof: Similar to the proof of Theorem 3.2 in [23].m k= argmax T H f ().
The expected sample size converges to the values in equa- k€{0,....M—1} o

tion (6) for large thresholds. From equation (3), it foIIow1s:0r the thresholdsys, k € {0,...,M — 1}, defined in

fﬂa;hlgrgrgrrgzzﬁzztrﬂ%? f[:r(])(reresgogrd x)esgséhzéoihrgf?rflgrr guaﬂon (5), the MSPRT with SW|tch|ng sensors at each
pap ampllng iterationV is defined by

probabilities are chosen small enough, so that the above

asymptotic expression for sample size is close to the actualf p* > 1+n , for at least onek, say Hj,

expected sample size. _ otherwise, continue sampling.
Lemma 2 (Expected decision time}iven the processing

time of the sensorg},,s € {1,...,n}, the expected decision Before we state the results on asymptotic sample size and
time of the SPRT with switching sensaofg, conditioned on expected decision time, we introduce the following notatio
the hypothesigiy, k € {0,1}, is For a given hypothesi¢i;, and a sensos, we deflnej( )
by
ZlquS q- T j(s h) EﬁrgTj?l}D( fa fg>
E [Ty|Hy) = = = T for eachk € {0,1}, (7) A
Ik ' , n
sz::lq‘ ° We also define€p : A, x (L™ x (£Y)" — R by

whereT, I* € R2, are constant vectors for ea@he {0,_1}._ (g, %, %) Z ey
Proof: The decision time using SPRT with switching (¢: asD(f2 5 ’

sensors is the sum of sensor’'s processing time at each iter- _

ation. We observe that the number of iterations in SPRT aMdiere A, represents the probability simplex Kr".



Lemma 3 (Expected sample siz§iven thresholds);, j € hypothesis setting, we consider the single aggregate tlgec

{0,..., M — 1}, the sample sizeV required for decision function constructed as the average of the conditionedsuberi
satisfies times. An analytical treatment of this function for > 2, is
E [N]Hi] - 1 ‘ difficult. We determine the optimal number of sensors to be
—logme  Eplq, f*, k)’ observed, and direct the interested reader to some iterativ
as  max 7 — 0. algorithms to solve such optimization problems. This case i
7€{0,.. ., M—1} © also considered under Scenario IlI.

Proof: The proof follows from Theorem 5.1 of [5] and

X Before we pose the problem of optimal sensor selection, we
the observation that

introduce the following notation. We denote the probapilit

1 N ffl (X;) n e simplex inR™ by A, _1, and the vertices of the probability
Nlinooﬁ Ogm = quD( <> 1) simplex A,,_; by e;, i € {1,...,n}. We refer to the line
=1 st\ s=1 joining any two vertices of the simplex as a&adge Finally,
B we defineg®*: A, =R, ke {0,...,M —1}, by
Lemma 4 (Expected decision time}iven the processing . q-T
time of the sensordy,s € {1,...,n}, the expected deci- g"(q) = Ik
sion time T, conditioned on the hypothesi#;, for each 1
ke {0,...,M — 1}, is given by A. Scenario | (Optimization of conditioned decision time):
—logm ¢ T We consider the case when the supervisor is trying to
E [Ty|Hg] = 7kﬁZqSTS = — (10) detect a particular hypothesis, irrespective of the prebgn
Epla, f*. k)szl g1 pothesis. The corresponding optimization problem for adfixe

whereT, I* € R”, are constants. k€ {0,...,M — 1} is posed in the following way:

Proof: Similar to the proof of Lemma 2. [ ] minimize ¢*(q)
subjectto ¢ € A, 1.
V. OPTIMAL SENSOR SELECTION The solution to this minimization problem is given in the
In this section we consider sensor selection problems willowing theorem.
the aim to minimize the expected decision time of a sequientia Theorem 1 (Optimization of conditioned decision time):
hypothesis test with switching sensors. As exemplified fhe solution to the minimization problem (11) & = e,-,
Lemma 4, the problem features multiple conditioned denisiavheres* is given by
times and, therefore, multiple distinct cost functions afe T
interest. In Scenario | below, we aim to minimize the decisio § = argmin -,
time conditioned upon one specific hypothesis being true; in o o s
Scenarios Il and Il we will consider worst-case and averag'j’é‘d the minimum objective function is
decision times. In all three scenarios the decision vesgbl . T
take values in the probability simplex. E[T2|Hy] = Ik (12)
Minimizing decision time conditioned upon a specific hy- — poof: We notice that objective function is a linear-
pothesis may be of interest when fast reaction is requirgdctional function. In the following argument, we show ttha

in response to the specific hypothesis being indeed true. k& minima occurs at one of the vertices of the simplex.
example, in change detection problems one aims to quickly\e first notice that the probability simplex is the convex

detect a change in a stochastic process; the CUSUM algorithQy) of the vertices, i.e., any poirtin the probability simplex
(also referred to as Page’s test) [16] is widely used in sughn pe written as

problems. It is known [4] that, with fixed threshold, the n n
CUSUM algorithm for quickest change detection is equivalen j= Zases’ ZO‘S =1, and oz >0.
to an SPRT on the observations taken after the change has s—1 =1

occurred. We consider the minimization problem for a singlge invoke equation (1), and observe that for sashe [0, 1]

(11)

conditioned decision time in Scenario | below and we shojhd for anys,r € {1,...,n}
that, in this case, observing the best sensor each time is the i - A
optimal strategy. 9" (Bes + (1 = Bler) = min{g~(es), 9" (er)},  (13)

In general, no specific hypothesis might play a special rojghich can be easily generalized to
in the problem and, therefore, it is of interest to simultane b/~ . L
ously minimize multiple decision times over the probabilit g:(@) = _min g"(es), (14)
simplex. This is a multi-objective optimization problemda ¢, any point g in the probability simplexA,_ ;. Hence,
may have Pareto-optimal solutions. We tackle this problefinima will occur at one of the vertices,-, where s* is
by constructing a single aggregate objective function.hie t ;i ,an by
binary hypothesis case, we construct two single aggregate T
objective functions as the maximum and the average of the two s* = argmin g*(e,) = argmin =
conditioned decision times. These two functions are dsstis se€{l,...,n} se{l,..,n}"s

in Scenario Il and Scenario Il respectively. In the mukipl [ ]



B. Scenario Il (Optimization of the worst case decision Jimeg®(¢*) > ¢'(¢*). Also, ¢°(7) = ¢'(g), and¢°(¢*) < ¢°(q)
For the binary hypothesis testing, we consider the mulfy assumption. _ _
objective optimization problem of minimizing both decisio e invoke Lemma S, and notice thett andg' can intersect
times simultaneously. We construct single aggregate tipjec 3t MOst once on a line. Moreover, we note t@égff) >
function by considering the maximum of the two objectivé (¢*), hence, along the half-line fromthroughg®, ¢° > g,
functions. This turns out to be a worst case analysis, and @t iS.g = ¢°. Sinceg®(¢") < ¢°(q), g is decreasing along

optimization problem for this case is posed in the foIIowing1i$ half-line. Henceg should achieve its minimum at the
way: oundary of the simplex\,,_,, which contradicts that* is

in the relative interior of the simpleX\,,_;. In summary, if

o 0 ) a minimum ofg lies in the relative interior of the probability
minimize  max {¢"(q).9'(q)}, (15) simplexA,,_1, then it lies at the intersection of the graphs of
subjectto g€ A, ;. g andg'.
The same argument can be applied recursively to show that
a minimum lies at some poing’ on the boundary, then
either g°(¢") = g'(¢") or the minimum lies at the vertexm

In the following arguments, lef) be the set of points in the

Before we move on to the solution of above minimizatior}
problem, we state the following results. !
Lemma 5 (Monotonicity of conditioned decision times):

The functionsg”®, k& € {0,...,M — 1} are monotone on . lex A h 0_ o1 that |

the probability simplexA,,_;, in the sense that given twoSIMPIEXAn—_1, Whereg® = g7, that s,

point.s 4,92 € A, 1, the .function g~ is mopotonically Q={geA,_1|q-(I°-T1") =0} (16)

non-increasing or monotonically non-decreasing along the ) _ ) )

line joining ¢; and g,. Also notice that the se is non empty if and only if* —I*
Proof: Consider probability vectorg;, g, € A,_;. Any has at least one non-negative and one non-positive enthe If

point ¢ on line joining ¢; and ¢, can be written ag/(t) = set@ is empty, then it follows from Lemma 6 that the solution

tq1 + (1 — t)ga, t €]0,1]. We note thay*(q(t)) is given by: of optimiza_ti_on problem in equation (15) Ii_es at some vedex
the probability simplexA,,_;. Now we consider the case when
gk( () = ta 'T) + (1 —1)(g-T) ) Q@ is non empty. We assume that the sensors have been re-
t(qr - I%) + (1 = t)(g2 - I¥) ordered such that the entriesifi— I* are in ascending order.
We further assume that, fa@f — I, the firstm entries,;n < n,
are non positive, and the remaining entries are positive.

The derivative ofy* along the line joining; andgs is given

by Lemma 7 (Intersection polytope)f the set@ defined in
d equation (16) is non empty, then the polytope generated by
%gk(Q(t)) = (¢"(a1) = 9" (a2)) the points in the se) has vertices given by:
k k
« (@ -")g- I7) O={q" |se{l,...om}andre {m+1,....n}},
(t(qr - 1) + (1 = 1) (g2 - I¥))? :
where for each € {1,...,n}
We note that the sign of the derivative gf along the line (1°-11) e
joining two points ¢, ¢, is fixed by the choice of; and , q—m—ai—my 1=
¢2. Hence, the functio” is monotone over the line joining 3" =q1-g, it i=r, A7)
q1 and g;. Moreover, note that i*(q1) # ¢*(¢2), then g¥ 0, otherwise
is strictly monotone. Otherwisg;* is constant over the line ] - . :
joining ¢ andgs. - Proof: Any ¢ € @ satisfies the following constraints
Lemma 6 (Location of min-maxPefineg : A,,_1 — Rxg n
by g = max{¢°, g'}. A minimum of g lies at the intersection qu =1 ¢ €[0,1], (18)
of the graphs of,® andg!, or at some vertex of the probability =
simplexA,,_;. 0 71y _
Proof: Case 1: The graphs @f andg' do not intersect Sz:;qs(fs L) =0, (19)

at any point in the simplex\,, ;.
In this case, one of the functiong and ¢' is an upper
bound to the other function at every point in the probability n—1 (IO — Iy — (19 — I1)

Eliminating ¢,,, using equation (18) and equation (19), we get:

simplexA,,_;. Hence,g = ¢*, for somek € {0,1}, at every ~ »_f:¢« =1, where j, = o= . (20)
point in the probability simplex\,,_;. From Theorem 1, we s=1 noon
know that the minima of/* on the probability simplex\,,_;  The equation (20) defines a hyperplane, whose extreme points
lie at some vertex of the probability simple,, ;. in R’;gl are given by
Case 2: The graphs gf andg' intersect at a saf) in the - 1
probability simplexA,,_1, and letg be some point in the set = 5—65, te{l,...,n—1}.
Q. s
Suppose, a minimum off occurs at some poing* € Note that fors € {1,...,m}, ¢*" € A,_;. Hence, these

relint(A,,—1), andg* ¢ @, where relint-) denotes the relative points define some vertices of the polytope generated bygoin
interior. With out loss of generality, we can assume that the set(). Also note that the other vertices of the polytope



can be determined by the intersection of each pair of linesLemma 8 (Non-vanishing Jacobian}he objective func-

through¢®™ and¢"™, andes ande,., for s € {1,...,m}, and tion in optimization problem in equation (21) has no critica
r € {m+1,...,n—1}. In particular, these vertices are giverpoint on A,,_; if the vectorsT,1° ..., I1M~1 ¢ R2, are
by ¢*" defined in equation (17). linearly independent.

Hence, all the vertices of the polytopes are definedjtiy Proof: The Jacobian of the objective function in the
se{l,....,m}, r € {m+1,...,n}. Therefore, the set of optimization problem in equation (21) is
vertices of the polygon generated by the points in the(get M1
is Q n 10 k

: > g" =Tu(g),

Before we state the solution to the optimization problem M Jq i

(15), we define the foIIov(\:lng.1 0 1 wherel' — % [T o0 _IM*I} € RO ang
(S* T‘*) c argmin (Ir - Ir)Ts - (Is - Is )Tr and 1/) . A . R]\I+1 is defined b
’ re{m+1,...,n} 131179 - Igl} 7 Fonel y
se{l,...,m} - M—1 L oT 0T T
oo (I~ T — (19— IL)T, o= | S e o o
gtwo-sensorés T ) = 7170 — 70 1L : k=0
. o o For n > M, if the vectorsT,I°, ..., I™~1 are linearly
We also define independent, thed" is full rank. Further, the entries of
. . T, Ty are non-zero on the probability simplek,,_;. Hence, the
w= wzggr'rj[g}max{ 10 [1})} , and Jacobian does not vanish anywhere on the probability sknple
' T.T A,_q. [ ]
Jone-sensdiw™) = max{lg’, ITJ} . Lemma 9 (Case of Independent Informatiofpr M = 2,

if 79 andI! are linearly independent, arfd = agI° + o I,
Theorem 2 (Worst case optimizatiorfjor the optimization for someag, a1 € R, then the following statements hold:

prOblem (15), an Optlmal prObab”lty vector is given by |) if ap anda; have Opposite SignS, th@Q + gl has no

critical point on the simplex\,,_;, and

. i) for g, a1 > 0, g°+¢* has a critical point on the simplex

;I Gone-sensditv™) > giwo-sensorks™, ), A, if and only if there existy € A,,_; perpendicular

and the minimum value of the function is given by: to the vectory/agI® — /o I'.

Proof: We notice that the Jacobian ¢f + ¢' satisfies

0y2 1\2 9 0 1

Proof: We invoke Lemma 6, and note that a minimum (g-1)(a-I') %(g +9)

shpulq lie at some vertex of the simplex,,_;, or at some =T((q- I%q- 1Y +(¢-ITY)(q- [0)2) (22)

point in the setQ. Note thatg” = ¢' on the setQ, hence the - T)(q- 1Y = I (q- T)(q - I°)?

problem of minimizing makg®, ¢'} reduces to minimizing ¢ 1 q 1 '

¢" on the set). From Theorem 1, we know that achieves Substituting?’ = aoI° + o, 1", equation (22) becomes

the minima at some extreme point of the feasible region. From

Lemma 7, we know that the vertices of the polytope generated(, . 1°)2(q - ]1)22(90 +gY)

by points in setQ are given by set). We further note that 9q

Gwo-sensorks, ) and gone-sensdiw) are the value of objective = (ao(g-1°)* —ai(q-I")?) ((q- I")I° = (q- I°)I").

function at the points in the sep and the vertices of the

probability simplexA,,_1 respectively, which completes the

q* _ {ew*v if gone—sensocrw*) < gtwo—sensorQS*a 7'*)7

~s¥r®
q

min {gone-sens&w* ) ) gtwo-sensorés* » r ) } .

SinceI?, andI' are linearly independent, we have

1o}
proof. " afq(g°+gl)=0 = aolg- I°)* —ai(qg- I')* =0.
C. Scenario Il (Optimization of the average decision time)Hence,g” + ¢g* has a critical point on the simple&,,_; if
and only if

For the multi-objective optimization problem of minimigin
all the decisi_on times simultanepus_ly on th(=T simplex, we for aolq - ]0)2 = ay(q- ]1)2_ (23)
mulate the single aggregate objective function as the geera ) o )
of these decision times. The resulting optimization proble Notice that, ifag, anda; have opposite signs, then equation

for M > 2, is posed in the following way: (23) can not be satisfied for agye A,,_;, and hencey’+4°*
has no critical point on the simpleX,, ;.
minimize %(gO(Q) b4 M), = If o, 1 > 0, then equation (23) leads to
subjectto ¢ € A, 1. q- (\/Oéofo - \/011—71) =0.

In the following discussion we assume > M, unless Thereforeg®+g' has a critical point on the simpleX,, _; if
otherwise stated. We analyze the optimization problem &nd only if there existy € A,,_; perpendicular to the vector
equation (21) as follows: Vaol® — JarIt. ]



Lemma 10 (Optimal number of sensor§jor n > M, if Notice that the two terms in equation (24) have opposite

each(M + 1) x (M + 1) submatrix of the matrix sign. Setting the derivative to zero, and choosing the vafue
Lol T —° JIe RX(M+1) tin [0,1], we gett* = -, wherey is as defined in the
a [ B N ] < statement of the theorem. The optimal value of the function
is full rank, then the following statements hold: can be obtained, by substitutiig= ¢* in the expression for
i) every solution of the optimization problem (21) lies orz (9°(a(t)) +91(Q(t)))_- _ S u
the probability simplexA,;_1 C A,_1; and Theorem 3 (Optimization of average decision timEjr
ii) every time-optimal policy requires at most/ sensors the optimization problem in equation (21) with = 2, the
to be observed. following statements hold:
Proof: From Lemma 8, we know that if, 10, ..., [M~1 iy If I°, I' are linearly dependent, then the solution lies at

are linearly independent, then the Jacobian of the objectiv  Some vertex of the simpleR,, ;.
function in equation (21) does not vanish anywhere on theil) If 7° and' are linearly independent, aid = aol° +

simplexA,,_;. Hence, a minimum lies at some simplay,_», oan I, ap, ;1 € R, then the following statements hold:

which is the boundary of the simplex,, ;. Notice that, ifn > a) If ag anday have opposite signs, then the optimal

M and the condition in the lemma holds, then the projections solution lies at some edge of the simpléyx, ;.

of T,1°,...,I™~1 on the simplexA,_, are also linearly b) If ag,a; > 0, then the optimal solution may lie in

independent, and the argument repeats. Hence, a minimum the interior of the simplex\,,_;.

lies at some simplex y,—1, which implies that optimal policy i) If every 3 x 3 sub-matrix of the matri{7 1° I'] ¢

requires at mosf/ sensors to be observed. u R"*3 is full rank, then a minimum lies at an edge of
Lemma 11 (Optimization on an edgepiven two vertices the simplexA,,_;.

es ande,, s # r, of the probability simplexA,, 1, then for
the objective function in the problem (21) withl = 2, the
following statements hold:

Proof: We start by establishing the first statement. Since,

I° and I' are linearly dependent, there existsya> 0 such

that 10 = yI'. For I° = 41, we haveg® + ¢ = (14 v)g¢".

i) if g%(es) < g°er), and g'(es) < g'(er), then the pence, th?e minima ofy”l g' lies at ?he sgame (poinnghere
minima, along the edge joining; ande,, lies ates, ;0 achieves the minima. From Theorem 1, it follows thét
and optimal value is given by(g°(e) + g'(es)); and  achieves the minima at some vertex of the simplex ;.

i) it g%(es) > g%(er), andg'(es) < g*(er), Or vice versa, prove the second statement, we note that from Lemma 9,
then the minima, along the edge joining ande,, lies  j; follows that if o, and a; have opposite signs, then the
at the pointg™ = (1 —1*)e, + t"e,, where Jacobian of° + g' does not vanish anywhere on the simplex

o R c0.1] A,,_1. Hence, the minima lies at the boundary of the simplex.
S 1l4p b Notice that the boundary, of the simpléx, _,, aren simplices
10 \/TSL} — T -1 \/TTIQ —T,10 . An__Q. ITI_otice that t][]ehgrgumenlt repAeats tri]ll>h2. Herr:ce,dthe
B= ) optima lie on one of th€’) simplicesA;, which are the edges
LN - T = 9T - T of the original simplex. I\Z/Ioreover, we note that from Lemma 9,
and the optimal value is given by it follows that if ag,a; > 0, then we can not guarantee the
1 number of optimal set of sensors. This concludes the proof of
—(6°(¢") + g'(¢")) the second statement.
2 9 To prove the last statement, we note that it follows im-
1 T} — T, 1! T.10 — T,I0 mediately from Lemma 10 that a solution of the optimization
D) 1071 — 197} 1071 — 1971 problem in equation (21) would lie at some simpl&x, which
is an edge of the original simplex. |
Proof: We observe from Lemma 5 that bogif, and g* Note that, we have shown that, fdf = 2 and a generic

are monotonjc%lly non—igcreasing or non-decl:reasing alny set of sensors, the solution of the optimization problem in
line. Hence, ifg”(es) < ¢"(er), andg’(es) < g'(e,), thenthe  equation (21) lies at an edge of the simplex_;. The optimal
minima should lie ae;. This concludes the proof of the firstvalue of the objective function on a given edge was deterdhine
statement. We now establish the second statement. We nateemma 11. Hence, an optimal solution of this problem can
that any point on the line segment connectingande, can pe determined by a comparison of the optimal values at each
be written asy(t) = (1 — t)e, + te,. The value ofg” + ¢' at  edge.
qis For the multiple hypothesis case, we have determined
1—t)Ts +tT, 1—t)Ts +tT, the time-optimal number of the sensors to be observed in
$la(t) + g'(a0) = L= e

(1—0)I0+t1° " (1—t)IL +¢71° Lemma 10. In order to identify these sensors, one needs to
S ” S ”
Differentiating with respect te, we get

solve the optimization problem in equation (21). We notice
that the objective function in this optimization problemmisn-
/ ! convex, and is hard to tackle analytically fof > 2. Interested
9% (a(1) +¢" (a(t)) ytically tof - . _
reader may refer to some efficient iterative algorithms in
07, — T, I° IM,. — T,I}

= . (29) linear-fractional programming literature (e.g., [6]) tohse
(19 + IR = 1)) (I3 + (I} —1]))? these problems.




TABLE IV

VI. NUMERICAL EXAMPLES CONDITIONAL PROBABILITIES OF MEASUREMENT BEING ZERO
We consider four sensors connected to a fusion center. Sensor Probability(0)
We assume that the sensors take binary measurements. The Hypothesis 0] Hypothesis 1| Hypothesis 2
probabilities of their measurement being zero, under two 1 0.4218 0.2106 0.2769
hypotheses, and their processing times are given in the Tabl 2 0.9157 0.0415 0.3025
3 0.7922 0.1814 0.0971
TABLE | 4 0.9595 0.0193 0.0061
CONDITIONAL PROBABILITIES OF MEASUREMENT BEING ZERO
. o TABLE V
Sensor Probability(0) Processing Time CONDITIONAL PROBABILITIES OF MEASUREMENT BEING ONE
Hypothesis 0| Hypothesis 1
1 0.4076 0.5313 0.6881 Sensor Probability(1)
2 0.8200 0.3251 3.1960 Hypothesis 0| Hypothesis 1| Hypothesis 2
El 0.7184 0.1056 5.3086 1 0.1991 0.6787 0.2207
4 0.9686 06110 6.5445 2 0.0813 0.7577 0.0462
3 0.0313 0.7431 0.0449
4 0.0027 0.5884 0.1705

We performed Monte-Carlo simulations with the mis-
detection and false-alarm probabilities fixed H#i—3, and

computed expected decision times. In Table I, the numkrica

expected decision times are compared with the decisiorstin¢!€ction policy is presented in Table VI. Again, the sigaifit
obtained analytically in equation (7). The difference ire thdifference between the average decision time in the uniform

numerical and the analytical decision times is explained d the optimal policy is evident.
the Wald’s asymptotic approximations. TABLE VI
COMPARISONS OF THE UNIFORM AND AN OPTIMAL POLICY

TABLE |I

DECISION TIMES FOR VARIOUS SENSOR SELECTION PROBABILITIES Policy Selection Probability | Average Decision Time
q* Analytical | Numerical

_ N Optimal | [0, 0.9876, 0, 0.0124]| 38.57 4276

Sensor selection Expected Decision Time Uniform | [0.25, 0.25, 0.25, 0.25] 5477 5414

probability .29, 0.25, 0.25, 0. . .
Hypothesis 0 Hypothesis 1
Analytical | Numerical | Analytical | Numerical . .

[1,0,0,0] 154.39 156.96 152.82 157.26 We note that the optimal results, we obtained, may only
g’gg%gggfgﬁ] 152546345 152996326 gg-ig ZS?@ be sub-optimal because of the asymptotic approximations
[0.25.0.25,0.25.0.25] ' : ' ' in equations (3) and (5). We further note that, for small

error probabilities and large sample sizes, these asyioptot
In the Table Ill, we compare optimal policies in eactapproximations yield fairly accurate results [5], and irtfa
Scenario |, I, and Il with the policy when each sensothis is the regime in which it is of interest to minimize the

is chosen uniformly. It is observed that the optimal policgxpected decision time. Therefore, for all practical psgs
improves the expected decision time significantly over ttBe obtained optimal scheme is very close to the actual @ptim
uniform policy. scheme.

TABLE Il
COMPARISON OF THE UNIFORM AND OPTIMAL POLICIES VII. CONCLUSIONS

In this paper, we considered the problem of sequential

Scenario | Uniform policy Optimal policy . . .
Objective | Optimal probability | Optimal objectve ~ d€cision making. We developed versions SPRT and MSPRT
function vector function where the sensor switches at each observation. We used these

|I| gggg 818&'8 ié-gi sequential procedures to decide reliably. We found out ¢he s
i =68 [0.:0.4788.0 5212.0] 355 of optimal sensors to decide in minimum time. For the binary

hypothesis case, three performance metrics were condidere
and it was found that for a generic set of sensors at most
We performed another set of simulations for the multtwo sensors are optimal. Further, it was shown that ¥or
hypothesis case. We considered a ternary detection problemderlying hypotheses, and a generic set of sensors, analpti
where the underlying signal = 0,1,2 needs to be detectedpolicy requires at most/ sensors to be observed. A procedure
from the available noisy data. We considered a set of fofor identification of the optimal sensor was developed. l&a th
sensors and their conditional probability distributiongisen binary hypothesis case, the computational complexity ef th
in Tables IV and V. The processing time of the sensors wepeocedure for the three scenarios, namely, the conditioned
chosen to be the same as in Table I. decision time, the worst case decision time, and the average
The set of optimal sensors were determined for this s#écision time, wa€)(n), O(n?), andO(n?), respectively.
of data. Monte-Carlo simulations were performed with the Many further extensions to the results presented here are
thresholdsy,., k € {0,..., M — 1} set at1l0~—®. A comparison possible. First, the time-optimal scheme may not be energy
of the uniform sensor selection policy and an optimal sensoptimal. In particular, the time optimal set of sensors may b



the most distant sensors from the fusion center. Given teat {22] H. Wang, K. Yao, G. Pottie, and D. Estrin.

power to transmit the signal to the fusion center is propaogi

to the distance from the fusion center, the time-optimaeswd 55
is no where close to the energy optimal scheme. This trade off
can be taken care of by adding a term proportional to distariéél

in the objective function.

When we choose only one or two sensors every time, issues
of robustness do arise. In case of sensor failure, we need to
determine the next best sensor to switch. A list of sensors,
with increasing decision time, could be prepared befordhan
and in case of sensor failure, the fusion center should Bwitc

to the next best set of sensors.
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