Quantized average consensus via dynamic coding/decoding
schemes

Ruggero Carlil*, Francesco Bullo', and Sandro Zampieri?

L Center for Control, Dynamical Systems and Computation, University of California at Santa Barbara,
Santa Barbara, CA 93106, USA,
2 Department of Information Engineering, University of Padova, Via Gradenigo 6/a, 35131 Padova, Italy

SUMMARY

In the average consensus a set of linear systems has to be driven to the same final state which
corresponds to the average of their initial states. This mathematical problem can be seen as the
simplest example of coordination task. In fact it can be used to model both the control of multiple
autonomous vehicles which all have to be driven to the centroid of the initial positions, and to model
the decentralized estimation of a quantity from multiple measure coming from distributed sensors.
This contribution presents a consensus strategy in which the systems can exchange information
among themselves according to a fixed strongly connected digital communication network. Beside
the decentralized computational aspects induced by the choice of the communication network, we
here have also to face the quantization effects due to the digital links. We here present and discuss two
different encoding/decoding strategies with theoretical and simulation results on their performance.
Copyright © 2008 John Wiley & Sons, Ltd.
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1. Introduction

A basic aspect in the analysis and in the design of cooperative agent systems is related to the
effect of the agents’ information exchange on the coordination performance. A coordination
task which is widely treated in the literature is the so called average consensus. This is
the problem of driving states of a set of dynamic systems to a final common state which
corresponds to the average of initial states of each system. This mathematical problem can
be shown to be relevant in the control of multiple autonomous vehicles which all have to be
driven to the centroid of the initial positions, and in the decentralized estimation of a quantity
from multiple measures coming from distributed sensors. The way in which the information
flow on the network influences the consensus performance has been already considered in the
literature [1, 2], where the communication cost is modeled simply by the number of active
links in the network which admit the transmission of real numbers. However, this model can
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be too rough when the network links represent actual digital communication channels. Indeed
the transmission over a finite alphabet requires the design of efficient ways to translate real
numbers into digital information, namely smart quantization techniques.

The investigation of consensus under quantized communication started with [3]. In this paper
the authors study systems having (and transmitting) integer-valued states and propose a class
of gossip algorithms which preserve the average of states and are guaranteed to converge up
to one quantization bin. Besides the fact there is not precise consensus, since the algorithm
requires the use of a single link per iteration, the convergence is very slow. The authors
in [4] analyzed the impact of the quantization noise through modification of the consensus
algorithm proposed in [5], where the case of noisy communication links is addressed. Precisely,
the authors in [5] consider the case in which the information transmitted by each system is
corrupted by additive zero-mean noise. In [4] it is noted that the noise component can be
considered as the quantization noise and by simulations, it is shown for small N that, if the
increasing correlation among the states of the systems is taken into account, the variance of the
quantization noise diminishes and systems converge to a consensus. In [6] the authors propose
a distributed algorithm that uses quantized values and preserves the average at each iteration.
They showed favorable convergence properties using simulations on some static topologies, and
provided performance bounds for the limit points of the generated iterates. The authors in [7]
adopt the probabilistic quantization scheme to quantize the information before transmitting
to the neighboring sensors. By proposing a iterative scheme to update the state at each sensor
node utilizing only quantized information communication, they show that, almost surely, the
node states reach consensus to a quantized level; only in expectation they converge to the
desired average. Moreover if the quantization step size is large this approach will lead to large
residual errors. Of note is that all the papers mentioned above considered quantized strategy
that either maintain the average of the state but do not converge to the consensus, or converge
to a consensus that, since average is not preserve, does not coincide with the average of the
initial conditions.

The main contribution of this paper is to propose a novel quantized strategy that permits
both to maintain the initial average and to reach it asymptotically. A similar approach has been
introduced in the context of the multi-agent coordination laws, rendezvous and deployment
[8]. Precisely, this novel strategy adapts coding/decoding strategies, that were proposed for
centralized control and communication problems, to the distributed consensus problem. In
particular, two coding/decoding strategies, one based on the exchange of logarithmically
quantized information, the other on a zoom in - zoom out strategy (this latter involves the
use of uniform quantizers) are considered. In this paper we provide analytical and simulations
results illustrating the convergence properties of these strategies. In particular we show that
the convergence factors depend smoothly on the accuracy parameter of the quantizers used
and, remarkably, that the critical quantizer accuracy sufficient to guarantee convergence is
independent from the network dimension.

The paper is organized as follows. Section 2 briefly reviews the standard average consensus
algorithm. In Section 3 we present two strategies of coding/decoding of the data throughout
reliable digital channels: one based on logarithmic quantizers, the other on uniform quantizers.
We analyze the former from a theoretical point in Section 4 and Section 5. We provide
simulations results for the latter in Section 6. Finally, we gather our conclusions in Section 7.
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Mathematical Preliminaries

Before proceeding, we collect some useful definitions and notations. In this paper, G = (V, E)
denotes an undirected graph where V.= {1,..., N} is the set of vertices and E is the set of
(directed) edges, i.e., a subset of V' x V. Clearly, if (i,j) € F also (j,i) € E. A path in G consists
of a sequence of vertices (i1, 42, ...,%,) such that (i;,i;41) € E for every j € {1,...,7 —1}. A
graph G is connected if for any pair of vertices (i, j) there exists a path connecting i to j. A
matrix M is nonnegative if M;; > 0 for all ¢ and j. A square matrix M is stochastic if it is
nonnegative and the sum along each row of M is equal to 1. Moreover, a square matrix M is
doubly stochastic if it is stochastic and the sum along each column of M is equal to 1. Given
a nonnegative matrix M € R¥*Y  we define the induced graph Gy; by taking N nodes and
putting an edge (j,4) in E if M;; > 0. Given a graph G on V, the matrix M is adapted to, or
compatible with, G if Gy C G.

Now we give some notational conventions. Given a vector v € R and a matrix M € RVN*N,
we let vT and M7 respectively denote the transpose of v and of M. We let (M) denote the
set of eigenvalues of M. In particular, if M is symmetric and stochastic we will assume that

o(M)={1,\(M),...,An_1(M)},

where 1, \{(M),...,An—1(M) denote the eigenvalues of M and are such that A;(M) >
Ao(M) > ... > An_1(M). We define

)\max(M) = )\1(M), Amin(M) = )\Nfl(M)

If there is no risk of confusion regarding the matrix we are considering, we will use the easy
notation A;, for i € {1,..., N — 1}, and Apin and Apax. With the symbols 1 and 0 we denote
the N-dimensional vectors having respectively all the components equal to 1 and equal to 0.
Given v = [v1,...,vy]T € RY, diag {v} or diag {v1,...,vn} mean a diagonal matrix having
the components of v as diagonal elements. Moreover, |v|| and < v > denote the Euclidean

norm of v and the subspace generated by v, respectively. Finally, for f,g: N — R, we say that

if i () _
f € o(g) if lim,, 0o 5o = 0-

2. Problem Formulation

We start this section by briefly describing the standard discrete-time consensus algorithm.
Assume that we have a set of agents V and a graph G on V describing the feasible
communications among the agents. For each agent i € V we denote by z;(t) the estimate
of the average of agent i at time ¢. Standard consensus algorithm are constructed by choosing
a doubly stochastic matrix P € R¥N*N compatible with G and assuming that at every time ¢
agent ¢ updates its estimate according to

N
ri(t+1) = ZPiﬂj(t)- (1)

More compactly we can write
x(t+1) = Px(t), (2)
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where x(¢) is the column vector whose entries x;(t) represent the agents states. In our treatment
we will restrict to the case in which P is symmetric, i.e., P = P. Note that a stochastic
symmetric matrix P is automatically doubly stochastic.

It is well known in the literature [1] that, if P is a symmetric stochastic matrix with positive
diagonal entries and such that Gp is connected, then the algorithm (2) solves the average
consensus problem, namely

N
. 1
ti1+mooa:(t) = (N 2z1(0)> 1.
From now on we will assume the following property.

Assumption 2.1. P is a symmetric stochastic matriz such that Py; > 0, fori € {1,...,N},
and Gp is connected.

Note that the algorithm (2) relies upon a crucial assumption: each agent transmits to
its neighboring agents the precise value of its state. This implies the exchange of perfect
information through the communication network. In what follows, we consider a more realistic
case, i.e., we assume that the communication network is constituted only of rate-constrained
digital links. Accordingly, the main objectives of this paper are to understand

(1) how the standard consensus algorithm may be modified to overcome the forced
quantization effects due to the digital channel, and
(2) how much does its performance degrade.

We note that the presence of a rate constraint prevents the agents from having a precise
knowledge about the state of the other agents. In fact, through a digital channel, the i-th
agent can only send to the j-th agent symbolic data in a finite or countable alphabet; using
only this data, the j-th agent can build at most an estimate of the i-th agent’s state. To tackle
this problem we take a two step approach. First, we introduce a coding/decoding scheme; each
agent uses this scheme to estimate the state of its neighbors. Second, we consider the standard
consensus algorithm where, in place of the exact knowledge of the states of the agents, we
substitute estimates calculated according to the proposed coding/decoding scheme.

3. Coder/decoder pairs for digital channels

In this section we discuss a general and two specific coder/decoder models for reliable digital
channels; we follow the treatment in the survey [9]. We will later adopt this coder/decoder
structure to define communication protocols between the agents.

Suppose a source wants to communicate to a receiver some time-varying data = : N — R
via repeated transmissions at time instants in N. Each transmission takes place through a
digital channel, i.e., messages can only be symbols in a finite or countable set (to be designed).
The channel is assumed to be reliable, that is, each transmitted symbol is received without
error. A coder/decoder pair for a digital channel is defined by the sets:

(i) a set =, serving as state space for the coder/decoder; a fixed {, € = is the initial
coder/decoder state;
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4 R. CARLI, F. BULLO AND S. ZAMPIERI

(ii) a finite or countable set A, serving as transmission alphabet; elements o € A are called
messages;

and by the maps:

(i) amap F :
(ii) a map @ :
(iii) a map H :

x A — E, called the coder/decoder dynamics;
x R — A, being the quantizer function;
x A — R, called the decoder function.

[r] (1 [1]

The coder computes the symbols to be transmitted according to, for t € N,

§(t+1) = F(E(t),at), alt) = Q) z(1)).

Correspondingly, the decoder implements, for ¢t € N,

§(t+1) =F(E(t),at), ()= H(E®), ).

Coder and decoder are jointly initialized at £(0) = &y. Note that an equivalent representation
for the coder is £(t + 1) = F(&(t), Q(&(t), z(1))), and a(t) = Q(&(t),z(t)). In summary, the

coder/decoder dynamics is given by
§(t+1) = F(£(t), a(t)),
a(t) = Q(&(t), (1)), 3)
B(t) = H(E(t), a(t)).
In what follows we present two interesting coder/decoder pairs: the logarithmic quantizer
strategy and the “zoom in - zoom out” uniform quantizer strategy.

3.1. Zoom in - zoom out uniform coder

In this strategy the information transmitted from source to receiver is quantized by a scalar
uniform quantizer which can be described as follows. For L € N, define the uniform set of
quantization levels

SLz{—HLM ..,L}}U{—l}u{l}
and the corresponding uniform quantizer (see Figure 1) unq; : R — S, by
unqg; (z) = -1+ 26%
if ¢ € {1,...,L} satisfies —1 + # <z < -1+ 2 otherwise unq,(z) = 1 ifz > 1 or
unq; (z) = —1 if x < —1. Note that larger values of the parameter L correspond to more

accurate uniform quantizers unq;. Moreover note that, if we define m to be the number of
quantization levels we have that m = L + 2.

For L € N, ki, €]0,1], and koyt € |1, 400[, the zoom in - zoom out uniform coder/decoder
has the state space Z = R x R+, the initial state £ = (0, 1), and the alphabet A = Sy. The
coder/decoder state is written as £ = (:i_l, f) and the coder/decoder dynamics are

T4(t+1)=3_ f(®)al(t),
. it fa(t)] < 1.
Kout f if |a(t)| =1L
Copyright © 2008 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2008; 0:0-0
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AVERAGE CONSENSUS ON NETWORKS WITH QUANTIZED COMMUNICATION 5

The quantizer and decoder functions are, respectively,

a(t) = unqy, (733@) ;(f)l(t)),

#(t) = 2_1(t) + f(D)a(t).

The coder/decoder pair is analyzed as follows. One can observe that &_;(¢t + 1) = Z(¢) for
t € Z>o, that is, the first component of the coder/decoder state contains the estimate of the
data x. The transmitted messages contain a quantized version of the estimate error x — Z_4
scaled by factor f. Accordingly, the second component of the coder/decoder state f is referred
to as the scaling factor: it grows when |z —&_1| > f (“zoom out step”) and it decreases when
|x —&_1| < f (“zoom in step”).

v =ung;(x) y=1gg;(x)

3/4

1/4

172 1 X
-1/4

-3/4 =

Figure 1. The uniform quantizer (m = 6) (left); the logarithmic quantizer (right).

8.2. Logarithmic coder

This strategy is presented for example in [10]. Given an accuracy parameter § € ]0,1[, define
the logarithmic set of quantization levels

5= {(755) v 0 {- (25) e @

and the corresponding logarithmic quantizer (see Figure 1) lgqs : R — S5 by

lgqs(z) = (%g)f,

“Jf););l <z < %, otherwise lgqs(z) = 0 if x = 0 or lgqs(z) =

if £ € Z satisfies
—lgqs(—x) if < 0. Note that smaller values of the parameter ¢ correspond to more accurate
logarithmic quantizers lgqs. For 6 € 0, 1, the logarithmic coder/decoder is defined by the state

space = = R, initial state £, = 0, the alphabet A = Sy, and by the maps
E+1)=¢&(1) +a(),

a(t) = lgq;s (z(t) — (1)), ()
£(t) = &(t) + ().
Copyright © 2008 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2008; 0:0-0
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6 R. CARLI, F. BULLO AND S. ZAMPIERI

The coder/decoder pair is analyzed as follows. One can observe that &(t + 1) = &(¢) for
t € N, that is, the coder/decoder state contains the estimate of the data z. The transmitted
messages contain a quantized version of the estimate error x — €. The estimate 2 : N — R
satisfies the recursive relation

Ft+1) =2(t) +1gqs (x(t + 1) — 2(2)),

with initial condition #(0) = lgqs (x(0)) determined by £(0) = 0. Finally, define the function
r: R—=Rbyr(y) = % for y # 0 and r(0) = 0. Some elementary calculations show
that |r(y)| < ¢ for all y € R. Accordingly, if we define the trajectory w : N — [=4§,+6] by
w(t) = r(x(t+ 1) — Z(t)), then

T+ =z0)+ 1+ w(t))(a:(t +1) - i(t)) (6)
This is called the multiplicative noise model for the logarithmic quantizer.

Remark 3.1. When communicating through digital channels, the use of the logarithmic
quantizer described in the above Section, presents an evident drawback with respect to the
zoom in- zoom out strategy, due to the fact that the logarithmic set of quantization levels Ss
is countable and not finite as the uniform set of quantization levels. This implementation issue
could be overcome by truncating the map lgqs as follows. Let a,b € R satisfy 0 < a < b; if
a < |z| < b, then
¢
laas () = sen(e) (10)

—1 4
where ¢ € 7 is such that % <Jz| < (1(1—4(;;5‘)“’ otherwise

lgas () 0, if |z] < a,
xTr) =
Bl sgu(z) lgas(),  if |2 > b,

Again, if m denotes the number of quantization levels, it is possible to see (see [11]) that, for
the truncated logarithmic quantizer,

2log C

146 °
1-9

m =
log

We will come back on this remark later on.

4. Consensus algorithm with exchange of quantized information

We consider now the same algorithm previously illustrated with the assumption that the agents
can communicate only through digital channels. Here, we adopt the logarithmic coder/decoder
scheme (3) described in Subsection 3.2; we analyze the zoom in - zoom out strategy via
simulations in Section 6.

4.1. Algorithm description
Here is an informal description of our proposed scheme. We envision that along each

communication edge we implement a logarithmic coder/decoder; in other words, each agent

Copyright © 2008 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2008; 0:0-0
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AVERAGE CONSENSUS ON NETWORKS WITH QUANTIZED COMMUNICATION 7

transmits through a dynamic encoding scheme to all its neighbors the quantized information
regarding its state. Once state estimates of all agent’s neighbors are available, each agent will
then implement the average consensus algorithm.

Next, we provide a formal description of the proposed algorithm. Let P € RY*N be a
stochastic symmetric matrix with positive diagonal elements and with connected induced
graph Gp. Assume there are digital communication channels along all edges of Gp capable of
carrying a countable number of symbols. Pick an accuracy parameter 6 € |0,1[. The consensus
algorithm with dynamic coder/decoder is defined as follows:

Processor states: For each ¢ € {1,..., N}, agent ¢ has a state variable z; € R and state
estimates Z; € R of the states of all neighbors j of 7 in Gp. Furthermore, agent 7 maintains
a copy of ;.

Initialization: The state 2(0) = (21(0),...,2x(0))T € R is given as part of the problem.
All estimates %;(0), for j € {1,..., N}, are initialized to 0.

State iteration: At time ¢t € N, for each i, agent ¢ performs three actions in the following
order:
(1) Agent i updates its own state by

N

zi(t) =zt — 1)+ Y Py (&(t — 1) — &(t — 1)). (7)

j=1
(2) Agent 7 transmits to all its neighbors the symbol
a(t) = Igas(wi(t) — it — 1)),
(3) Node i updates its estimates
75(0) = &5t — 1) + (1), (8)
for j being equal to all neighbors of 7 and to ¢ itself.
Before the algorithm analysis, we clarify a few points.

Remark 4.1 (Clarifications and variations)

Agent i and all its neighbors j maintain in memory an estimate Z; of the state x;. We denote
all these estimates by the same symbol because they are all identical: they are initialized in the
same manner and they are updated through the same equation with the same information.
On the other hand, it would be possible to adopt distinct quantizer accuracies d;; for each
communication channel (4, 7). In such a case then we would have to introduce variables &;;
that node ¢ and 7 would maintain for the estimate of z;.

We could define a different state update equation where each agent i uses the exact knowledge
of its own state xz; instead of the estimate ;, that is, we could adopt

N
zi(t) =2t — 1)+ Y Py (&5t — 1) —ai(t — 1)) = Pymi(t — 1)+ Y _ Pyt —1),  (9)
j=1 j#

instead of equation (7). We will discuss the drawback of this choice below.

Copyright © 2008 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2008; 0:0-0
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4.2. Main convergence result

We now analyze the algorithm. First, we write the closed-loop system in matrix form.
Equation (7) is written as
x(t+1)=z(t)+ (P —D)i(t). (10)

The N-dimensional vector of state estimates & = (&,..., itN)T is updated according to the
multiplicative-noise model in equation (6). In other words, there exist w;: N — [—4, 4], for
je{l,...,N}, such that

it +1) =2;(t) + (L4 w;t) (z;(t+ 1) — &;(t)),
and, for Q(t) := diag {w1(t),...,wn(t)},
E(t+1)=2(t)+ T+ Q) (z(t+1) — 2(t)). (11)

Equations (10) and (11) with multiplicative noise Q determine the closed-loop system.
Next, we define the estimate error ¢ = & — 2 € RY and rewrite the close-loop system in
terms of the quantities = and e. Straightforward calculations show that, for ¢t € Z>,

z(t+1)| I 0 P P—11 |z(t) (12)
e(t+1)| |0 Q)| |P—1 P-—2I||e(®)]|"
Initial conditions are x(0) and e(0) = —z(0).
Finally, we are ready to state the main properties of our quantized consensus algorithm.
Theorem 4.2. Assume P € RN*N satisfies Assumption 2.1 and define § € R by
5 L 1 + Amin(P)
3= Amin(P)’

The solution t — (x(t),e(t)) of the consensus algorithm with dynamic coder/decoder has the
following two properties:

(13)

the state average is maintained constant by the algorithm, that is, = Zf\il xi(t) =
+ ZZ\LI z;(0) for all t € N;

if 0 < § < 0, then the state variables converge to their average value and the estimate error
vanishes, that is,

1 N
Jim (1) = (7 Z“(O))l

and
tlg& e(t) = 0.
Proof: Observe that 17z(t + 1) = 1T Px(t) + 17 (P — I)e(t) = 17z(t), where the second
equality holds since 17 (P —I) = 0. This proves the first statement of the theorem. The second
statement is a consequence of Theorem 4.8 stated in Section 4.3. O
We here consider some remarks and examples.

Remark 4.3. Note that § is an increasing function on Amin(P) and that § = 0, if Ayin(P) =
—1,and § = 1, if Apin(P) =1 (see Figure 2).

Copyright © 2008 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2008; 0:0-0
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0.8 q
0.7+ q
0.6~ q
0.5 q
0.4 q
0.3 q
0.2 q

0.1 q

Figure 2. Behavior of 6.

Remark 4.4. The state update in equation (9) does not maintain the average. This fact
motivates the choice of state update equation (7).

Example 4.5. Consider the sequence of circulant matrices { Py} € RV*Y defined by

11 1
L1 9 0 ... 0 0 1
111 0 0 0
FO G G
Py=|0 3 3 3 000 (14)
R cee s
5 00 0 -+ 0 35 3
For this sequence of symmetric stochastic matrices we have that Apin(Py) = % —
%cos_(%” L%J) Hence Apin(Pn) > —%, implying therefore that § > % for all N. This shows

that § is uniformly bounded away from 0. This is a remarkable property of scalability on the
dimension of the network.

Remark 4.6. The fact that the critical accuracy sufficient to guarantee convergence is
independent on the network dimension is more general than what seen in the previous example.
Indeed, assume that {Py} € RY*N is a sequence of matrices of increasing size, where each
Py satisfies Assumption 2.1 and where each Py has all the diagonal elements greater than a
positive real number p. Then, by Gershgorin’s Theorem we have that Apin (Py) > —1+42p and
hence § > 2%17 for all N. It follows that the critical accuracy sufficient to guarantee convergence
is bounded away from zero uniformly on the dimension of the network.

4.3. Convergence analysis

In this section we provide the analysis of the asymptotic properties of system (12). For the
sake of the notational convenience, let us define

| 0 P P—-1 IN XN
f(t)_{o Q(t)] [P—I poor SR ' (15)
Copyright © 2008 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2008; 0:0-0
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10 R. CARLI, F. BULLO AND S. ZAMPIERI

Consider now the system
z(t+ 1) = F(t)z(t), (16)

where z(t) € R2Y for all t > 0 and where z(0) is any vector in R2Y. We start our analysis
by rewriting (15) in a more suitable way. Let

& = {diag{er,...,en} e RV*N 1 ¢; € {~1,+1},i € {1,...,N}}.

Notice that € contains 2V elements. Hence, we can write & = {Ej, ..., Eon }, where we are
assuming that some suitable way to enumerate the matrices inside £ has been used. We assume
that Ey = I. We define now 5 = {0E1,...,0E,~ } . Observe that Q(t) € Co{&s} for allt > 0,
where Co{&s} denotes that convex hull of the set £5. By means of the above definitions we
can introduce another set of matrices

S S [ P P R

Accordingly to the definition of E; we have that

Ro_| 1 0 P P—1
=1 o o1 P—1 P—2I |"

The set R is useful because it is easy to see that the matrix F(t), belongs to Co{R} for all
t > 0, where Co{R} denote the convex hull of the set R. In other words, for all ¢ > 0, there

(18)

exist v (t), ..., o~ () nonnegative real numbers such that Z?I:Vl vi(t) =1 and
2N
F(t) =Y vi(t)Ri.
i=1

We state the following result that will permit us to analyze the system (16) by means of
Theorem II.1 (see Appendix).

Lemma 4.7. Forv = [1T OT]T, we have
Rw=wv, and v'R;=v", forallic{l,...,2V}.
Moreover, for § as in equation (13), the following facts are equivalent:

(i) 1 is the only eigenvalue of unit magnitude of the matriz Ry, and all its other eigenvalues are
strictly inside the unit disc;

(i) 0 <6< 4.

Proof: The first part of the lemma is easily proved by observing that

0 on ) [ por poar | [o] =10 am o] =]0)

I I S | S B O

Copyright © 2008 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2008; 0:0-0
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Consider now R7; to compute its eigenvalues we calculate

sI—P —(P—1)

det (sI — Ry) = det[—cS(P—I) oI —§(P—2I) |

Since each block of the above matrix commute with each other block, we have from [12] that

det (sI — Ry) = det[(s] —P)(s] — (P —2I))— 8P —1)?%
= det [T —s(6(P—2I)+P)+6(P>—2P—P>—1+2P)]
= 1__[ [82—((5()\i—2)+>\i)8—5]

N-1
= (= (1-0)s—0) H (s> = (6(Ai —2) + X\i)s —d) .

Hence the eigenvalues of R; are given by the solution of the following N second order equations
s2—(1—0)s—6=0, (19)

and
2= (0N —2)+N)s—6=0, ie{l,....,N—1}. (20)

The solutions of (19) are 1 and —¢. Consider now (20). Given ¢, let sgi) and sg) denote the
two solutions of (20). We have that

s(i) _ 6<)\i — 2) + A\ — \/(60\1‘ — 2) + )\i>2 + 46
=
2

and

G _ i =2+ A+ VN —2)+X)2+40

2 2

Now we have to analyze the conditions |s(12)| < 1 and |séi)\ <1,forallie{l,...,N—1} To
this purpose, we consider the bilinear transformation of the equation (20), i.e., we substitute

to s the term 1. We obtain the new equation

(1481 =) +2(140)5+1+ X +6(\; —3) =0. (21)

Let égi) and égi) denote the two solutions of (21). From the property of the bilinear
transformation, we have that |s§l)| < 1 and |sg)\ < 1 if and only if §§i) < 0 and §éi) < 0.
Since 1+d >0 and (1+4)(1—X\;) >0fori € {1,...,N — 1}, we obtain, from the Cartesian
rule, that 5@ < 0 and 5@” <Oforall: € {1,...,N =1}, if and only if 1 + X; +5(\; —3) >0
for all i € {1,...,N — 1}. This last condition is verified if and only if § < §. O

We are able now to state the following theorem characterizing the asymptotic stability of
the system (16).

Theorem 4.8. Consider the system (16). The following facts are equivalent:
§<6;

Copyright © 2008 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2008; 0:0-0
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12 R. CARLI, F. BULLO AND S. ZAMPIERI

(b) for each initial condition z(0) € R*N and for any sequence {Q(t)},55 with Q(t) € Co{&s}
for allt >0, we have
lim () = { o } : (22)

t——+oo
for a = % [17 07] 2(0).

Proof: We start by proving that (b) implies (a). To this aim, we consider the sequence
F(0) = F(1) = F(2) = ... = Ry. In this case z(t) is the evolution of an autonomous linear
time invariant discrete-time systems with updating matrix Ry. Therefore, by Lemma 4.7, (22)
holds true if and only if and only if § < .

We prove now that (a) implies (b). We will show that, for § < §, there exists a suitable
symmetric matrix L € R2V*2N gatisfying the following three properties

L 1" 0"]" =o, (23)
2T'Lz >0, (24)
1
ST (2 (RTLR; + RfLRi) — L) z<0, forall R;, R; € R, (25)

Vz e< [lT OT} T >L This fact, together with Lemma 4.7 and Theorem II.1 (see Appendix),
ensures that fact (a) implies (b). As candidate matrix L we select

L:{IBP 701}, (26)

where 7 is a suitable positive scalar to be determined. Observe that the eigenvalues of I — P
are 0 and 1 — \; for i € {1,...,N — 1}, where it is immediate to see that 1 — A; > 0 for
i €{l,...,N—=1}.Since 0(L) = o(I — P)Uo(~I) it follows that also L has an eigenvalue equal

to 0 and all other eigenvalues positive. Moreover, since L [17 OT]T =[((I-P)1)" OT"]T =0,
we have that the eigenspace associated to the eigenvalue 0 is generated by the vector [17 07]7.
Hence L satisfies (23) and (24). Moreover, by the structure of L, it is easy to check that
RTLR; = R]-TLRZ- for all R;, R; € R. Thus, verifying (25) is equivalent to verify

" (RILR; — L)z <0, forall R;, R; € R, (27)
for any nonzero z €< [lT OT]T >~ By straightforward calculations, we have that

RILR; — L =R/ LR, —L—Q,

where
RILR, — L = (I = P)*(y01 — 1 — P) (I = P)(P(P 1) —6*(P - 2I))
=L = P (PP 1) =8P = 20)) (I - P)* 48 (P —20)2 I |
and
e (P-DK - B
Q=76 [ (P —20)K [K(P—1) K(P—2I)],
Copyright (© 2008 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2008; 0:0-0
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AVERAGE CONSENSUS ON NETWORKS WITH QUANTIZED COMMUNICATION 13
with K such that K2 = [ — E;E;T. Clearly, @ = QT > 0 and Q [lT OT]T = 0. If (27) is
satisfied for i = j = 1, then (27) holds also for any pair R;, R; belonging to R. Finally, observe
that, by Lemma III.2 (see Appendix), we immediately have that

S(RTLR, — L)z <0, V¥ ze<[17 07]" >+
if we choose

1 + )\min + 52 ()\min - 3)
262 '

’y:

5. Exponential convergence

The objective of this section is to understand how much the quantization affects the
performance of the consensus algorithm. To this aim, by means of a Lyapunov analysis, we will
provide a characterization of the asymptotic speed of the convergence toward the consensus of
both the ideal algorithm (2) and the algorithm (12). We start by introducing some definitions.
A function f : N — R converges to 0 exponentially fast if there exist a constant C' > 0 and
another constant £ € [0,1) such that |f(t)| < C¢, for all ¢; the infimum among all numbers
& € 10,1) satisfying the exponential convergence property is called the exponential convergence
factor of f. In other words, the exponential convergence factor of f is given by

lim sup |f(t)|%
t—o0

Consider first the system (2). To quantify the speed of convergence of (2) toward consensus,
we introduce the following variable

Z(t) = a(t) — 24(0)1,

where z,(0) = +1*2(0). Note that the i-th component of Z(t) represents the distance of the
state of the i-th system from the initial average. Clearly, lim;_, o 2(t) = x,(0)1 if and only if
lim¢_.o Z(t) = 0. It is easy to see that the variable = satisfies the same recursive equation of
the variable z, that is,

Z(t+1) = Pz(t). (28)

Moreover note that 17#(t) = 0, for all + > 0. We define the exponential convergence factor of
z(t), for a given initial condition 7y € < 1 >, to be
_ . PN
p(P, 5) = limsup|7(2)]
t—o0
We can get rid of the initial condition and define the exponential convergence factor of the
system (2) as follows

p(P):= sup p(P To) (29)
To€ <1>+

TOf note is that I — E;E; is a positive semidefinite matrix and hence the matrix K is well-defined.

Copyright © 2008 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2008; 0:0-0
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14 R. CARLI, F. BULLO AND S. ZAMPIERI

Consider now the positive semidefinite matrix I — P. Notice that

p(P, o) = limsup(z(t)” (I — P)z(t))>
t—oo
and so we can characterize the speed of convergence to 0 of the variable Z by studying the
exponential convergence factor of the Lyapunov function Z(t)* (I — P)Z(t).

Theorem 5.1. Consider (28) with P € RN*N satisfing Assumption 2.1. Then the function
t— (z(t)T (I — P)z(t))Y/?, defined along any trajectory t — Z(t), converges exponentially fast
to 0. Moreover, the factor p(P), defined in equation (29), satisfies

p(P) = maX{)‘max(P)’ _)‘min<P>}'

Proof: Let o := max { A2, (P), 2, (P)} so that 27 P?z < azTz for all z € <1 >* and, in
turn,

2I(P(I — P)P)z < a2 (I — P)z, (30)

for all z € < 1 >*. This shows that the map ¢ — z(t)” (I — P)Z(t) converges exponentially
fast to 0 along any trajectory ¢ — Z(t) and that p(P) < \/a. Moreover, observe that, if z is
equal to the eigenvector corresponding to the eigenvalue defining (3, then (30) holds true as
equality. Then, if Z( is equal to this eigenvector, we obtain a trajectory ¢t — Z(t) along which
the function ¢ — Z(t)” (I — P)Z(t) has exponential convergence factor equal to \/a. O

This concludes the analysis of the algorithm (2). In the sequel of this section, we provide a
similar analysis of the system (12). To this aim we consider again the system (16), that is

2t +1) = F(t)2(b), (31)

where z(0) = zq is any vector in R?. To perform a Lyapunov analysis of (31), it is convenient

tO in‘roduce the Va,riable
z t z t .

Clearly, condition (b) of Theorem 4.8 holds true if and only if lim; .. 2(¢t) = 0. It is
straightforward to see that Z satisfies the same recursive equation of z(t), i.e.,

Z(t+1) = F(t)z(t) (32)

and that [17 OT]T Z(t) = 0 for all + > 0. Consider now the matrix L € R2V*2N introduced
along the proof of Theorem 4.8 and defined as

I-P 0
L_{ 0 ’y[]

For each v > 0 define
p(P.6,7: %0, {F(t)};2,) = limsup(2(t)" LZ(1))> (33)

t—oo

We can get rid of the initial conditions Zy and the sequences {F(t)},~, by considering

p(P.0, )= sup  p(P6,7: %0, {F(t)};2) (34)
Zo.{F (1)}

Copyright © 2008 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2008; 0:0-0
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AVERAGE CONSENSUS ON NETWORKS WITH QUANTIZED COMMUNICATION 15

where the initial conditions zy belong to the set of vectors orthogonal to [lT OT]T and the
sequences {F(t)}2, are such that F(t) € Co{R} forallt > 0. It can be shown that 5(P, d, )
is independent of v and for this reason we denote it as p(P,?).
We characterize now p(P,0). To this aim, consider the following semidefinite programming
problem
= max [

BP0 = guch that RTLRy — L < —L (35)

We have the following result.

Theorem 5.2. Consider (32) with the matriz P satisfing Assumption 2.1. Let & be defined
as in (13) and let 6 € R be such that 0 < § < §. Moreover let v € R be such that v > 0,
and let B(P,8,~) be defined as in (35). Then, the function t — (Z(t)TLz(t))Y/?, defined along
any trajectory t — Z(t) converges exponentially fast to 0 and the factor p(P,¢), defined in

equation (34), satisfies
ﬁ(P7§) S \/ 1 _B(P767’7)

Proof: We start by recalling, that since F(¢) belongs to Co(R), we can write that F(t) =
N N
Z?Zl v;(t)R;, where v(t),...,von(t) are nonnegative real numbers such that 2?21 v; = L.
Along the proof of Theorem 4.8, we have seen that
Z(RITLR; — L)z < 2" (RTLR, — L)z < 0,

for all z € R?Y such that z € < [17 07]7 >+ and for any pair of matrices R;, R; belonging
to R. Hence we have that
2N 4

2N
TFNOLF) - Lz =2" [ | Y iR | LY v®)R; | -L|=
j=1

i=1

(viHvs (ORI LR; — vty (L) | 2

I
-
WE

&
Il
—

<.
Il
—

vit)v;(t)(RTLR, — L) | 2 = 2" (RT LR, — L)z,

M=
M=

1

.
Il

1J

for all 2 € R*¥ such that z €< [1T 0T)T >+, Observe finally that z7(RTLR, — L)z <
BzT Lz < 0, from which we can argue that z(t + 1)TLz(t + 1) < (1 — 3)2(t)TLz(t) and so the
theses follow. O

It is worth noting that the above Theorem relates p(P, §) to the resolution of a LMI [13]. It is
well known that the computational effort required by the resolution of a LMI strictly depends
on its dimensionality. However, we can observe that Lemma III.1 (see Appendix) provides an
efficient way of solving (35), that drastically reduces its computational complexity. Indeed,
we have that 3(P,d,7) = min{B3, . (6,7), Brmax(0,7)}, where 8. (5,7), Bmasz(6,7) are defined
in Lemma III.1. This means that one has to calculate only the value of the two variables
Brrin(0,7), Braw(6,77) and evaluate the minimum between them. Differently from the method
based on the LMI, the complexity of this method is independent of V.

Copyright © 2008 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2008; 0:0-0
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16 R. CARLI, F. BULLO AND S. ZAMPIERI

Example 5.3. In this example we consider a connected random geometric graph generated
by choosing N = 30 points at random in the unit square, and then placing an edge between
each pair of points at distance less than 0.4. The matrix P is built using the Metropolis weights
[14]. In this case we have that Ay, = —0.013 and 6 = 0.327. In figure 3, we plot the behavior
of B, and 3., as functions of v. The value of ¢ is assumed constant and precisely equal to
0.25.

—"min

0.25— max -

0.5~ -

Figure 3. Behavior of p as function of v for P and ¢ fixed.

In general, assigned the matrix P and the value of the accuracy parameter ¢, one could be
interested in determining the maximum value of 3, as function of 7. Clearly, the best bound
on p(P,d) corresponds to the maximum value of 3, that is,

[N)(P, 5) < 1 */éopt(Pa 5)

where B B
ﬂopt(Pv 6) = maxﬂ(P, 5a FY)
v>0

We illustrate this discussion in the following example.

Example 5.4. We consider the same matrix P generated in the previous example. In Figure
4, we depict the behavior of /1 — Bopt(P, 0) as a function of . The dotted line represents
the value of p(P), that is, the convergence factor of the ideal algorithm (28). Notice that the

convergence factor /1 — B(,pt(P, ) depends smoothly on the accuracy parameter § and that

tim /1~ Fope(P,6) = p(P).

An interesting characterization of p can be provided when considering a family of matrices
{Pn} of increasing size whose maximum eigenvalue converges to 1. It is worth noting that this
situation is encountered in many practical situations [15, 16, 2]. We formalize this situation as
follows.
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0.97

0.9651 q

0.961

0.955-

0.951 q

0.945- B
o4 q
osey o]
0.93 1 1 1 1 1 1
0 0.05 0.1 0.15 0.2 0.25 0.3

Figure 4. Behavior of \/1 — Bopt (P, 6).

Assumption 5.5 (Vanishing spectral gap) Assume we have a sequence of symmetric
stochastic matrices { Py} C RN*N satisfying Assumption 2.1 and the following conditions

(i) Amin(Pn) > ¢ for some ¢ € |—1,1] and for all N € N;
(1) Amax(Pn) =1—€(N)+ 0(e(N)) as N — oo, where € : N — R is a positive function such that
limpy 00 €(N) = 0.

According to Theorem 5.1, as N — oo, we have that p(Py) = 1 — ¢(N) + o(e(N)). In
considering the quantized version of the consensus algorithm, together with the sequence { Py},
we have also to fix the sequence {dy}. For simplicity, in the following we will assume that,
{dn} is a constant sequence, i.e., oy = ¢ with suitable ¢ such that ¢ < éfz which ensures the
stability for all V.

Theorem 5.6. Let {Py} C RN*N be a family of matrices of increasing size satisfying
Assumptions 2.1 and 5.5. Let § € R be such that § < % Then, as N — oo, we have
that
. 1+c+6%(c—3)
Py,o)<1—(1- N N)).
Pw0) 1= (1= T EEEED) o) o e()

Proof: We choose

1+c46%(c—3)
T 252 '

Consider the polynomial f defined in (42) and let 5,,,.(0,v,N) and §,,,,(6,7, N) be as
defined in Lemma III.1 (see Appendix) relatively to the matrix Py. Notice that f(1,4d,v,3) =
vB?% + (752 — 7) B. Then the equation f(1,d,7,3) = 0 has solutions 3 = 0 and g = 1 — §2.
This implies that, since Apax(Pn) — 1, then 5, (6,7, N) — 0 as N — oo. This implies that
for N big enough we have that

min{ﬁ;in (67 s N>7 ﬁ;mz((sa Vs N)} = Braz (6’ s N)
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18 R. CARLI, F. BULLO AND S. ZAMPIERI

and hence, from Theorem 5.2 and Lemma IIL.1 (see Appendix), it follows that for N big enough
we have that

A(Py8) < \/1 = Braas(6.7, N)
Let Ay := Amax(Pn) and By =3 9,7, N) so then we have that Ay — 1 and Sy — 0. We

maa:(

know that f(An,d,7,8n) = 0. As N — oo, from the implicit function theorem, we have that

0
By = [‘?f} e(N) + o(e(N)).
%f [A=1,8=0
Now notice that
d
a—f\c = (=3(1 = A)? + 276 (A = 2)* —=7%6° +276)) B — (—7*6° +v(1 + A+ (A =3)) = (1 = N)?) +
+ (1= N)(y —270% +2(1 = \))
and that
0
% =278+ (1= N3 +795°(A=2)2 =y +9(1 = N) (7% = 1= )).
which lead to of
= = —(2y — 270% — %62
O\ |A=1,8=0 (29 i 7°0%)
and of
= =~6% — .
9B |r=1,8=0
Then

i = (2= 1205 ) el + ofe),

The thesis follows by expanding in Taylor’s series the function /1 — Gy. O
Notice that the coefficient in front of €(N) is negative. Indeed, it can be seen that coefficient

is negative if and only if
3—c

1+¢

and since § < 1.

5% <

1+c

and this is true since we have chosen § < 3¢

6. Numerical simulations

In this section we consider two examples providing some numerical results illustrating the
performance respectively of the Zoom in -Zoom out strategy and of the truncated version of
the logarithmic quantizer discussed in Remark 3.1.

Example 6.1. In this example we consider a connected random geometric graph generated
by choosing N points at random in the unit square, and then placing an edge between each
pair of points at distance less than 0.25. We assume that N = 30 and that the initial conditions
has been generated randomly inside the interval [—100, 100]. Again, the matrix P is built using
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AVERAGE CONSENSUS ON NETWORKS WITH QUANTIZED COMMUNICATION 19

the Metropolis weights. For all the experiments, we set the parameters k;, and k. to the
values 1/2 and 2 respectively, and initialized the scaling factor f of each agent to the value
50. Moreover we run simulations for two different values of m, m = 5 and m = 10. The results
obtained are reported in Figure 5. The variable plotted is the normalized Euclidean norm of
the vector Z(t) := x(t) — 24(0)1, that is,

Note that, as depicted in Figure 5, also the zoom in- zoom out uniform coder- decoder strategy
seems to be very efficient in achieving the consensus. In particular it is remarkable that this
strategy works well even if the uniform quantizer has a low number of quantization levels
(m = 5). Finally it is worth observing, that as theoretically proved in the logarithmic coder-
decoder strategy, also in this case the performance degrades smoothly as the quantization
becomes coarser.

80

— m=5
— m=10

— M=

701

60F

50

s()

a0t

30F

201

101

Figure 5. Zoom in- zoom out strategy

Example 6.2. In this example we consider the same matrix P of the previous example.
Moreover we assume again that the initial conditions have been generated randomly inside
the interval [—100, 100]. The information exchanged between the systems is quantized by the
truncated logarithmic quantizer discussed in Remark 3.1. More precisely, we assume that the
real numbers a, b introduced in Remark 3.1 are equal respectively to 0.5 and 100. The result
obtained is reported in Figure 6. The variable plotted is

d(t) = [|2(8)[]co-

One can see that d(t) does not converge asymptotically to 0. However, at the steady state,
d(t) oscillates inside an interval whose amplitude is comparable to 0.5, that is, the lower value
at which we have truncated the logarithmic quantizer.
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d(t)

. .
50 100 150 200 250
time

Figure 6. Zoom in- zoom out strategy

This numerical observations leads to the following consideration. Assume that our goal
is to have convergence of the initial states z;(0) € [—M,M] to a target configuration
x;(00) € [av— €, ar+ €], where « is a constant depending only on the initial condition z(0) and
€ describes the desired agreement precision. This is a “practical stability” requirement. In this
case the contraction rate is C':= M/e. Assume that, as in [3], the exact data transmission are
substituted by transmissions of precision ¢ uniformly quantized data. In this framework it is
well known [17] that each uniform quantizer needs C' different levels and so the transmission of
its data needs an alphabet of C' different symbols. Assume now that the information is encoded
by truncated logarithmic quantizers where a = € and b = M. We have seen in Remark 3.1 that
in such case each logarithmic quantizer needs

2log C

145
log —11’5

different symbols. Note that for C' sufficiently large, with the logarithmic communications we
obtain a significantly improvement in terms of the communication effort required. It will be
the subject of future research to analyze the tradeoff between the steady state of d(t) and the
values of the parameters a, b at which we truncate the logarithmic quantizers.

7. Conclusions

In this paper we presented a new approach solving the average consensus problem in presence of
only quantized exchanges of information. In particular we considered two strategies, one based
on logarithmic quantizers, and the other one based on a zooming in-zooming out strategy.
We studied them with theoretical and experimental results proving that using these schemes
the average consensus problem can be efficiently solved even if the agents can share only
quantized information. Additionally, we show that the convergence factors depend smoothly on
the accuracy parameter of the quantized and, remarkably, that the critical quantizer accuracy
sufficient to guarantee convergence is independent from the network dimension. A field of
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future research will be to look for encoding and decoding methods which are able to solve the
average problem also with noisy digital channels.
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APPENDIX
II. Stability of discrete time linear parameter varying (LPV) systems

Given Ay, ..., Ar € R™" we let {A(t)};55 C Co{Ay,..., Ay} denote a sequence of matrices
taking values in the convex hull of {Ay,..., Ay}. We consider the dynamical system

2(t+1) = A{t)z(t). (36)

The following result is an extension to the discrete-time system (36) of the classical results
stated in [13], in the context of continuous-time LPV systems. The proof can be found in [8].

Theorem II.1 (Common Lyapunov function for convergence to eigenspace) Assume
that 1 is a simple eigenvalue with left and right eigenvector v € R™ for each matriz

Ay, ..., A € R™*™, If there exists a symmetric matriz P € R™ ™ satisfying, for all nonzero
z ¢ span{v},
Py =0, (37)
TPz >0, (38)
and

r (AfPAj +ATPA;
2

—P>z<07 foralli,je{l,... k}, (39)

then, for all initial conditions x(0) € R"™ and sequences {A(t)} 55 C Co{Ai,..., Ay}, the
solution to (36) satisfies

1
lim z(t) = av, a=——=0v"2(0).
t=oo o]

ITI. Solvability of a Lyapunov equation

The proof of some results contained in the paper are based on the solvability of the following
Lyapunov equation

T(RTLR, — (1—-B)L)z <0, V¥ ze<[17 07]" >+ (40)
where
I-P 0 I 0 P P-I
L‘[ 0 71]’ Rl_[o MHP—I p-ar |’ (41)

P € RV*N gatisfies Assumption 2.1, 0 < 6 < 1 and ~ > 0.
The following lemma helps to determine for what parameters 7, 3, § the Lyapunov inequality
(40) holds.

Lemma IIL.1. Let Apin and Apax be the minimum and the mazimum eigenvalue in o(P)\{1},
respectively. Define the polynomial

FN87,8) =402+ (1= 1) +98°(A = 2)* =7 +9(1 = N (78° = 1= N)) B+
+(1=X) (= +v1+A+8°(A=3)) — (1= N)?).
(42)
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Then (40) holds true if and only if
B < min {8,,(8,7): Brnaz (0,7} (43)
where (3. (6,7) and B,,,.(0,7) are the minimum real roots of f(Amin,0,7,5) and of
f (Amax; 9,7, B) as polynomials in (3.
Proof: We start by observing that
RTLR, — (1 -B)L =

(I = P)?(y8?T —1—P)+3(I—P) (I—P)(P(P—1I)—~6*P —2I))
(I -P)(P(P—1)—~8*(P—-2I) (I—-P)>+~6*(P—-20)2—~I+~8I |-

Note that
UﬁIRr—ﬂ—ﬁM)[$]=0

and hence showing (40) is equivalent to show that the symmetric matrix —RY LRy + (1 — 3)L
has all positive eigenvalues except one, which is zero and has multiplicity one. If we define the
polynomials q11(\), g22()A), g12() as follows

g11(A) == (L= A)?(y0* =1 =)+ 8(1 - A)

()= (1= 2)° +78°(XA = 2)? =y + P8
(A) = (1= NN = 1) =90*(A - 2))

q22
q12

we can write

T Pt

To compute the eigenvalues of —RT LRy + (1 — 3)L we consider its characteristic polynomial.
Using the same arguments used in the proof of Lemma 4.7 we can argue that

N—1

det(sI + R LR, — (1 - B)L) = H [82 + (q11( M) + g22(N))s + (g1 (Ni)gaz(Ns) — C]12()\i)2)]
i=0

where A\g = 1,\1,...,Any_1 denote the eigenvalues of P. Observe now that, for ¢ = 0 the

polynomial in the previous product is
s(s =70+ —P)

which gives one zero eigenvalue and another eigenvalue equal to (1 — 62 — 3). We can argue
that, since this must positive, then we have this first constraint

B<1—62 (44)

Moreover all the roots of the other polynomials for ¢ = 1, ..., N—1 must be all positive. Observe
that s2 + (q11(Ai) + ga2(Mi))s + (q11(Ai)g22(Ni) — qi2(X;)?) can be seen as the characteristic
polynomial of the 2 x 2 matrix

—qu1 (M) —qi2(Ni)
—qi2(Ni)  —qa2(Ni)
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and, to impose that the roots of this polynomial are positive is equivalent to impose that such
a matrix is positive definite and so that

—q11(Xi) >0 q11(Xi)g22(Ni) — o (Xi) > 0.

Therefore, together with condition (44), we have other 2N — 2 conditions. Some of these
conditions are superfluous. We start from condition —g11(\;) > 0. Observe that, since 1—X; > 0
for all i € {1,...,N — 1}, then ¢11(N;) < 0 for all 4 € {1,...,N — 1} if and only if
B+462(1 =) =1+ 2 <0foralli € {1,...,N — 1} and this happens if and only if

B<1=XA. —70%*(1 = A\in) (45)
B<1=X —~5%(1 — Amax) (46)

Notice now that

q11(A)g22(A) — Q%z()\) =1 =Nf(A)
where f(\) = f(), 6,7, 0) is defined in (42). Notice that

f

ON?
which is negative for A < 1. This implies that f()), is a concave function in A, for A € [—1,1]
and 50 q11(A\;)ga2(Ni) — ¢io(N;) >0 for all i =1,..., N — 1 if and only if

F i 8,7, 6) > 0 (47)

f(>‘ma>n 6a'775) > 0. (48)

At this point we have that (40) holds true if and only if conditions (44), (45), (46),
(47) and (48) hold true. Consider the condition f(Amin,d,7,3) > 0. Observe that, if 3 =
1— A2 —~5%(1 — Ain), then g;; = 0 and so

min

= (1= B3)(6) —6 —2y(1 +6%))

2
—q
FQumin, 8,7, B) =122, —762(1-Apim) = 75 < 0-

1— )\

We can argue that f(Amin,d,7,3) is a convex parabola in [ which has always two real roots
B...(8,7) and 3. (3,7) which satisfy

BT:LG((S’ 'V) <1l- )‘Enin - ’762(1 - )\min) < /Bjr;in(& ’Y) (49)
and moreover f(Amin, 0,7, ) > 0 if and only if

This implies that conditions (45) and (47) hold if and only if 3 < 3,...(d,7). Reasoning
similarly for the condition f(Amax,9,7, ) > 0 we obtain that conditions (46) and (48) hold if

and only if 5 < 5, ,..(d,7).
We prove finally that condition (44) is superfluous which would give the thesis. To prove
this observe that

FOmins 6,7, B) =0 = (1= Amin) [ Adin + (24707 + ) Amin — (14 370% +726% — 7)]
f()‘mina 5a Vs ﬂ)|,6’:1752 = 62(1 - /\min)[_/\rznin + (2 + 762 + W)Amin - (1 + 3752 + 7262 - 7)}

This implies that we can have three cases
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1. We have f(Amin,d,7,08)|3=0 = 0. In this case we have that f,,.(0,7) = 0 and
ﬁ:fnn(& ’Y) =1- 52'

2. We have f(Amin,0,7,3)|3=0 < 0. In this case we have that (3
IB;ELin((sv ’7)§

3. We have f(Amin,0,7,3)|3=0 > 0. In this case we may have three situations:

(6,7) <0< 1-62<

min

la. 0 < ﬂ;zzn((S?’y) < ﬂv—rnn(&’}/) <1l- 52;

2b. 0<1-06%<B,,(7) < Brhin(8,7);

3c. ﬁ;un(é-v’y) S 5:wn(57 ’Y) <0<I1- 52'
However the cases 2b and 2c¢ cannot occur since the 3., (d,7) is a continuous function of ,
while in these two cases the value of this function would pass from 0 to 1 — §2 in a neighbor
of the ¥’s such that f(Amin, 6,7, 5)|3=0 = 0 Notice finally that in all the cases which can occur
we have that 8. (§,7) <1-4% 0O

We provide now a consequence of the previous result.

Lemma IIL.2. Assume the same assumptions of the previous lemma hold. Let § be defined as
n (13) and 6 € R be such that 0 < § < §. Moreover let

L 1+ /\min + 62(/\min — 3)
T 252 '

Then 4 > 0 and the following inequality
S(RTLR, — L)z <0, V¥ ze<[17 07]" >4, (51)
holds true.

Proof: Notice first that 0 < § < ¢ implies that ¥ > 0. By the previous lemma, (51) holds
true if and only if 3 = 0 is an admissible solution of (43) and this happens if and only if both
Brin(0,7) > 0 and G, ,.(,%) > 0. Notice now that f(X,d,7,5) can be written as follows

where
p()‘aéa’Y) = 62 e [1 + A + 62()‘ - 3)]7 + (1 - /\)2

Notice moreover that, 3. (8,%) > 0 if and only if (1 — Anin)P(Amin, 6, 7) — (1 — 6%) < 0 and
(1 — Amin)P(Amin, 6,7) < 0 and these two conditions occurs if and only if p(Amin,d,75) < 0.
Similarly we can see that (3., (6,7) > 0 if and only if p(Amax,0,7) < 0. Notice now that, since
% = —y =702 —2(1-N),

is negative for A < 1, then p(Amax,d,7) < 0 is implied by p(Amin, d,7) < 0 which is the only
condition we need to prove. Notice now that % is the minimizer of p(Amin, d,y) as a function
of 7. Therefore p(Amax, d,7) < 0 if and only if the discriminant is positive, namely if and only
if (14 Ao + 62 (Amin — 3))? — 46%(1 — Amin)? > 0. Observe that this last inequality holds true
if and only if

(3 = Amin)?6* — 2(5 — 2Amin + A2;,)0% + (1 + Amin)? > 0. (52)

min
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Consider the equation (3 — Amin)?2? — 2(5 — Amin + A2,;,)2 + (1 + Amin)? = 0. The solutions
of this equation are z1 = 1 and x5 = (%ﬁ;m)? Since A\pin < 1 we have that xo < 1. Hence,
since (3 — Ain) 222 — 2(5 — Amin + A2,;,)7 + (1 + Ain)? > 0 is a convex parabola, we have that
(3 = Amin)?22? — 2(5 — Amin + A2;)7 + (1 + Apin)? > 0 if and only if < x5 and x > xq. It
follows that, if 62 < (M)Q, i.e., if § < 6, then (52) is satisfied. O

3_Amm
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