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Abstract

Distributed abstract programs are a novel class of distributed optimizptmniems where (i) the number of
variables is much smaller than the number of constraints and (ii) eaclraiohgs associated to a network node.
Abstract optimization programs are a generalization of linear programsdptures numerous geometric optimization
problems. We propose novel constraints consensus algorithms tidoutisd abstract programs: as each node iteratively
identifies locally active constraints and exchanges them with its neighbersetivork computes the active constraints
determining the global optimum. The proposed algorithms are appropoateetworks with weak time-dependent
connectivity requirements and tight memory constraints. We show hdabsi target localization and formation
control problems can be tackled via constraints consensus.

Index Terms

Distributed optimization, linear programming, consensus algorithms,ttirgalization, formation control.

I. INTRODUCTION

This paper focuses on a class of distributed optimizatiasblems and its application to target localization
and formation control. Distributed optimization and cortgiion have recently received widespread attention in
the context of distributed estimation in sensor networkstributed control of actuator networks and consensus
algorithms. An early established reference on distribwigtiimization is [4], whereas a non-exhaustive set of recent

references includes [5], [6], [7], [8]. We consider a distied version of abstract optimization problems. Abstract
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optimization problems, sometimes referred to as abstiaeal programs or as LP-type programs, generalize linear
programming and model a variety of machine learning and g&acroptimization problems. Examples of geometric
optimization problems include the smallest enclosing,lib® smallest enclosing stripe and the smallest enclosing
annulus problems. Early references to abstract optinoizgtroblems include [9], [10], [11]. In this paper we are
interested in abstract optimization problems where the bmmof constraints: is much greater than the number
of constraintsy that identify the optimum solution (and where, therefofeeré is a large number of redundant
constraints). For example, we are interested in linearrnarag where: is much greater than the number of variables
d (in linear programsy = d). Under this dimensionality assumption, we consider itisted versions of abstract
optimization programs, where is also the number of network nodes and where each consisaassociated to a
node. We consider processor networks described by aspifpassibly time-dependent communication topologies
and by computing nodes with tight memory constraints. Afteesenting and analyzing constraints consensus
algorithms for distributed abstract optimization, we aptllem to target localization in sensor networks and to
formation control in robotic networks.

The relevant literature is vast; we organize it in three raaeas. First, linear programming and its generalizations
including abstract optimization, have received widespragention in the literature. For linear programs in a fixed
number of variables subject to linear inequalities, the earliest algorithm with time cdexity in O(n) is given
in [12]. An efficient randomized algorithm is proposed in,[9jhere a linear program id variables subject to
n linear inequalities is solved in expected tiMEd?n + ¢©(Vdlogd): the expectation is taken over the internal
randomizations executed by the algorithm. An elegant suorerandomized methods in linear programming and
on abstract optimization is [13]; see also [11], [14]. Thevsy [15], see also [16], discusses the application of
abstract optimization to a humber of geometric optimizagwoblems. Regarding parallel computation approaches
to linear programming, linear programs witHinear inequalities can be solved [17] byparallel processors in time
O((loglog(n))?). However, the approach in [17], see also references theigelimited to parallel random-access
machines, where a shared memory is readable and writablefgmaessors. Other references on distributed linear
programming include [18], [19].

A second relevant literature area is distributed trainihgupport vector machines (SVMs). A randomized parallel
algorithm for SVM training is proposed in [20] by using medlsofrom abstract optimization and by exploiting the
idea of exchanging only active constraints. Along thesedjj21] extends the algorithm to parallel computing over
strongly connected networks, [22] contains a comprehendiscussion of SVM training via abstract optimization,
and [23] applies similar algorithmic ideas to wireless semsetworks. The algorithms in [20], [21], independently
developed at the same time of our works [1], [2], [3], diffesrh our constraint consensus algorithm in the following
ways. First, the number of constraints stored at the nodesgyat each iteration so that both the memory and the
local computation time at each node may be of ordeSecond, our algorithm is proposed for general abstract
optimization problems and thus may be applied to a varietgppflication domains. Third, our algorithm exploits
a novel re-examination idea, is shown to be correct for t#agsing (jointly strongly connected) digraphs, and

features a distributed halting condition.
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As third and final set of relevant references, we include efl@ynopsis of recent progress in target localization
in sensor networks and formation control in robotic netvgorkhe problem of target localization has been widely
investigated and recent interest has focused on sensornwiegidss networks; e.g., see the recent text [24]. In this
paper we take a deterministic worst-case approach to kataln, adopting the set membership estimation technique
proposed in [25]. A related sensor selection problem fagettracking is studied in [26]. Regarding the literature
on formation control for robotic networks, an early refareron distributed algorithms and geometric patterns
is [27]. Regarding the rendezvous problem, that is, the Iprobof gathering the robots at a common location,
an early reference is [28]. The “circle formation controlfoplem, i.e., the problem of steering the robots to a
circle formation, is discussed in [29]. The references [3B]], [32] are based on, respectively, control-Lyapunov
functions, input-to-state stability and cyclic pursuit.

The contributions of this paper are twofold. First, we idignand study distributed abstract programming
as a novel class of distributed optimization problems that teactable and widely applicable. We propose a
novel algorithmic methodology, termezbnstraints consensuso solve these problems in networks with various
connectivity and memory constraints: as each node itelgtidentifies locally active constraints and exchanges
them with its neighbors, the globally active constrainttedmining the global optimum are collectively identified.
A constraint re-examination idea is the distinctive detdibur algorithmic design. We propose three algorithms, a
nominal one and two variations, to solve abstract progragpeiding on topology, memory and computation capa-
bilities of the processor network. We formally establishimas algorithm properties, including monotonicity, fait
time convergence to consensus, and convergence to theblyessique correct solution of the abstract program.
Moreover, we provide a distributed halting conditions foe tnominal algorithm. We provide a conservative upper
bound on the completion time of the nominal algorithm andjectre that the completion time depends linearly
on n (i.e., the number of constraints and the network dimensibigxt, we evaluate the algorithm performance
via a Monte Carlo probability-estimation analysis and wessantiate our conjecture on stochastically-generated
sample problems. Sample problems are randomly generategrsidering two classes of linear programs, taken
from [33], and three types of graphs (line-graph, &denyi random graph and random geometric graph).

As a second set of contributions, we illustrate how disteduabstract programs are relevant for distributed target
localization in sensor networks and for formation contralgems, such as the rendezvous problem and the line
or circle formation problems. Specifically, for the targetdlization problem, we design a distributed algorithm to
estimate a convex polytope, specifically an axis-aligneshiding box, containing the moving target. Our proposed
eight half-planes consensus algorittmambines (i) distributed linear programs to estimate thever polytope at
a given instant and (ii) a set-membership recursion, ctingisf prediction and update steps, to dynamically track
the region. We discuss correctness and memory complexitiyeodlistributed estimation algorithm. Next, regarding
formation control problems, we design a joint communicgatad motion coordination scheme for a robotic networks
model involving range-based communication. We considen#ébions characterized by the geometric shapes of a
point, a line, or a circle. We solve these formation controlgems in a time-efficient distributed manner combining

two algorithmic ideas: (i) the robots implement a constsaiconsensus algorithm to compute a common shape
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reachable in minimum-time, and (ii) the network connetfivé maintained by means of an appropriate standard
connectivity-maintenance strategy. In the limit of vamghrobot displacement per communication round, our
proposedmnove-to-consensus-shapategy solves the optimal formation control tasks.

Paper organization: The paper is organized as follows. Section Il introducedrabs optimization problems.
Section Il introduces network models. Section IV contathe definition of distributed abstract program and
the constraints consensus algorithms. Section V contaimsvionte Carlo analysis of the time-complexity of the
constraints consensus algorithm. Sections VI and VIl darttae application of the proposed constraints consensus
algorithms to target localization and formation control.

Notation: We let Z~, Z>(, andRs( denote the natural numbers, the non-negative integer msmnhed the
positive real numbers, respectively. Foe R, andp € R¢, we let B(p,r) denote the closed ball centeredyat
with radiusr, that is, B(p,r) = {g € R? | |[p — ¢|l2 < r}. Ford € Z~,, we 0; and 1, denote the vectors iR?
whose entries are all and 1, respectively. Similarly, we leto; and —oo, the vectors withd entriesoco and —oco,
respectively. For a finite sed, we letcard(A4) denote its cardinality. For two function§ g : Z~o — Rsq, we
write f(n) € O(g) (respectively,f(n) € Q(g)) if there existN € Z~, andc € R+ such thatf(n) < cg(n) for
all n > N (respectively,f(n) > cg(n) for all n > N). Finally, we introduce the convention that sets are altbwe
to contain multiple copies of the same element.

Given S C R? andp € RY, let dist(p, S) denote the distance fromto S, that is,dist(p, S) = infseg ||p — 5.

For distinctp; € R? andp, € R?, let £(p;,p2) be the line throughp; andp,. In what follows, a set of distinct
points {p1,...,p.} C R4 n > 3, is in stripe-generic positionif, given any two ordered subsets,, py, p.) and

(Pa>Pas D), €itherdist(pa, £(py, pe)) # dist(pa, £(pg, P~)) OF (Pa,Pbs Pe) = (Pas P, Py )-

Il. ABSTRACT OPTIMIZATION

In this section we present an abstract framework [15], [bd} taptures a wide class of optimization problems
including linear programming and various machine learrang geometric optimization problems. Abstract opti-

mization problems are also known abstract linear programsgeneralized linear programsr LP-type problems

A. Problem setup and examples

We consider optimization problems specified by a i, ¢), where H is a finite set, and) : 2 — ® is a
function' with values in a linearly ordered seb (<); we assume thab has a minimum value-cc. The elements
of H are calledconstraints and forG C H, ¢(G) is called thevalueof G. Intuitively, ¢(G) is the smallest value
attainable by a certain objective function while satisfyitihe constraints ofy. An optimization problem of this

sort is called arabstract optimization progranf the following two axioms are satisfied:

(i) Monotonicity if FF C G C H, then¢(F) < ¢(G);

1Given a setH, the set2¥ is the set of all subsets dff
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(i) Locality: if FF Cc G C H with —co < ¢(F) = ¢(G), then, for allh € H,

(@) <d(GU{h}) = o(F) <P(FU{h}).

A set B C H is minimalif ¢(B) > ¢(B’) for all proper subset®’ of B. A minimal setB with —co < ¢(B) is
a basis GivenG C H, abasis ofG is a minimal subseB C G, such that-oo < ¢(B) = ¢(G). A constrainth
is said to beviolatedby G, if ¢(G) < ¢(G U {h}).

A solutionof an abstract optimization prograf#, ¢) is a minimal setBy C H with the property that)(By) =
¢(H). The combinatorial dimensiory of (H,¢) is the maximum cardinality of any basis. Finally, an abgtrac
program is calledbasis regularif, for any basis withcard(B) = ¢ and any constraint € H, every basis of
BU{h} has the same cardinality @. We now define two important primitive operations that arefulsto solve
abstract optimization problems:

(i) Violation test given a constraink and a basig, it tests whetheh is violated byB; we denote this primitive

by Vi ol (B, h);
(i) Basis computationgiven a constraint, and a basisB, it computes a basis oB U {h}; we denote this

primitive by Basi s(B, h).

Example 11.1 (Abstract framework for linear programs) We recall from [13] how to transcribe a linear program
into an abstract optimization program. A linear program)(iPz € R? is given by
min ¢’z

subject to al x <b;, i€ {l,...,n}
whered € Z- is the state dimension; € R? characterizes the linear cost function to minimize, andc R?
and b; € R describen € Z~( inequality constraints. In order to transcribe the LP intoadbstract program, we
need to specify the constraint sdt and the valuep(G) for eachG C H. The constraint seH is simply the set
of half-spaces{hy,...,h,}, whereh; = {x € R? | al'z < b;}. Defining the value function in order to satisfy
the monotonicity and locality axioms is more delicate®if= (R, <) and ¢(G) is the minimum ofc”z subject
to the constraint sefz, then the locality axiom no longer holds (see Section 4 ir] b8 a counterexample). A
correct choice is as follows: létb, <) be the seR? with the lexicographical ordef and definep(G) = vg, where
ve € R? is the (unique)exicographically minimapoint z minimizing ¢’z over the constraint s&t, when it exists
and is bounded. If the problem is infeasible (the intersectf the constraints itdx is empty), thervg = ocog4. If
the problem is unbounded (no lexicographically minimalnp@xists), thervg = —ooy. If v is finite, then a basis
of G is a minimal subset of constrainfs C G such thatvg = vg. It is known [9] that the abstract optimization
program transcription of a feasible LP is basis regular aamsl ¢combinatorial dimensiosé. A constrainth € H is

violated byG if and only if vg < vgu(ay- ]

2In the lexicographic order o2, we have(z1,y1) < (x2,2) if and only if z1 < z2 or (x1 = z2 andy; < y2).
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Example 1.2 (Abstract optimization problems in geometric optimization) We present three useful geometric
examples, illustrated in Figure 1.

(i) Smallest enclosing ballGiven n distinct points inR?, compute the center and radius of the ball of smallest
volume containing all the points. This problem is [9] an afst optimization program with combinatorial
dimensiond + 1.

(i) Smallest enclosing stripe3iven n distinct points inR? in stripe-generic positions, compute the center and
the width of the stripe of smallest width containing all theirgs. In the Appendix we prove (for the first
time at the best of our knowledge) that this problem is anrabsbptimization program with combinatorial
dimension5.

(i) Smallest enclosing annulu§iven n distinct points inR?, compute the center and the two radiuses of the
annulus of smallest area containing all the points. Thidbler is [9] an abstract optimization program with

combinatorial dimensiod.

O \\O

Fig. 1. Smallest enclosing ball, stripe and annulus

In all three examples, the violation test and the basis cdatipm primitives amount to low-dimensional geometric
problems and are more or less straightforward. Numerousr @geometric optimization problems can be cast as

abstract optimization programs as discussed in [9], [113],[[15] O

We end this section with a useful lemma, that is an immediatseguence of locality, and a useful rare property.

Lemma I1.3 For any F' and G subsets ofH, ¢(F U G) > ¢(F) if and only if there existyy € G such that
P(FU{g}) > o(F).

Proof: If there existsy € G such thatp(F U {g}) > ¢#(F), then by monotonicityp(F' U G) > ¢(F U {g}) >
¢(F). For the other implication, assum@& = {¢1,...,gx} for somek € Z-,, and defineG; := {¢q1,...,9:}
for i € {1,...,k}. We may rewrite the assumptiop(F' U G) > ¢(F) as ¢(F U Gr—1 U {gx}) > ¢(F). If
¢(F UGr_1) = ¢(F), then the locality axiom implieg(F' U {gx}) > ¢(F') and the thesis follows witly = g.
Otherwise, the same argument may be applie@’to;. The recursion stops either whedF' U G;) = ¢(F') (and
the thesis follows withy = g;1) for somei or when¢(F UG;) > ¢(F) (and the thesis follows witly = ¢g;). &
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Next, given an abstract optimization progrdifi,w), let Bs denote the basis of anyy C H. An elementh of
By is persistentif h € B for all G C H containingh. An abstract optimization prograiff{, w) is persistentf

all elements ofBy are persistent. The persistence property is useful, as ate ist the following result.

Lemma I.4 Any persistent abstract optimization prografH,w) can be solved in a number of time steps equal

to the dimension off.

Proof: Let H = {hy,...,h,}. SetB = {hy, ..., hs} and then updat® = Basi s(B, hy) for k = 6+1,...,n.
Because of persistency, eacle By is added taB once it is selected ds, and is not removed fronB in subsequent
basis computations. ]
Unfortunately, the persistence property is rare. Indeedigure 2 we show an LP problem where the persistency
property does not hold. In fact, it can be easily noticed fiat h-} is a basis fof a1, ha, hg, ha}, but {hs, hsa} is
a basis for{hs, hs, hs}. In other words{hs} is not violated by{hs, h4}. The lack of persistency complicates the
design of centralized and distributed solvers for abstoatimization problems. For example, in network settings,

flooding algorithms are not sufficient.

Fig. 2. An LP problem that is not persistent.

B. Randomized sub-exponential algorithm

In the following sections we will assume that each node inrtbiwvork possesses a routine capable of solving
small-dimensional abstract optimization programs. Famgieteness’ sake, this section reviews the randomized
algorithm proposed in [9]. This algorithm has expected mgrtime with linear dependence on the number of
constraints, whenever the combinatorial dimensiaa fixed, and with sub-exponential dependence onjthbese
bounds are proven in [9] for linear programs and in [13] fongal abstract optimization programs. The algorithm,
calledSubex_LP, has a recursive structure and is based on the violatioratesthe basis computation primitives.

Given a set of constraints' and a candidate bas{s C G, the algorithm is stated as follows:
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function Subex_LP(G,C)
1: if G = C, then return C
2: else
3: choose a random € G\ C' and computeB := Subex_LP(G \ {h},C)
4. if Viol (B,h) (thatis,h is violated byB), then
5: computeB’ := basis forB U {h}
6: return Subex_LP(G,Basi s(B,h))
7. else return B
8 endif
9: endif
For the abstract optimization prografif, ¢), the routine is invoked wittSubex_LP(H, B), given any initial

candidate basi$3.

IIl. NETWORK MODELS

Following [34], we define a synchronous network system ale'ction of computing elements located at nodes

of a directed network graph.” We refer to computing elememés processors.

A. Digraphs and connectivity

We letG = ({1,...,n}, E) denote a directed graph (or digraph), whéie... ,n} is the set of nodes and
E C {1,...,n}? is the set of edges. For each nodef G, the number of edges going out from (resp. coming
into) node: is called out-degree(resp.in-degre¢. A digraph isstrongly connectedf, for every pair of nodes
(1,7) € {1,...,n} x {1,...,n}, there exists a path of directed edges that goes fram;. A digraph isweakly
connectedif replacing all its directed edges with undirected edgesults in a connected undirected graph. In a
strongly connected digraph, the minimum number of edgesdsat node and; is called thedistance from to j and
is denoteddist(7, 7). The maximumdist (i, j) taken over all pairgi,j) is the diameterand is denotedliam(G).
Finally, we consider time-dependent digraphs of the farm- G(t) = ({1,...,n}, E(t)). The time-dependent
digraphg is jointly strongly connectedf, for everyt € Z>, the digraphu>9G(7) is strongly connected.

In a time-dependent digraph, the set of outgoing (incommgjyhbors of nodé at timet are the set of nodes

to (from) which there are edges from (topt timet¢. They are denoted byou(i, t) and Nin(i,t), respectively.

B. Synchronous networks and distributed algorithms

A synchronous networks a time-dependent digraphh = ({1,...,n}, Ecmm), Where{l,...,n} is the set of
identifiersof the processors, and the time-dependent set of eliggs describes communication among processors
as follows: (7, j) is in Ecmm(t) if and only if processoi can communicate to processpat timet € Zx.

For a synchronous netwotk with processorg1, ..., n}, adistributed algorithmconsists of (1) the sét/, called

the set ofprocessor states’), for all i € {1,...,n}; (2) the setA, called themessage alphabeincluding the
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nul I symbol; (3) the map msgW x {1,...,n} — A, called themessage-generation functioand (4) the map
stf: W x A" — W, called thestate-transition functionThe execution of the distributed algorithm by the network
begins with all processors in their start states. The psmssrepeatedly perform the following two actions. First,
the ith processor sends to each of its outgoing neighbors in thermemication graph a message (possiblyriigé |
message) computed by applying the message-generatiotiofurio the current value ofv(l. After a negligible
period of time, theith processor computes the new value of its processor stdteéy applying the state-transition
function to the current value abl!, and to the incoming messages (present in each commumicatige). The
combination of the two actions is calledcammunication roundr simply a round.

In this execution scheme we have assumed that each proaessuites all the calculations in one round. If
it is not possible to upper bound the execution-time of tlgo@ihm, then one may consider a slightly different
network model that allows the state-transition functiorb&executed across multiple rounds. When this happens,
the message is generated by using the processor state aethieug round.

The last aspect to consider is thigorithm halting that is a situation such that the network (and thereforé eac
processor) is in a idle mode. Such status can be used to fadiva achievement of a prescribed task. Formally
we say that a distributed algorithm is in halting status & firocessor state is a fixed point for the state-transition

function (that becomes a self-loop) and no message (or &eguily thenul | message) is generated at each node.

IV. DISTRIBUTED ABSTRACT OPTIMIZATION

In this section we define distributed abstract programspgse novel distributed algorithms for their solutions

and analyze their correctness.

A. Problem statement

Informally, adistributed abstract progranconsists of three main elements: a network, an abstraanizatiion

program and a mechanism to distribute the constraints oaltilstract program among the nodes of the network.

Definition V.1 A distributed abstract program is a tupl&, (H, ¢), B) consisting of
() 6=({1,...,n}, Ecmm), @ synchronous network;
(i) (H,¢), an abstract program; and
(i) B: H— {1,...,n}, a surjective map called¢onstraint distribution maghat associates to each constraint
one network node.
If the mapB is a bijection, we denote the distributed abstract prograithvthe pair (G, (H, ¢)). A solution of

(G, (H, ¢),B) is attained when all network processors have computed &isnlto (H, ¢).

Remark 1V.2 The most natural choice of constraint distribution ni&ys a bijection; in this case, (i) the network
dimension is equal to the dimension of the abstract optitisimgorogram and (ii) precisely one constraint is assigned
to each network node. More complex distribution maps areré@sting depending on the computation power and

memory of the network processors. In what follows, we tyllycassumel3 to be a bijection. ]
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B. Constraints consensus algorithms

Here we propose three novel distributed algorithms thatesdistributed abstract programs. First, we describe
a distributed algorithm that is well-suited for time-dedent networks whose nodes have bounded computation
time, memory and in-degree. Equivalently, the algorithrapplicable to networks with arbitrary in-degree, but also
arbitrary computation time and memory. Then we describevmr@ations that deal with arbitrary in-degree versus
short computation time and small memory. The second vesidhe algorithm is well-suited for time-dependent
networks that have arbitrary in-degree and bounded cortipatame, but also arbitrary memory (in the sense that
the number of stored messages may depend on the number of obtiie network). The third algorithm considers
the case of time-independent networks with arbitrary igrde and bounded computation time and memory.
In all algorithms we consider a synchronous netwgrknd an abstract prografii, ¢) with H = {hqy,--- ,h,}

and with combinatorial dimensiof. We define a distributed abstract program by assuming thedtiints and
nodes are in a one-to-one relationship, and wehelbe the constraint associated with network nedelere is an
informal description of our first algorithm.

Constraints Consensus AlgorithBeside having access to the constrainttheith processor state contains

a candidate basi®!’ consisting ofs elements ofH. The processor statB” is initialized tod copies

of h;. At each communication round, the processor performs thewimg tasks: (i) it transmitsB!

to its out-neighbors and acquires from its in-neighborsrtbandidate bases; (ii) it solves an abstract

optimization program with constraint set given by the unanits constrainth;, its candidate basig!”

and its in-neighbors’ candidate bases; (iii) it updafé¥ to be the solution of the abstract program

computed at step (ii).
For completeness’ sake, the following table presents therighm in a way that is compatible with the model given

in Section 111-B. TheSubex_LP algorithm is adopted as local solver for abstract optinzaprograms.

Probl em dat a: (G,(H,9))

Al gorithm Constraints Consensus
Message al phabet : A=HoU{null}
Processor state: BU ¢ H with card(Bl) = §
Initialization: B = {h;,... h;}

functi on msg Bl j)

1: return Bl

functi on stf(Bl1,)

% executed by nodég with y; := msg BV, i) = B
1: Htmp = {hl} U B[l] U (UjGMn(i) y])
2: return Subex_LP(Himp, BI)
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Remark IV.3 (Constraint re-examination due to lack of persistency) In order for the algorithm to compute
a correct solution, it is necessary that each node contslyae-examine its associated constraint throughout
algorithm execution. In other words, steépof the state-transition function stf in the algorithm magt be replaced
by Himp := B U (Ujens ) y;)- This continuous re-examination is required because ofdtie of the persistency

property discussed after Lemma 11.4. O

In the second scenario we consider a time-dependent newititkno bounds on the in-degree of the nodes and
on the memory size. In this setting the execution of 8ubex LP may exceed the computation time allocated
between communication rounds. To deal with this problemjnireduce an “asynchronous” version of the network
model described in Section Ill: we allow a processor to eteamessage-transmission and state-transition functions

at instants that are not necessarily synchronized. Hera iafarmal description of the algorithm.

Multi-round constraints consensus algorithBach processor has the same message alphabet, processor
state, and initialization settings as in the previocaastraints consensus algorithithe processor performs

two tasks in parallel. Task #1: at each communication rotimel processor transmits to its out-neighbors

its candidate basig!" and acquires from its in-neighbors their candidate basesk #2: independently of
communication rounds, the processor repeatedly solvedstnaat optimization program with constraint

set given by the union of: its constraiht, its candidate basi®!” and its in-neighbors’ candidate bases;

the solution of this abstract program becomes the new cateliohsisB[!l. The abstract program solver

is invoked with the most-recently available in-neighborahdidate bases and, throughout its execution,
this information does not change.

In the third scenario we consider a time-independent nétwdth no bounds on the in-degree of the nodes. We
suppose that each processor has limited memory capacityjasat can store at mosb constraints inH. The
memory is dimensioned so as to guarantee that the abstragtizgtion program is always solvable during two
communication rounds (e.g., by adopting Bigbex_LP solver). The memory constraint is dealt with by processing
only part of the incoming messages at each round, and byngyelinong incoming messages in such a way as to
process all the messages in multiple rounds.

Cycling constraints consensus algoritfithe processor state contains and initializes a candidaie B!

as in the basic constraints consensus algorithm. Additigrilae processor state includes a counter variable
that keeps track of communication rounds. At each commtioitaound, the processor performs the
following tasks: (i) it transmitsB[’! to its out-neighbors and receives from its in-neighborsr thendidate
bases; (ii) among the incoming messages, it chooses toBtaressages according to a scheduled protocol
and the counter variable; (iii) it solves an abstract optation program with constraint set given by the
union of: its constraintk;, its candidate basi8!! and theD candidate bases from its in-neighbors; (iv)

it updatesBl”! to be the solution of the abstract program computed at st@p (i
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C. Algorithm analysis

We are now ready to analyze the algorithms. In what follows digcuss correctness, halting conditions, memory

complexity and time complexity.

Theorem IV.4 (Correctness of the constraints consensus agthm) Let (G, (H, ¢)) be a distributed abstract
program with nodes and constraints in one-to-one relatijms Assume the time-dependent netw@rlis jointly
strongly connected. Consider a constraint consensus #lgorin which a network node initializes its candidate

basis to a constraint set with finite value. The followingtestaents hold:

(i) along the evolution of the constraints consensus algorittiva basis valug — ¢(Bl(t)) at each node
1€ {1,...,n} is monotonically non-decreasing and converges to a congtaite value in finite time;
(i) the constraints consensus algorithm solves the distribatestract program(G, (H, ¢)), that is, in finite time
the candidate basi®!’ at each node is a solution of(H, ¢); and
(iii) if the distributed abstract program has a unique minimalibaBy, then the final candidate basiB!! at

each node is equal toBy.

Proof: From the monotonicity axiom of abstract optimization arahirthe finiteness off, it follows that each
sequence)(Bl(t)), t € Z>o, is monotone non-decreasing, upper bounded and can assuyne finite number of
values. Additionally, in finite time, each node has a can@idsasis that has finite value because, by assumption,
one node starts with a candidate basis with finite value aaddigraph is jointly strongly connected. Therefore,
the constraints consensus algorithm at every node corwéoga constant candidate basis with finite value in a
finite number of steps. This concludes the proof of fact i)what follows, letB!!, ..., B[" denote the limiting
candidate bases at each node in the graph.

We prove fact (ii) in three steps. First, we proceed by cali¢cteon to prove that all the nodes converge to
the same value (but not necessarily the same basis). Ttwaviiodf fact is known: if a time-dependent digraph is
jointly strongly connected, then the digraph contains aetohependent directed path from any node to any other
node beginning at any time, that is, for eathe Z-, and each paifi, j), there exists a sequence of nodes
{,..., ¢, and a sequence of time instamts. .. t,+1 € Z>o With ¢ < ¢ < --- < 341, such that the directed
edges{(i, (1), (¢1,%2),...,(¢x,7)} belong to the digraph at time instarts, . .., tx+1}, respectively. The proof by
contradiction of a closely related fact is given in [35, Thern 9.3]. Now, suppose that at timgall the nodes have
converged to their limit bases and that there exist at leestiodes, say andj, such thats(Bl) # ¢(BU). For
t =ty + 1, for everyk; € Nou(i,to + 1), no constraint inBl") violates BI*1], otherwise nodé:; would compute a
new distinct basis with strictly larger value, thus viohgtithe assumption that all nodes have converged. Therefore,
#(Bl) < ¢(B™I). Using the same argument at= t, + 2, for every ky € Now(k1,to + 2), N0 constraint in
Bl violates B*2], Therefore,¢(Bl) < ¢(B*]) < ¢(B*2]). Iterating this argument, we can show that for
every S > 0, every nodek, that is reachable from in the time-dependent digraph with a time-dependent dickct

path of length at mos§, has a basiB* such thaty(Bl) < ¢(B*]). However, because the digraph is jointly
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strongly connected, we know that there exists a time-dep@ndirected path from nodeto node; beginning at
time t,, thus showing that(Bl1) < ¢(BU). Repeating the same argument by starting from npde obtain that
#(BU1) < ¢(Bl1). In summary, we showed that(Bl") = ¢(Bl!), thus giving the contradiction. Note that this
argument also proves that, (if, j) is an edge of the digrapb;>G(7), then no constraint in violates BV! and,
therefore (Bl U Bll) = ¢(BU]). Also, the equalityB!” U Bl = BlilU Bll implies that there exist$ € R such
that ¢ = ¢(Bl1) = ¢(BV]) = ¢(Bl U BUI) = ¢(BVUI U BI) for all i € {1,...,n} and (i, j) edges of U >G(7).

Second, we claim that the value of the basis at each node & &mthe value of the union of all the bases. In
other words, we claim that

$=¢(B[1]U-~-UB["]). (1)

We prove equation (1) by induction. First, we note that ¢(B"! U BUl) for any nodes andj such that either
(i,7) or (j,4) is a directed edge i >G(7). Without loss of generality, let us assume= 1 andj = 2. Now

assume that
p(BM U ... u By = g, )

for an arbitraryk-dimensional weakly-connected subgra@h of UZ>G(7) and we prove such a statement for a
weakly-connected subgraph of dimensibAa- 1 containingGy,. By contradiction, we assume the statement is not

true for k + 1. Assuming, without loss of generality, that nokle- 1 is connected ta;, in UT23G(7), we aim to

T=t

find a contradiction with the statement
p(BM U ... uBF U Bk 5 4 ©)
Plugging the induction assumption into equation (3), weehav
¢(B[1] U---uBFy B[k+1]) > ¢(B[1} U---U B[k]). (4)

From Lemma 1.3 withF = BN U ... U BI¥ and G = B*+1] and noting equation (4), we conclude that there

existsg € BIF+1] such that
¢(B[1] U---uBFy {g}) > ¢(B[1] U---U B[k]). (5)

Next, select a node € {1,...,k} such that eithefp, k + 1) or (k + 1,p) is a directed edge ab>G(7) and
note thatB”! c B U ..U Bl and¢(BP)) = ¢(BM U - - - U BI¥]) by the induction assumption. From these two
facts together with equation (5), the locality property liep that

¢(B" U {g}) > ¢(BY). (6)
Finally, the contradiction follows by noting:
monotonicity by equation (6)

p(BIF) P2 L MG gl | Bl TS (B U gy T ST Te(Bi).

This concludes the proof of equation (1).
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Third and final, because no constraint{iy, ..., h,} violates the seB!! U---uU B and becaus&!" U---uU

Bl"l ¢ H, Lemma 11.3 and equation (1) together imply
b= d)(Bm U---U B[”]) = ¢(H).

This equality proves that in a finite number of rounds the tatd basis at each node is a solution b, ¢) and,

therefore, this concludes our proof of fact (ii). The prodffact (iii) is straightforward. [ ]

Remark IV.5 (Correctness of multi-round and cycling constraints consensus)Correctness of the other two
versions of the constraints consensus algorithm may bbles$tad along the same lines. For example, it is immediate
to establish that the basis at each node reaches a conshamtivdinite time. It is easy to show that this constant
value is the solution of the abstract optimization program the multi-round algorithm over a time-dependent
graph. For the cycling algorithm over a time-independeripbrwe note that the procedure used to process the

incoming data is equivalent to considering a time-dependeaph whose edges change with that law. O

Theorem IV.6 (Halting condition) Consider a network described by a time-independent stysoghnected di-
graph G implementing a constraints consensus algorithm in whicletavork node initializes its candidate basis to
a constraint set with finite value. Each processor can hadt algorithm execution if the value of its basis has not

changed afteR diam(G) + 1 communication rounds.

Proof: For all ¢ € Z>, and for every(i, j) edge ofg,

o(BU(t)) < ¢(BY!(t + 1)), 7)

because, by construction along the constraints consengastlam, the basisBU!(¢ + 1) is not violated by any
constraint in the basig3!!(t). Assume that nodé satisfiesBl!(t) = B for all t € {to,...,to + 2diam(G)},
and pick any other nodg. Without loss of generality, sety = 0. Because of equation (7), ; € Now(i), then
#(B¥1(1)) > ¢(B) and, recursively, iky € Now(k1), thenp(BF21(2)) > ¢(BF1(1)) > #(B). Therefore, iterating
this argumentdist(i, j) times, the nodej satisfiesp(BY! (dist(i, j))) > ¢(B). Now, consider the out-neighbors
of nodej. For everyks € Now(j), it must hold thatp(B*sl(dist(i, j) + 1)) > ¢(BV!(dist(4, 5))). Iterating this
argumentdist(j,4) times, the node satisfiesp( Bl (dist(i, j) + dist(j,1))) > ¢(BV!(dist(4,))). In summary,
becauselist (i, j) + dist(j,7) < 2diam(G), we know thatp(Bl (dist(i, j) + dist(4,7))) = ¢(B) and, in turn, that

¢(B) > ¢(BY)(dist(i, §))) > ¢(B).

Thus, if basig does not change fardiam(G) + 1 time instants, then its value will never change afterwaretsabnse
all basesBl!, for j € {1,...,n}, have cost equal to(B) at least as early as time equaldam(G)+ 1. Therefore,
nodei has sufficient information to stop the algorithm afte? diam(G) + 1 duration without value improvement.
[ |
Next, let us state some simple memory complexity bounds Her three algorithms. Assume thatis the

combinatorial dimension of the abstract progréf ¢) and call a memory unit is the amount of memory required
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to store a constraint ii/. Each node of the network requires + 6(1 + card(Nin(¢))) € O(n) memory units in
order to implement the constraints consensus algorithmitandulti-round variation, and + 6(1 4+ D) € O(1) in
order to implement the cycling constraints consensus ilhgor

We conclude this section with some incomplete results abmitompletion timeof the constraints consensus
algorithm, i.e., the number of communication rounds respliifor a solution of the distributed abstract program,
and about thgime complexityi.e., the functional dependence of the completion time k@ riumber of agents.
First, it is straightforward to show that there exist distited abstract programs of dimensioerior which the time
complexity can be lower bounded (). Indeed, it takes order communication rounds to propagate information
across a path graph of order On the other hand, it is also easy to providéoase upper bound by noting that
() the number of possible distinct bases for an abstradmipation program withn constraints and combinatorial
dimensioné is upper bounded by.’, and (ii) at each communication round at least one node inntte/ork
increases its basis. Therefore, the worst-case time caitypis upper bounded by.’*!. It is our conjecture that
the average time complexity of the constraints consengy@itim is much better than the loose analysis we are

able to provide so far.

Conjecture IV.7 (Linear average time complexity) Over the set of time-independent strongly-connected dltga
and distributed abstract programs, the average time caitplef the constraints consensus algorithm belongs to
O(diam(G)). O

V. MONTE CARLO ANALYSIS OF THE TIME COMPLEXITY OF CONSTRAINTS CONSENSS

This section presents a simulation-based analysis of the tiomplexity of the constraints consensus algorithm
for stochastically generated distributed abstract prograro define a numerical experiment, i.e., a stochastically
generated distributed abstract program, we need to sp@gifite communication graph, (2) the abstract optimization
problem and (3) various parameters describing a nominafggbblems and some variations of interest. We discuss
these three degrees of freedom in the next three subseetimhperform two sets of Monte Carlo analysis in the

two subsequent subsections.

A. Communication graph models

We consider time-independent undirected communicati@phyy generated according to one of the following
three graph models. The first model is tivee graph It has bounded node degree and the largest diameter. Then
we consider two random graphs models, namely the well-knéwds-Renyi graphandrandom geometric graph
In the Erdds-Renyi graph an edge is set between each pair of hodes with pauiadbility p independently of the
other edges. A known result [36] is that the average degretheoihodes ign. Also, if p = (1 + €)log(n)/n,

e > 0, the graph is almost surely connected and the average dimmiethe graph idog(n)/log(pn). Indeed, we
use the probability(1 + €) log(n)/n to generate the graph. This gives an average node degress thabounded

asn grows, but the growth is logarithmic and so the local comjioita are still tractable. A random geometric
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graph in a bounded region is generated by (i) placing nodéscations that are drawn at random uniformly and
independently on the region and (ii) connecting two vestideand only if the distance between them is less than
or equal to a threshold > 0. We generate random geometric graphs in a unit-length squiaR?. To obtain a

connected graph we set the raditugo the minimum value that guarantees connectivity.

B. Linear programs models

In our experiments we consider stochastically-generatezht programs according to well-known models pro-
posed in the literature. A detailed survey on stochastic etsofbr linear programs and their use to study the
performance of the simplex method is [33]. We consider stethd Ps ind-dimensions withn constraints of the
form

min 'z
subject to Ax < b,
where A € R"*4, b ¢ R andc € R? are generated according to the following stochastic models

Model A.In this model the elementd;; andc; are independently drawn from the standard Gaussian disityib
The vectorbd is defined byb;, = (Z;l:l Afj)l/g, 1 € {1,...,n}. This corresponds to generating hyperplanes
(corresponding to the constraints) whose normal vect@suaiformly distributed on the unit sphere and that are at
unit distance from the origin. The LP problems generatedmalicg to this model are always feasible. This model
was originally proposed by [37] and is a special case of asathisnodels introduced by [38] see [33] for detdils.

Model B.In this model the vector is obtained as: = AT¢. The vector(b,¢) € R?" is uniformly randomly
generated if0, 1]?* and A is a standard Gaussian random matrix independe(t, éf. The LP problems generated
according to this model are always feasible. This LP modéh & more general stochastic model ot ¢), was

proposed by Todd in [39] (where it is the model indicated atél 1” in a collection of three).

C. Nominal problems and variations

First, asnominal set of problemwe consider a set of distributed abstract programs with aHewing character-
istics: d = 4, n € {20,...,240}, the graphs are equal to the line graphs of dimensipand the linear problems
are generated from Model A.

Second, as variations of the nominal set of problems, werganéPs of dimensionl € {2,3,4,5} with a
number of constraints € {20,40,...,240}. For each value ofl we generate a graph according to one of the
three graph models and an LP according to one of the two LP isoBler each configuration (dimension, number
of constraints, graph model, and LP model), we generaterdift problems, we solve each problem with the
constraints consensus algorithm, and we store worst-gasengerage completion time.

Results for the nominal set of problems and for its variatiare given in the next sections.

30ur Model A is the one indicated as Model N in [33]. A slightliffedrent model, called Model O, features hyperplanes at sandistance
from the origin. Numerical experiments show that, for largél, Model N problems require more iterations on average than Modenes.

Indeed, for fixedd and increasing:, all constraints in Model N problems are relevant, whereasyneanstraints in Model O problems are not.
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D. Time complexity results for nominal problems

For the nominal set of problems, we study the time complexity the Student-test and via Monte Carlo
probability estimation.

For each value ofi, we perform a Student's-test with the null hypothesis being that the average cotigple
time divided by the graph diameter is greater tHah — against the alternate hypothesis that the same ratio is
less than or equal to that (at t% confidence level). (Note that the diameter(is — 1).) The results for
n € {200, 220,240} are shown in Table I. The tests show that we can reject thehyplbthesis. In Figure 3 we
show the linear dependence of the completion time with @spethe number of agents (and therefore with respect

to the diameter) and provide the correspondiio confidence intervals.

average completion

number of constraints ] standard deviation ~ df t-value p-value
time/diam
240 1.21 0.36 99 —7.73 4.3 x 10712
220 1.16 0.31 99 —10.90 6.0 x 10~
200 1.27 0.36 99 —6.49 1.7x1079
TABLE |

STUDENT'S T-TEST RESULTS FOR DEMONSTRATING THE LINEAR DEPENDENCE OF THEOMPLETION TIME WITH RESPECT TO THE
DIAMETER. PROBLEM: GRAPH = LINE GRAPH, LP MODEL = MODELA,d =4,n € {200, 220, 240}, Nrun = 100, NULL HYPOTHESIS
AVERAGE COMPLETION TIME/n > 1.5.

350

300 B 1

250 R 1

200 1

Fig. 3. Average completion time for increasing number of camsts n. Specifically: Graph = line graph, LP model = Model A,= 4,
n € {20,...,240}, Nwn = 100, performance = average. The solid line is the least-squaeepiolation of the average completion times.

Next, we aim to upper bound the worst-case completion tintedd so we use a Monte Carlo probability

estimation method, that we review from [40].
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Remark V.1 (Probability estimation via Monte Carlo) We aim to estimate the probability that a random variable
is less than or equal to a given threshold. Lebe a compact set anfl be a random variable taking values@h
Given a scalar thresholg, define the probability(y) = Pr{J(A) < v}, where.J : Q@ — R is a given measurable
performance function. We estimatéy) as follows. First, we generaf¥ € Z-, independent identically distributed
random sampleA() ... A(Y). Second, we define the indicator functibn, : @ — {0,1} by I;.,(A) = 1 if

J(A) <, and0 otherwise. Third and final, we compute thenpirical probabilityas

N
) 1 i
pN(y) = v ;HM(A( ).

Next, we adopt the Chernoff bound in order to provide a boumdhe number of random samples required for a
certain level of accuracy on the probability estimate. For accuracy € (0, 1) and confidence leval—7 € (0, 1),

we know that||px (v) — p(7)|| < e with probability greater thai — » if

1 2
N > —log —.
2 gz l08 (8)
For e = n = 0.01, the Chernoff bound (8) is satisfied by = 27000 samples. |

Adopting the same notation as in Remark V.1, here is our séitgt, the random variable of interest is a collection
of n unit-length vectors (i.e., our random variable takes \@inghe compact spade: € R* | ||z|| = 1}™). Second,
the function.J is the completion time of the constraints consensus afguariin solving a nominal problem with
constraints determined bi. Third, we want to estimate the probability that, forc {40, 60, 80}, the completion
time is less than or equal té times the diameter of the chain graph of dimensianin order to achieve an
accuracy0.01 with confidence leved9%, we run Ny, = 27000 experiments for each value ef and we compute
the maximum completion time in each case. The experimemts $fhat for eachn the worst-case completion time
is less tharB.4 times the graph diameter. Therefore, we have establisteeébtlowing statement.

With 99% confidence level, there is at ledt% probability that a nominal problemi (= 4, graph = line
graph, LP model = Model A) with number of constraintsc {40, 60,80} is solved by the constraints

consensus algorithm in time upper boundeddiy — 1).

E. Time complexity results for variations of the nominallpems

Next we perform a comparison among different graph models,nhodels and LP dimensions. In order to
compare the performance of different graphs we considdsignes with: Graphe {line graph, Erés-Renyi graph,
random geometric graphLP model = Model A,d =4, n € {20,...,240}, Ny = 100. We compute the average
completion time to diameter ratio for increasing valuesnofThe results with thed5% confidence interval are
shown in Figure 4.

To compare the performance for different LP models, we ataigbroblems with: Graph = line graph, LP model
€ {Model A, Model B}, d =4, n € {20,...,240}, Nyn = 100. The results with th&5% confidence interval are

shown in Figure 5.
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Fig. 4. Comparing completion time to diameter ratio for distigcaphs and for increasing number of constraintsSpecifically: Graphe
{line graph (circle), Erfls-Renyi graph (square), random geometric graph (diampndP model = Model A,d = 4, n € {20,...,240},
Nrun = 100, performance = average.

o 50 100 150 200 250

Fig. 5. Comparing completion time to diameter ratio for distihBt models and for increasing number of constraimtsSpecifically: Graph
= line graph, LP modeE {Model A (circle), Model B (diamond) d = 4, n € {20,...,240}, Nn = 100, performance = average.

Next, to compare the performance for different dimensignse consider problems with: Graph = line graph, LP
model = Model A,d € {2,3,4,5}, n € {20,...,240}, Ny = 100. The results with th&5% confidence interval
are shown in Figure 6. The comparisons show that, the lineperdence of the completion time with respect to
the number of constraints is not affected by the graph tapolthe LP model and the dimensiah As regards
the dimensioni, as expected, for fixed the average completion time grows with the dimension. Allse,growth
appears to be linear faf > 3 (for d = 2 the algorithm seems to perform much better). In Figure 7 ve¢ {hie

least square value of the completion time to diameter ratar the number of agents versus the dimensiod.

VI. APPLICATION TO TARGET LOCALIZATION IN SENSOR NETWORKS

In this section we discuss an application of distributedtralss programming to sensor networks, namely a

distributed solution for target localization. Essenyiallle propose a distributed algorithm to approximately cotap
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Fig. 6. Comparing completion time to diameter ratio for distimeaiblem dimensiond and for increasing number of constraimtsSpecifically:
Graph = line graph, LP model = Model Al € {2(square), 3(diamond), 4(circle),5(triangle)}, n € {20,...,240}, Nun = 100,
performance = average.

09F 4

0.8 3 I I I I I

Fig. 7. Comparing completion time to diameter ratio (least sgwatue inn) for increasing problem dimensioms Specifically: Graph = line
graph, LP model = Model Ad € {2,3,4,5}, n € {20,...,240}, Nun = 100, performance = average.

the intersection of time-varying convex polytopes.

A. Motion and sensing models

We consider a target moving on the plane with unknown but dedrvelocity. The first-order dynamics is given
by
p(t+1) = p(t) + v(t), (©)
wherep(t) € [Zmin, Tmad X [Ymin, ymax C R? is the target position at timee Z>, andv(t) € R? is unknown but
satisfies||v|| < vmax for given vmax.
A set of sensord1,...,n} deployed in the environment measures the target positiam.agéume that the

measurement noise is unknown and such that, at each tineinstich sensarmeasures a possibly-unbounded
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region of the planepl (p(t)) C R?, containing the target. The sét/(p(t)) = Nicq1,.....1h (p(t)), called the
measurement set, provides the best estimate of the targitippdased on instantaneous measures only. An example
scenario is illustrated in Figure 8. In what follows, we makeritical assumption and a convenient one. First, we
assume that each measured reghdi(p(t)) is a possibly-unbounded convex polygon. Second, for suitplof
notation, we assume that each measured rebio(p(t)) is a half-plane, so that the measurement&ei(t)) is

a non-empty possibly-unbounded convex polygon equal withou: edges.

Fig. 8. The measurement set is the intersection ofdtisensor measurements.

B. Set-membership localization of a moving target

Problem V1.1 (Set-membership localization) Compute the smallest sét(¢) C R? that contains the target posi-
tion p(t) att € Z>, and that is consistent with the dynamic model (9) and thesemeasurements!”) (p(t)),
ie{l,...,n}. O

We adopt theset-membership approadescribed in [25f. For t € Z-, define the set&(t|t — 1) and E(t|t)
as thefeasible position setsontaining all the target positions at time¢hat are compatible with the dynamics and

the available measurements up to time 1 andt, respectively. With this notation, the recursion equatiane:

E(0[0) = M(p(0)), (10a)
E(tlt —1) = E(t — 1|t — 1) + B(0, tma). (10b)
B(tlt) = E(tlt - 1) N M(p(1)), (10c)

where the sum set of two sets + B is defined as{a + b | « € A andb € B}. Equation (10b) is justified as
follows: since the target speed satisfies| < vmax if the target is at positiop at timet, then the target must be

inside B(p, vmaxr) at timet + 7, for any positiver. Equation (10c) is a direct consequence of the definition of

4In [25] a moving vehicle localizes itself by measuring landnsaak known positions. This “self-localization” scenariads to a mathematical

model closely related to the one we consider.
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measurement set. Equations (10a), (10b), and (10c) anee@ftd asinitialization, time updateand measurement
update respectively. The time and measurement updates are akpmettiction and correction steps in Kalman

filtering.

E(0]0) = M(p(0)) E(1]1)/M(p(1))

E(1]0) E(1]0)

Fig. 9. Set-membership localization recursion (10): inizeion, time update and measurement update.

Running the recursion (10) in its exact form is often compatelly intractable due to the large and increasing
amount of data required to describe the sBt$|t — 1) and E(t|t). To reduce the computational complexity one
typically over-approximates these sets with bounded-dexity simple-structure sets, callegbproximating sets
For example, a common approximating set is #xés-aligned bounding box.e., the smallest rectangle aligned
with the reference axes containing the sefllldenotes the projection from the subsetsR3fonto the collection

of approximating sets, then the recursion (10) is rewriien

E(0[0) = II(M (p(0))), (11a)
E(t|t —1) =TI(E({t — 1|t — 1) + B(0, vmax)), (11b)
E(tt) = T(E(t]t — 1) N M (p(1)), (11c)

where now the set&(¢t|t — 1) and E(¢|t) are only approximations of the feasible position sets.

C. A centralized LP-based implementation: the eight hkdfps algorithm
In this section we propose a convenient choice of approxigagets for set-membership localization and we
discuss the corresponding time and measurement updatelsegife with some preliminary notation.
We let H;, be the set containing all possible collectionskohalf-planes; in other words, an element&f; is
a collection ofk half-planes. Given an angle € [0,2n[ and a set of half-plane& = {hy,...,ht} € H; with
h; = {z € R? | al'z < b;,|ja;|| = 1,b; € R}, define the linear prograrf, §) by
max [cos(f) sin(f)] -z
subjectto alz <b;, ie{l,..., k}, (12)
Tmin T < Tmax,  Ymin < Y < Ymax
As in Example 1.1, transcrib¢H, 0) into an abstract optimization prografff, ¢»). Recall that(H, ¢y) is basis

regular and has combinatorial dimensi®nso that its solution, i.e., the lexicographically-mininminimum point
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of (H,9), is always a set o2 constraints, sayLE,]J9 and h[,f,]ﬂ. In other words, the pail{h%]ﬂ,hg],@} € Hyis

computed as a function of an andle= [0, 2| and of ak-tuple H = {hq,...,ht} € Hy.

Now, as collection of approximating sets we consider the7ggtcontaining the collections of half-planes.
Note that the subset of elemen{s,,...,hs} € Hs such thatﬂf-:1 h; is bounded is in bijectichwith the set of
convex polygons with at most edges. Additionally, for arbitrary;, we define the projection maf,p : Hx —

Hs as follows: givenH € Hy, definell p(H) € Hs to be the collection of half—planeb%,]’(, and hg]ﬁ, for

0 € {0,7/2,7,3m/2}. Note that our approximating sél p(H) containsH and is contained in the smallest axis-
aligned bounding box containingf; additionally, note thall, p(H) contains some possibly repeated half-planes
because the same half-plane could be part of the solutiodi$tinct values of.

Our definition of II p has the following interpretation: assuming the target isvkm to satisfy all half-plane
constraints in a set/, the reduced-complexity possibly-unbounded polygon aioimg the target is computed by

solving four linear programéH, 6), 0 € {0, /2, m,3w/2}; see Figure 10.

< (H,m)

(H,0) =

Fig. 10. The eight constraint half-planes (solid thick fipere determined by the projectidfi p. The dashed rectangle is the smallest

axis-aligned bounding box containing the measurement set.

Finally, we review the approximated set-membership laesibon recursion (11). We assumié!(t) = {z €
R? | ald(t)Tx < bld(t),||as]| = 1} is the half-plane containing the target measured by sehsof1,...,n} at

time ¢t € Z>,. The approximated feasible position sets, element&gfare
E(tlt—1)={hi(t|t —1),...,hs(t|t — 1)}, and

E(t]t) = {hu(t]0), .., hs(t]2)}.

SIndeed, any convex polygon may be defined as the intersecfian finite number of half-planes; this definition is referred as the
H-representation of the convex polygon.
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Initialization: Equation (11a) reads
{11(0[0),. .., hs(0]0)} = T ({R1(0), ..., A" (0)}).

Time update:Assumeh;(t[t) = {z € R? | a;(t)Tx < b;(t)}, that is, h,(¢|t) is characterized by the coefficients

(ai(t),b;(t)). Since the target speed satisfleg| < vmax at instantt + 7 the target is contained in the half-planes
hi(t + 7|t) = {x € R? | a;(t)Tx < bi(t) + vmaxT }-

Therefore, the time update consists in defining eagh+ 1|¢t) to be (a;(t), b;(t) + vmax); We refer to this operation
as to atime-translationby an amountnax of the half-planeh;(¢|t). This time-update operation is equivalent to

equation (11b) and does not explicitly require an applicatf the projectiorlp.

Measurement updaté&quation (11c) reads
where the collection of constraints at times

H(t) = {ho(t|t = 1),... he(tlt — D} U{pM (), ... B (1)}

Remark V1.2 (i) During each iteration of the localization recursione ttime update step requir&ssums and
the measurement update steps requires the solutidrinéar programs ir2 variables and: + 8 constraints.
(i) Similar localization algorithms arise by selectiig> 3 and by solvingl LP at each iteration parametrized

by 6 € {0,27/¢,...,2(¢ — 1)m/¢}. Larger values of lead to tighter approximating polygons. O

D. A distributed eight half-planes algorithm

We consider a scenario in which the sensors measuring thet aosition also have computation and communi-
cation capabilities so that they form a synchronous netwsrkiescribed in Section Ill. L&ksp = ({1,...,n}, Esn)
be the undirected communication graph among the sefsors. ,n}; assum&j is connected. Assume the sensors
communicate at each timee Zx, and perform measurements of the target at unspecified timés.j (com-
munication takes place at higher rate than sensing). Faplisiity, we assume the first measurement at each node
happens at timé.

We aim to design a distributed algorithm for the sensor ngkvio localize a moving target. The idea is to run
local set-membership recursioifwith time and measurement updates) at each node while eguoitaconstraints
in order to achieve constraints consensus on a set-menifegstimate. Distributed constraint re-examination is
obtained as follows: at each time, each node keeps in menheryastm measurements it took and, after an

appropriate time-update, re-introduces them intolilhe computation. We begin with an informal description.

Eight Half-Planes Consensus Algorithifhe processor state at each procegsmntains a seﬂggﬂma

8 candidate optimal constraints and a %éﬂnsedcontaining the lastn measurements, for some > 0.

 of

These sets are initialized to the first sensor measuremérgagh communication round, the processor
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performs the following tasks: (i) it transmlﬂgg“mal to its out-neighbors and acquires from its in-neighbors
their candidate constraints; (ii) it performs a time-ugddhat is, a time-translation by an amowpty, of

all candidate optimal, measured and received constrdiiijdt updates the set of measured constraints if
a new measurement is taken; and (iv) it updéﬁé%imal to be the projectionl, p of all candidate optimal,

measured and received constraints.

Next we give a pseudo-code description.

Probl em dat a: A network Gsp of sensors that measure half-plane constraints
Al gorithm Eight Half-Planes Consensus
Message al phabet: A=HgU{null}
Processor state: HgﬂtimaleHg
Hs[gnsede H,, for somem > 0

Initialization: H([)p]mmal = {hl(0),..., hl1(0)}
Highse= {h(0),.....hl1(0)}

g7l

function msq optlmal7 sensea’j)

[i]
1 return Hg optimal

function Stf((Hgﬂtlmal’ s[é]nsea y)

% executed by nodg with y; := Hc[f‘j“mal
1: time-translate by an amounay all constraints constraints IHs[e]nsed Hégt,map andUjen, (i)Y
2: if a new measurement is taken at this tirttesn

3 add it to H.] senseq drop oldest measurement fro g

ensed
4: end if
5. setH[ o= HLP( Hgnsed” Hapimal Ujeni(i yﬂ)
) [d]
6: return (Hozptimah Hsensea

Finally, we collect some straightforward facts about tHgogthm; we omit the proof in the interest of brevity.

Proposition VI.3 (Properties of the eight half-planes conensus algorithm) Consider a connected netwogk,
of sensors that measure half-plane constraints and thakeiment the eight half-plane consensus algorithm. Assume
the target does not move, that is, sgkx = 0. The following statements hold:
(i) the candidate optimal constraints at each node contain #nget at each instant of time;
(i) the candidate optimal constraints at each node monotolyidalprove over time; and
(i) additionally, if each node makes at mastmeasurements in finite time, then the candidate optimaltaints

at each node converge in finite time to the globally optigh&lalf-plane constraints.

Next, let us state some memory complexity bounds for thetéighi-plane consensus algorithm. Again, we adopt

the convention that a memory unit is the amount of memoryireduo store a constraint ilf. Each node of the
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network requireg8 + m + 8 card(Nin(i))) memory units in order to implement the algorithm. If we assuttmat
numberm of stored measurements is independent aind that the indegree of each node is bounded irrespectively
of n, then the algorithm memory complexity is 0(1). Vice-versa, in worst-case graphs, the algorithm memory

complexity is inO(n).

VIl. APPLICATION TO FORMATION CONTROL FOR ROBOTIC NETWORKS

In this section we apply constraints consensus ideas toakimmcontrol problems for networks of mobile robots.
We focus on formations with the shapes of a point, a line, oirelec (The problem of formation control to a
point is usually referred to as the rendezvous or gatheringlpm.) We solve these formation control problems in
a time-efficient manner via a distributed algorithm reguakathe communication among robots and the motion of

each robot.

A. Model of robotic network

We define a robotic network as follows. Each robot is equippitd a processor and robots exchange information
via a communication graph. Therefore, the group of robots the features of a synchronous network and can
implement distributed algorithms as defined in SectionHidwever, as compared with a synchronous network, a
robotic network has two distinctions: (i) robots controkithmotion in space, and (ii) the communication graph
among the robots depends upon the robots positions, rdthertime.

Specifically, therobotic networkevolves according to the following discrete-time commatign, computation
and motion model. Each robate {1,...,n} moves between rounds according to the first order discirete-t
integratorpl? (t + 1) = pll(t) + uld(t), wherepl!l € R? and ||ul||> < umax > 0. At each discrete time instant,
robots at positions?, communicate according to the disk graghsk(P.) = ({1,...,n}, Fgisk(Py)) defined as
follows: an edge(i, j) € {1,...,n}?%, i # j, belongs toEgs(P,) if and only if ||pl) — pll|| < remm for some
Temm > 0.

A distributed algorithm for a robotic networkonsists of (1) a distributed algorithm for a synchronoutsvoek,
that is, a processor state, a message alphabet, a messmygatigan and a state-transition function, as described
in Section 1ll, (2) an additional function, called tlwntrol function that determines the robot motion, with the
following domain and co-domain:

cth: R x W x A" — B(0, tmax)-

Additionally, we here allow the message generation and tde $ransition to depend upon not only the processor
state but also the robot position. The state of the robotioork evolves as follows. First, at each communication
roundt, each processarsends to its outgoing neighbors a message computed by agphg message-generation
function to the current values of?! andw!’. After a negligible period of time, théh processor resets the value
of its processor state!’ by applying the state-transition function to the curreritiga of pl’! andw!”, and to the
messages received at timeFinally, the positiorpl’ of the ith robot at timet is determined by applying the control

function to the current value gfl!! andw!’, and to the messages received at time
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In formal terms, ifyl”)(¢) denotes the message vector received at tilmg agenti (with yj[-i] (t) being the message

received from agenf), then the evolution is determined by
yy (1) = msgpl? (¢ — 1), wll (¢t - 1),),
wll(t) = st(pl (t — 1), wll(t — 1), y1(2)),

pU(t) = pll(t — 1) +etl(p (¢ — 1), wl (1), y1 (1)),

with the convention that mggll(t — 1), wll(t — 1),4) = nul | if (4,5) & Eaisk(p!(t — 1),...,p"™(t = 1)).

B. Formation tasks and related optimization problems

Numerous definitions of robot formation are considered értulti-agent literature. Here we consider a somehow
specific situation. LeSyoints Siines, and Scircles b€ the set of points, lines and circles in the plane, resgdytiWe
refer to these three sets as thigape setsWe aim to lead all robots in a network to a single element af o
the shape sets If is a selected shape set, tfegmation taskis achieved by the robotic network if there exists
a timeT € Z-, such that for allt > T, all robotsi € {1,...,n} satisfyplll(t) € s for some element € S.
Specifically, thepoint-formation, or rendezvous tasiquires all connected robots to be at the same position, the
line-formation taskrequires all connected robots to be on the same line, andittle-formation taskrequires all
connected robots to be on the same circle.

We are interested in distributed algorithms that achiew $armation tasks optimally with respect to a suitable
cost function. For the point-formation and line-formati@sks, we aim to minimize completion time, i.e., the time
required by all robots to reach a common shape. For the docteation task, we aim to minimize the product

between the time required to reach a common circle, and #meater of the common circle.

Remark VII.1 (Circle formation) For the circle-formation problem we do not select the conihetime as cost
function, because of the following reasons. The centrdlizersion of the minimum time circle-formation problem
is equivalent to finding the minimum-width annulus contagithe point-set. For arbitrary data sets, the minimum-
width annulus has arbitrarily large minimum radius and besamilarities with the solution to the smallest stripe
problem. For some configurations, all points are containdg im a small fraction of the minimum-width annulus;
this is not the solution we envision when we consider movisigpts in a circle formation. Therefore, we consider,
instead, the smallest-area annulus. This cost functiomlizeis both the difference of the radiuses of the annulus

(width of the annulus) and their sum. O

The key property of theminimum-time point-formation taskninimum-time line-formation taskand optimum
circle-formation taskis that their centralized versions are equivalent to findimgsmallest ball, stripe and annulus,
respectively, enclosing the agents’ initial positions. We state these equivalencesiénfollowing lemma without

proof.
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Lemma VII.2 (Optimal shapes from geometric optimization) Given a set of distinct point§ps, ..., p,} C R?,

consider the three optimization problems:

min max P—
PESpoins FE{1,...,n} lps =Pl

min  max _ dist(p;, £)
LE Slines je{l,...,n} J? ’

min max  dist(p;, ¢) - radius(c),
cEScircles jE{1,...,n}

whereradius(c) denotes the radius of the circte These three optimization problems are equivalent to thedlest
enclosing ball, the smallest enclosing stripe (for pointsstripe-generic position), and the smallest enclosing
annulus problem, respectively.

Therefore, they are abstract optimization problems witmbimmatorial dimensior8, 5 and 4, respectively.

We conclude this section with some useful notation. Wet Etget _set ({p1,...,p,}) denote the point, the

line or the circle equidistant from the boundary of the sesillenclosing ball, stripe or annulus, respectively.

C. Connectivity assumption, objective and strategy

We assume that the robotic network is connected at initie tii.e., that the grapfaisk(P..(0)) is connected, and
we aim to achieve the formation task while guaranteeing thatstate-dependent communication graph remains
connected during the evolution. The following connecyivitaintenance strategy was originally proposed in [28]
and a comprehensive discussion is in [41]. The key idea igdtrict the allowable motion of each robot so as to
preserve the existing edges in the communication graph. Nept this idea in three steps.

First, in a network with communication edgé%;s, if agentsi and j are neighbors at time € Zx,, then we

require that their positions at time+ 1 belong to

. ) [l (¢ (7] t) 1
sy ol )y = (P @) +p7() 1
X (p(0),p9(8) = B(E=5 =2, Sremm).
If all neighbors of agent at timet are at location®["/(t) = {qi, ..., ¢}, then the (convexgonstraint sebf agent
i is

- - il(t)+q 1
xeH0,QUm) = () B L),
q€{q1,--»q1}
Second, giverp and ¢ in R? and a convex closed s€ C R? with p € @, we introduce therom-to-inside

function, denoted by fti and illustrated in Figure 11, thatmputes the point in the closed segmént| which is

at the same time closest toand inside). Formally,

q; if ¢ €@,
p,qNOQ, if ¢¢Q.

Third and final, we assume that, independent of whateverra@oatgorithm dictates the robots evolution, if

fti(p,q, Q) =

pt@,gel(t) denote the desired target positions of ageat timet¢ + 1, then we allow robot to move towards that
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1 fti(p, ¢, Q)
fti(p, ¢, Q) @

Fig. 11. lllustration of the fti function; courtesy of thethors of [41].

location only so far as the constraint set allows. This isoded by:

P+ 1) = fti (p7 (1), plarge(t), X (P (1), QU (1))).

D. Move-to-consensus-shape strategy

The minimum-time point-formation, minimum-time line-foation, and optimum circle formation tasks appear
intractable in their general form due to the state-depend@mmunication constraints. To attack these problem, we
search for an efficient strategy that converges to the optima when the upper bound on the robot speggx
goes to zero or, in other words, when information transrmarssends to be infinitely faster than motion. To design
such a strategy, we aim to reach consensus on the centratiheiibn to the problem, i.e., the optimal shape, and
use the solution as a reference for the agents motion.

A simple sequential solution is as follows: first, the agertmpute the optimal shape via constraints consensus,
and then, when consensus is achieved, they move towardabestipoint in the target shape (point, line or circle). An
improved strategy allows concurrent execution of constsatonsensus and motion: while the constraints consensus
algorithm is running, each agent moves toward the estim@tggt position while maintaining connectivity of the
communication graph. We first provide an informal desaooipti

Move-to-consensus-shape strategljie processor state at each robebnsists of a seBl” of § candidate
optimal constraints and a binary variatielt’! € {0,1}. The setB!! is initialized topl(0) andhalt!! is
initialized to 0. At each communication round, the processor performs thewfimg tasks: (i) it transmits
pll and Bl to its neighbors and acquires its neighbors’ candidatetaings and their current position;
(ii) it runs an instance of the constraints consensus dlyarifor the geometric optimization program
of interest (smallest enclosing ball, stripe or annulugthé constraints consensus halting condition is
satisfied, it setdaltl’! to 1; (iii) it computes a robot target position based on the qurestimate of the
optimal shape; (iv) it moves the robot towards the targeitipmswhile respect input constraint and, if

halt™ is still zero, enforcing connectivity with its current nblgprs.

Next we give a pseudo-code description. Weg(0) = {p!*/(0),...,p["(0)}.
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Pr obl em dat a: A robotic network and a shape set
Al gorithm Move-to-Consensus-Shape
Message al phabet : A=R2UR?>)°U{null}
Processor st at e: Bl ¢ P,(0) with card(Bl) = ¢
hal t [l € {0,1}
Physi cal state: pll € R?
Initialization: B = {pl(0),...,p"(0)}
hal t I := 0

functi on msg(pl’, B, )

1: return (pl, Bl)

functi on stf(Bl hal t [l )
% executed by nodg with y; = (plil, BUl) := msg B, i)
1t Symp = {pl(0)} U BP U (Ujens iy BY)
2: Bl .= Subex_LP(Simp, B")
3: if Bl has not changed fatn rounds,
4: thenhaltl!:=1, end if
5: return (Bl hal t [)

function ctl(Bl, plil, y)
% executed by nodg with y; = (pl’l, BUl) := msg BV, i)
% mapt ar get _set defined in Section VII-B

1 Sirqe :=target _set (Bl)

2 pugt = arg_min I = pl|

3. if hal t [l = 0, then

[RIEWNE) .
Nenstr 1= ﬂjeMn(i) B (p ;p ) %%mm) N B(p[l] ) Umax)
else chstr =B (p[z], Umax) N end if

4: return fti (p[i]aptrgty chstr) - p[i]

We refer the interested reader to [1] for numerical simafatiesults for the move-to-consensus-shape strategy.

Finally, we state the correctness of the algorithm and ohgtgroof in the interest of brevity.

Proposition VII.3 (Properties of the move-to-consensuskape algorithm) On a robotic network with commu-
nication graphGgisk and bounded control inputsmay, the move-to-consensus-shape strategy achieves thedlesir
formation control tasks.

In the limit asumax — 07, the move-to-consensus-shape strategy solves the oftimetion control tasks, i.e.,

the minimum-time point-formation, minimum-time lineAfi@ation, and optimum circle formation tasks.
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VIII. CONCLUSIONS

We have introduced a novel class of distributed optimizagwoblems and proposed a simple and intuitive
algorithmic approach. Additionally, we have rigorouslyatdished the correctness of the proposed algorithms and
presented a thorough Monte Carlo analysis to substantiateanjecture that, for a broad variety of settings, the
time complexity of our algorithms is linear. Finally, we ladiscussed in detail two modern applications: target
localization in sensor networks and formation control ibatic networks.

Promising avenues for further research include provindittear-time-complexity conjecture, as well as applying
our algorithms to (i) optimization problems for randomlyigkiing graphs and gossip communication, (ii) distributed
machine learning problems [22], [21], [23], and (iii) corvguadratic programming [42]. Additionally, it is of inteste

to verify the performance of our proposed target localaratind formation control algorithms in experimental setups

APPENDIX
Abstract framework for the smallest enclosing stripe peol

In this appendix we consider the smallest enclosing stripblpm in Example 11.2 for stripe-generic points and
show that is satisfies the abstract optimization axioms. ¥ggrbwith some notation. Letl be the set of constraints,
i.e., the set of points in the plane for which we aim to compghtesmallest enclosing stripe. With a slight abuse of
notation,h € H denotes both a constraint and a point depending on the dohix¢(G), G C H, be the width
of the smallest stripe enclosing the pointsGn A constrainth is violated by the se@, i.e., (G U {h}) > ¢(G),
if the point h does not belong to the smallest stripe enclosihg

First, note that three points are necessary, but in genetaufficient, to uniquely identify the smallest enclosing
stripe of a setd of three or more points. Indeed, the boundary of the smafiegie enclosingdd contains at
least three points off, e.g., pointk; on one line and point$hs, hs} on the other line. So, the smallest enclosing
stripe identifies the triplefhq, ho, h3}. However, a simple geometric argument shows that the ceevsrnot true,
i.e., three points are not sufficient. Three points would Wificient if the triplet was an ordered set and uniquely
identified a stripe. To uniquely identify the smallest esaig stripe for a seff of five or more points, one needs
to add to the triplef k1, ho, h3} another two points off that belong to the correctly stripe among the three stripes
determined by{h1, ha, h3}. In summary, this discussion shows that the combinatoifaedsion is5.

Second, we prove that the two axioms of abstract optiminadi@ satisfied. As usual, monotonicity is trivially
satisfied, thus we need to prove locality. Suppose, by cdictian, that locality does not hold. Therefore there
exist /, G andh, F C G C H andh € H, with —oco < ¢(F) = ¢(G) such that¢(G U {h}) > ¢(G) and
o(FU{h}) = ¢(F). Let S and Sr be the smallest stripes fa¥ and F, so that(g1, g2, g3) and( f1, f», f3) are the
ordered triplets of points definin§, and S, respectively. Sincé is violated byG but not by F, this means that
h belongs toSF but not to.S;. Therefore, the stripeS; and Sr must be different, i.e.(g1, g2, 93) # (f1, f2, f3)-
Because the points are in stripe-generic positions, we khatdist(g:, 1(g2, g3)) # dist(f1,(f2, f3)) and, therefore,
¢(G) > ¢(F). This proves the contradiction.
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