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contractivity = robust, modular, computationally-friendly stability

fixed point theory + Lyapunov stability theory + geometry of metric spaces

highly-ordered transient and asymptotic behavior, no anonymous constants/functions:
1 sharp analysis for numerous example systems
2 unique globally exponential stable equilibrium

& two natural Lyapunov functions
3 robustness properties

bounded input, bounded output (iss)
finite input-state gain
robustness margin wrt unmodeled dynamics

4 periodic input, periodic output
5 modularity and interconnection properties
6 accurate numerical integration and equilibrium point computation

search for contraction properties
design engineering systems to be contracting

verify correct/safe behavior via known Lipschitz constants
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Example contracting systems

1 gradient descent flows under strong convexity assumptions
(proximal, primal-dual, distributed, Hamiltonian, saddle, pseudo, best response, etc)

2 neural network dynamics under assumptions on synaptic matrix
(recurrent, implicit, reservoir computing, etc)

3 Lur’e-type systems under assumptions on nonlinearity and LMI conditions
(Lipschitz, incrementally passive, monotone, conic, etc)

4 interconnected systems under contractivity and small-gain assumptions
(Hurwitz Metzler matrices, network small-gain theorem, etc)

5 data-driven learned models (imitation learning)

6 feedback linearizable systems with stabilizing controllers

7 incremental ISS systems

8 Giesl Converse Theorem: nonlinear systems with a locally exponentially stable equilibrium
are contracting with respect to appropriate Riemannian metric
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Example #1: Parametric convex optimization and contracting dynamics

Many convex optimization problems can be solved with contracting dynamics

ẋ = F(x, θ)

Convex Optimization Contracting Dynamics

Unconstrained min
x∈Rn

f(x, θ) ẋ = −∇xf(x, θ)

Constrained
min
x∈Rn

f(x, θ)

s.t. x ∈ X (θ)
ẋ = −x+ ProjX (θ)(x− γ∇xf(x, θ))

Composite min
x∈Rn

f(x, θ) + g(x, θ) ẋ = −x+ proxγgθ(x− γ∇xf(x, θ))

Equality
min
x∈Rn

f(x, θ)

s.t. Ax = b(θ)

ẋ = −∇xf(x, θ)−A⊤λ,

λ̇ = Ax− b(θ)

Inequality
min
x∈Rn

f(x, θ)

s.t. Ax ≤ b(θ)

ẋ = −∇f(x, θ)−A⊤∇Mγ,b(θ)(Ax+ γλ),

λ̇ = γ(−λ+∇Mγ,b(θ)(Ax+ γλ))
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Example #2: Systems in Lur’e form

<latexit sha1_base64="zSQFxeFyr5x6Fwok8hnK5tZsKl4=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8YgeAozIurNgAc9JmAWSIbQ06lJ2vQsdPcIccgTePGgiFcfwJNP4s2jb2JnOWjiDw0f/19FV5UXC660bX9ZmYXFpeWV7GpubX1jcyu/vVNTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lKK/foVQ8Cm/0IEY3oN2Q+5xRbaxK0s4X7KI9FpkHZwqFi4/776v3vbTczn+2OhFLAgw1E1SppmPH2k2p1JwJHOZaicKYsj7tYtNgSANUbjoedEgOjdMhfiTNCzUZu787UhooNQg8UxlQ3VOz2cj8L2sm2j93Ux7GicaQTT7yE0F0REZbkw6XyLQYGKBMcjMrYT0qKdPmNjlzBGd25XmoHRed0+JJxS6UbJgoC/twAEfgwBmU4BrKUAUGCA/wBM/WrfVovVivk9KMNe3ZhT+y3n4AAyGQvg==</latexit>u
<latexit sha1_base64="tcvH8A4Lr7sLyxubKXvJaIZfow4="></latexit>y

<latexit sha1_base64="xSvCamGi87vzIicZyLm1re9IhA4="></latexit>

u =  (y)

<latexit sha1_base64="NzuO+UwrGxkxync5BjSrswSUiMc="></latexit>

ẋ = Ax + Bu; y = Cx

For A ∈ Rn×n, B ∈ Rm×n and C ∈ Rn×m, nonlinear system in Lur’e form

ẋ = Ax+BΨ(Cx) =: FLur’e(x)

where Ψ : Rm → Rm is described by an incremental multiplier matrix M , that is,

[
y1 − y2

Ψ(y1)−Ψ(y2)

]⊤
M

[
y1 − y2

Ψ(y1)−Ψ(y2)

]
≥ 0 for all y1, y2 ∈ Rm

For P = P⊤ ≻ 0, following statements are equivalent:

1 FLur’e infinitesimally contracting wrt ∥ · ∥2,P with rate η > 0 for each Ψ described by M ,

2 ∃λ ≥ 0 s.t.

[
PA+A⊤P + 2ηP PB

B⊤P 0m×m

]
+ λ

[
C⊤ 0n×m

0m×m Im

]
M

[
C 0m×m

0m×n Im

]
⪯ 0
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Ongoing education and research on contraction theory

Contraction Theory 
for Dynamical Systems

Francesco Bullo

”Continuous improvement is
better than delayed perfection”
Mark Twain

Textbook: Contraction Theory for Dynamical Systems, Francesco
Bullo, rev 1.2, Aug 2024. (Book and slides freely available)
https://fbullo.github.io/ctds

Tutorial slides: https://fbullo.github.io/ctds

Youtube lectures: ”Minicourse on Contraction Theory”
https://youtu.be/FQV5PrRHks8 6 lectures, total 12h
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Contracting Dynamics for Optimization

Francesco Bullo

Center for Control,
Dynamical Systems & Computation

University of California at Santa Barbara

https://fbullo.github.io/ctds

2024 IEEE CDC Contraction Theory Workshop, 2024/12/15. This version: 2024/12/15

<latexit sha1_base64="N3hfoZuaqNqDBlz3SHiemm3eHYU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9R3++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqt5l1b2rVeq1PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAHSI2V</latexit>x0

<latexit sha1_base64="MjJku7DXN4dg+qxrBABeL/WmR9E=">AAACIHicbZDLTsJAGIWnXhFviEs3jcTEBSGtIrIkutAlGrkklJDp8BcmTKfNzNRImr6KCzf6KO6MS30Rtw6FhYAnmeTk/LfJ54aMSmVZX8bK6tr6xmZmK7u9s7u3nzvIN2UQCQINErBAtF0sgVEODUUVg3YoAPsug5Y7up7UW48gJA34gxqH0PXxgFOPEqx01MvlnXRHPOAui+A8GfesXq5glaxU5rKxZ6aAZqr3cj9OPyCRD1wRhqXs2FaoujEWihIGSdaJJISYjPAAOtpy7IPsxundxDzRSd/0AqEfV2aa/p2IsS/l2Hd1p4/VUC7WJuF/tU6kvGo3pjyMFHAyPeRFzFSBOQFh9qkAothYG0wE1X81yRALTJTGlXX64Gmk83Di+5urJLaK1YuiXSknWU3KXuSybJpnJbtSKt+VC7XyjFkGHaFjdIpsdIlq6BbVUQMR9ISe0St6M16Md+PD+Jy2rhizmUM0J+P7F+GPolY=</latexit>y0

<latexit sha1_base64="Pyau3v9GEpRW6cXNBEIyHdYcHsY="></latexit>

y(k)

<latexit sha1_base64="tECZWwIOPcifUQ/TTLQYuDyJYSI="></latexit>

ball centered at x(k) with radius ⇢k

<latexit sha1_base64="FL9V926ijocRf43lklCEvHdwp9Y="></latexit>

x(k)

<latexit sha1_base64="N3hfoZuaqNqDBlz3SHiemm3eHYU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9R3++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqt5l1b2rVeq1PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAHSI2V</latexit>x0

<latexit sha1_base64="MjJku7DXN4dg+qxrBABeL/WmR9E=">AAACIHicbZDLTsJAGIWnXhFviEs3jcTEBSGtIrIkutAlGrkklJDp8BcmTKfNzNRImr6KCzf6KO6MS30Rtw6FhYAnmeTk/LfJ54aMSmVZX8bK6tr6xmZmK7u9s7u3nzvIN2UQCQINErBAtF0sgVEODUUVg3YoAPsug5Y7up7UW48gJA34gxqH0PXxgFOPEqx01MvlnXRHPOAui+A8GfesXq5glaxU5rKxZ6aAZqr3cj9OPyCRD1wRhqXs2FaoujEWihIGSdaJJISYjPAAOtpy7IPsxundxDzRSd/0AqEfV2aa/p2IsS/l2Hd1p4/VUC7WJuF/tU6kvGo3pjyMFHAyPeRFzFSBOQFh9qkAothYG0wE1X81yRALTJTGlXX64Gmk83Di+5urJLaK1YuiXSknWU3KXuSybJpnJbtSKt+VC7XyjFkGHaFjdIpsdIlq6BbVUQMR9ISe0St6M16Md+PD+Jy2rhizmUM0J+P7F+GPolY=</latexit>y0

<latexit sha1_base64="l/6cDS0liA5U5eG3sNU6hEZRYvA="></latexit>

y(t)

x(t)
<latexit sha1_base64="DO6xEqo2v2AzMk4JoJD7HdETlXk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnYil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOByY3f</latexit><latexit sha1_base64="DO6xEqo2v2AzMk4JoJD7HdETlXk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnYil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOByY3f</latexit><latexit sha1_base64="DO6xEqo2v2AzMk4JoJD7HdETlXk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnYil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOByY3f</latexit><latexit sha1_base64="DO6xEqo2v2AzMk4JoJD7HdETlXk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnYil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOByY3f</latexit>

<latexit sha1_base64="fzEt0saj9EOiq6IgKOMQqFbdgsA=">AAACFnicbVA9SwNBEN3z2/gVtbRZTAQtEu5E1FK0sVQwJpDEMLc3SRb3PtidU8ORX2HjX7GxUMRW7Pw3bmIKNT4YeLw3szvz/ERJQ6776UxMTk3PzM7N5xYWl5ZX8qtrlyZOtcCKiFWsaz4YVDLCCklSWEs0QugrrPrXJwO/eoPayDi6oF6CzRA6kWxLAWSlVr7kg1JcYESoMeBAvHi3TTtFfiupyzUEMjW8iFdZSVC/2MoX3LI7BB8n3ogU2AhnrfxHI4hFGtr3hQJj6p6bUDMDTVIo7OcaqcEExDV0sG5pBCGaZjY8q8+3rBLwdqxtRcSH6s+JDEJjeqFvO0OgrvnrDcT/vHpK7cNmJqMkJYzE90ftVHGK+SAjHkiNglTPEhBa2l256IIGYUMyORuC9/fkcXK5W/b2y3vnu4Wj41Ecc2yDbbJt5rEDdsRO2RmrMMHu2SN7Zi/Og/PkvDpv360Tzmhmnf2C8/4Fjwidvg==</latexit>

ball centered at x(t) with radius e�ct
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Outline

§1. Time-invariant contracting dynamics
The continuous-time Banach contraction theorem
Canonical Lyapunov functions
Cumulative error and curve length
Local contractivity and the small-residual theorem

§2. Time-varying contracting dynamics
Incremental input-state-stability
Equilibrium tracking and tube invariance
Exact equilibrium tracking with feedforward control
Dynamic regret
Gradient dynamics and online feedback optimization

10/42



Continuous-time dynamics and one-sided Lipschitz constants

ẋ = F(x) on Rn with norm ∥ · ∥ and induced log norm µ(·)

One-sided Lipschitz constant (≈ maximum expansion rate)

osLip(F) = inf{b ∈ R such that JF(x)− F(y), x− yK ≤ b∥x− y∥2 for all x, y}
= supx µ(DF(x)) (when F differentiable)

For scalar map f , osLip(f) = supx f
′(x)

For affine map FA(x) = Ax+ a

osLip2,P 1/2(FA) = µ2,P 1/2(A) ≤ ℓ ⇐⇒ A⊤P + PA ⪯ 2ℓP

osLip∞(FA) = µ∞(A) ≤ ℓ ⇐⇒ aii +
∑

j ̸=i

|aij | ≤ ℓ
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Banach contraction theorem for continuous-time dynamics:
If −c := osLip(F) < 0, then

1 F is infinitesimally contracting = distance between trajectories decreases exp fast (e−ct)

2 F has a unique, glob exp stable equilibrium x∗

<latexit sha1_base64="N3hfoZuaqNqDBlz3SHiemm3eHYU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9R3++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqt5l1b2rVeq1PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAHSI2V</latexit>x0

<latexit sha1_base64="MjJku7DXN4dg+qxrBABeL/WmR9E=">AAACIHicbZDLTsJAGIWnXhFviEs3jcTEBSGtIrIkutAlGrkklJDp8BcmTKfNzNRImr6KCzf6KO6MS30Rtw6FhYAnmeTk/LfJ54aMSmVZX8bK6tr6xmZmK7u9s7u3nzvIN2UQCQINErBAtF0sgVEODUUVg3YoAPsug5Y7up7UW48gJA34gxqH0PXxgFOPEqx01MvlnXRHPOAui+A8GfesXq5glaxU5rKxZ6aAZqr3cj9OPyCRD1wRhqXs2FaoujEWihIGSdaJJISYjPAAOtpy7IPsxundxDzRSd/0AqEfV2aa/p2IsS/l2Hd1p4/VUC7WJuF/tU6kvGo3pjyMFHAyPeRFzFSBOQFh9qkAothYG0wE1X81yRALTJTGlXX64Gmk83Di+5urJLaK1YuiXSknWU3KXuSybJpnJbtSKt+VC7XyjFkGHaFjdIpsdIlq6BbVUQMR9ISe0St6M16Md+PD+Jy2rhizmUM0J+P7F+GPolY=</latexit>y0

<latexit sha1_base64="l/6cDS0liA5U5eG3sNU6hEZRYvA="></latexit>

y(t)

x(t)
<latexit sha1_base64="DO6xEqo2v2AzMk4JoJD7HdETlXk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnYil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOByY3f</latexit><latexit sha1_base64="DO6xEqo2v2AzMk4JoJD7HdETlXk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnYil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOByY3f</latexit><latexit sha1_base64="DO6xEqo2v2AzMk4JoJD7HdETlXk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnYil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOByY3f</latexit><latexit sha1_base64="DO6xEqo2v2AzMk4JoJD7HdETlXk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnYil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOByY3f</latexit>

<latexit sha1_base64="y4Br0sypoTDn2YnZnSFANq6JDmA="></latexit>

x⇤

<latexit sha1_base64="6CMAs1V+aVm6wtbEsyQ/xLNECik="></latexit>

ball centered at x(t) with radius e�ct
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Speed and error

osLip(F) = −c < 0 and x∗ is equilibrium

<latexit sha1_base64="2F8Mc+oDq+uZd16rP5RkPMuH5vA="></latexit>

x→

<latexit sha1_base64="/jvIhRvPlWU9TytIDe1LWXoHP5k="></latexit>

x
<latexit sha1_base64="HOtkHTaUNX83H6n3aVAC63geAvc="></latexit>

error or distance = →x ↑ x→→

<latexit sha1_base64="LiwcrfyVlVsEmPqZB3CKo46ncFU="></latexit>

speed: →F (x)→
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The two canonical Lyapunov functions and their relationship

Given F : Rn → Rn and a norm ∥ · ∥ (with induced norm ∥ · ∥ and log norm µ(·))

ẋ(t) = F(x(t))

If osLip(F) = −c < 0 and F(x∗) = 0n, then

1 two global Lyapunov functions:

x 7→ ∥x− x∗∥ (error)

x 7→ ∥F(x)∥ (speed)

2 for each x(0) = x0 and t ∈ R≥0,

∥x(t)− x∗∥ ≤ e−ct∥x0 − x∗∥ (error)

∥F(x(t))∥ ≤ e−ct∥F(x0)∥ (speed)

3 if additionally Lip(F) = ℓ,

c∥x− x∗∥ ≤ ∥F(x)∥ ≤ ℓ∥x− x∗∥
15/42



A third Lyapunov function for symmetric Jacobians

If additionally DF(x) = DF(x)⊤ for all x, then

f(x) =−
∫ 1

0
x⊤F(tx)dt

is a global Lyapunov function, c-strongly convex, and F = −∇f

E.g.: for FQ(x) = −Qx+ q with Q = Q⊤ ≻ 0 and q ∈ Rn,

x 7→ ∥x−Q−1q∥22, x 7→ ∥Qx− q∥22, x 7→ 1
2x

⊤Qx− q⊤x

More generally, Cost : Rn → R such that

x∗ = argmin
x

Cost(x)

ℓCost = Lip(Cost)
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Cumulative error and curve length

osLip(F) = −c < 0 and x∗ is equilibrium

<latexit sha1_base64="2F8Mc+oDq+uZd16rP5RkPMuH5vA="></latexit>

x→

<latexit sha1_base64="c8RnVJZSBcBc8kgmVdWuBB/I5bo="></latexit>

x(0)
<latexit sha1_base64="7UGqdBvkR8xgGK72QmN/VFpncwY="></latexit>

cumulative error: E =

∫ →

0

distance

<latexit sha1_base64="WBq7MxZZXmje+wrcXlCUuZ0jcRU="></latexit>

curve length: L =

∫ →

0

speed

Length
(
x[0,∞)) =

∫ ∞

0
∥F(x(t))∥dt ≤ 1

c
∥F(x0)∥ (curve length)

CErr
(
x[0,∞)

)
=

∫ ∞

0
∥x(t)− x∗∥dt ≤ 1

c
∥x0 − x∗∥ (cumulative error)

CCost
(
x[0,∞)

)
=

∫ ∞

0
Cost

(
x(t)

)
− Cost

(
x∗

)
dt ≤ ℓCost

c
∥x0 − x∗∥ (cumulative cost)
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Local contractivity theory (1/2)

ẋ(t) = F
(
x(t)

)

<latexit sha1_base64="J4n5/fzy1IefjQEUnOT9URdXiak="></latexit>

x†

Example contour plot of x 7→ µ(DF(x))
Red values are points x where µ(DF(x)) < 0
Blue values are points where µ(DF(x)) > 0

contracting set S := red region
closed ball Br(x

†) = {x such that ∥x− x†∥ ≤ r}

Lemma: if contracting region S is invariant and convex,
then restrict F to S and usual contractivity properties apply

1 invariance of contracting set S?

2 convexity of contracting set S?
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Local contractivity theory (2/2)

<latexit sha1_base64="J4n5/fzy1IefjQEUnOT9URdXiak="></latexit>

x†

<latexit sha1_base64="xfOJyEKr8ewHPDEBa1adWRFxsq4="></latexit>

F(x†)

The small-residual theorem
For ẋ = F(x) infinitesimally contracting with rate c > 0 in region S

Br(x
†) ⊂ S and ∥F(x†)∥ ≤ cr =⇒ Br(x

†) is invariant

Intuition: if ∥F(x†)∥/c ≤ r,
then solution from x† remains inside Br(x

†) and converges to equilibrium point
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Time-varying contracting dynamics

<latexit sha1_base64="N3hfoZuaqNqDBlz3SHiemm3eHYU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9R3++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqt5l1b2rVeq1PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAHSI2V</latexit>x0

<latexit sha1_base64="MjJku7DXN4dg+qxrBABeL/WmR9E=">AAACIHicbZDLTsJAGIWnXhFviEs3jcTEBSGtIrIkutAlGrkklJDp8BcmTKfNzNRImr6KCzf6KO6MS30Rtw6FhYAnmeTk/LfJ54aMSmVZX8bK6tr6xmZmK7u9s7u3nzvIN2UQCQINErBAtF0sgVEODUUVg3YoAPsug5Y7up7UW48gJA34gxqH0PXxgFOPEqx01MvlnXRHPOAui+A8GfesXq5glaxU5rKxZ6aAZqr3cj9OPyCRD1wRhqXs2FaoujEWihIGSdaJJISYjPAAOtpy7IPsxundxDzRSd/0AqEfV2aa/p2IsS/l2Hd1p4/VUC7WJuF/tU6kvGo3pjyMFHAyPeRFzFSBOQFh9qkAothYG0wE1X81yRALTJTGlXX64Gmk83Di+5urJLaK1YuiXSknWU3KXuSybJpnJbtSKt+VC7XyjFkGHaFjdIpsdIlq6BbVUQMR9ISe0St6M16Md+PD+Jy2rhizmUM0J+P7F+GPolY=</latexit>y0

<latexit sha1_base64="l/6cDS0liA5U5eG3sNU6hEZRYvA="></latexit>

y(t)

x(t)
<latexit sha1_base64="DO6xEqo2v2AzMk4JoJD7HdETlXk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnYil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOByY3f</latexit><latexit sha1_base64="DO6xEqo2v2AzMk4JoJD7HdETlXk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnYil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOByY3f</latexit><latexit sha1_base64="DO6xEqo2v2AzMk4JoJD7HdETlXk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnYil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOByY3f</latexit><latexit sha1_base64="DO6xEqo2v2AzMk4JoJD7HdETlXk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnYil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOByY3f</latexit>

<latexit sha1_base64="oH6Lzh+7x3N5nmdPUmettf+Ugn4="></latexit>

tube centered at x(t) with radius
ω

c
sup

ω→[0,t]

→εx(ϑ)↑εy(ϑ)→

ẋ(t) = F(x(t), θx(t))

ẏ(t) = F(y(t), θy(t))

If ∥θx(t)− θy(t)∥ ≤ δ for all t,

then y(t) approaches or remains inside the tube with center x(t) and radius
ℓδ

c

23/42



Incremental input-state-stability

For parameter-dependent vector field F : Rn × Rd → Rn and differentiable θ : R≥0 → Θ ⊂ Rd

ẋ(t) = F(x(t), θ(t))

Assume there exist norms ∥ · ∥X and ∥ · ∥Θ s.t.

contractivity wrt x: osLipx(F) ≤ −c < 0, uniformly in θ

Lipschitz wrt θ: Lipθ(F) ≤ ℓ, uniformly in x

Theorem: Incremental ISS. Any two soltns: x(t) with input θx and y(t) with input θy

∥x(t)− y(t)∥ ≤ e−ct∥x0 − y0∥ +
ℓ

c
sup

τ∈[0,t]
∥θx(τ)− θy(τ)∥ (error)
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Equilibrium tracking and tube invariance

<latexit sha1_base64="QmHEAFP5sSQ7EHZwiCX2rV6KZeE=">AAACH3icbVDLSgMxFL3j2/qqunQzWAQXpcxore4sutBlFauFtpRMeqeGZjJDkhHLMH/ixl9x40IRcedf+AmmUxfaeiBwOOee3OR4EWdKO86nNTU9Mzs3v7CYW1peWV3Lr29cqzCWFOs05KFseEQhZwLrmmmOjUgiCTyON17/dOjf3KFULBRXehBhOyA9wXxGiTZSJ19pddE32eympCc8HuN+mlyenaSJUzw6KLqVctr66953nE6+4JScDPYkcX9I4fgLMtQ6+Y9WN6RxgEJTTpRquk6k2wmRmlGOaa4VK4wI7ZMeNg0VJEDVTrK9qb1jlK7th9Icoe1M/Z1ISKDUIPDMZED0rRr3huJ/XjPW/lE7YSKKNQo6WuTH3NahPSzL7jKJVPOBIYRKZt5q01siCdWm0pwpwR3/8iS53iu5lVLlolyolkdtwAJswTbsgguHUIVzqEEdKDzAE7zAq/VoPVtv1vtodMr6yWzCH1if34LQpAY=</latexit>

x0

<latexit sha1_base64="hnZ9nK7szI3+vdWeWbFgQ69GHHE=">AAACIHicbVDLSgMxFL3j2/qqunQzWAQFKTNaW3eKLnSpYlVoS8mkd9rQTGZIMmIZ5lPc+CtuXCiiO/0KP8F02oVVDwQO59yTmxwv4kxpx/mwxsYnJqemZ2Zzc/MLi0v55ZUrFcaSYpWGPJQ3HlHImcCqZprjTSSRBB7Ha6973Pevb1EqFopL3YuwEZC2YD6jRBupma/UW+ibbHZT0hYej3E3TS5OjtLE2d7f23bLpbQ+6t5t6q1mvuAUnQz2X+IOSeHgCzKcNfPv9VZI4wCFppwoVXOdSDcSIjWjHNNcPVYYEdolbawZKkiAqpFki1N7wygt2w+lOULbmfozkZBAqV7gmcmA6I767fXF/7xarP39RsJEFGsUdLDIj7mtQ7vflt1iEqnmPUMIlcy81aYdIgnVptOcKcH9/eW/5Gqn6JaL5fNS4bA0aANmYA3WYRNcqMAhnMIZVIHCPTzCM7xYD9aT9Wq9DUbHrGFmFUZgfX4DDg2kRg==</latexit>

x(t)
<latexit sha1_base64="6odz5SutiwLpvuWiCVc/nzECFz4="></latexit>

x⇤(✓(t))

<latexit sha1_base64="2DBgfi6puFsYX4mxCByySeOFCiE=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIzFBD2TXEPQmiRePmMgjgZXMDrMwYfbhTC+RbPgOLx40xqsf482/8BMcFg4KVtJJpao73V1uJLhCy/oyMiura+sb2c3c1vbO7l5+/6ChwlhSVqehCGXLJYoJHrA6chSsFUlGfFewpju8nvrNEZOKh8EdjiPm+KQfcI9TglpyHu/Pih0cMCRd67SbL1glK4W5TOw5KVx9Q4paN//Z6YU09lmAVBCl2rYVoZMQiZwKNsl1YsUiQoekz9qaBsRnyknSoyfmiVZ6phdKXQGaqfp7IiG+UmPf1Z0+wYFa9Kbif147Ru/SSXgQxcgCOlvkxcLE0JwmYPa4ZBTFWBNCJde3mnRAJKGoc8rpEOzFl5dJ47xkV0qV23KhWp6lAVk4gmMogg0XUIUbqEEdKDzAE7zAqzEyno03433WmjHmM4fwB8bHDy3Hkno=</latexit>

x⇤(✓0)

<latexit sha1_base64="bGna06ZAoZdxBD+khaXzm2DDlAw="></latexit>

tube centered at x→(ω(t)
)

with radius
ε

c2
sup

ω↑[0,t]

→ω̇x(ϑ)→

ẋ(t) = F(x(t), θ(t))

x∗(θ(t)) = equilibrium trajectory

If ∥θ̇(t)∥ ≤ δ for all t,

then x(t) approaches or remains inside the tube with center x⋆
(
θ(t)

)
and radius

ℓδ

c2
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Equilibrium tracking

For parameter-dependent vector field F : Rn × Rd → Rn and differentiable θ : R≥0 → Θ ⊂ Rd

ẋ(t) = F(x(t), θ(t))

Assume there exist norms ∥ · ∥ and ∥ · ∥ s.t.

contractivity wrt x: osLipx(F) ≤ −c < 0, uniformly in θ

Lipschitz wrt θ: Lipθ(F) ≤ ℓ, uniformly in x

Theorem: Equilibrium tracking for contracting dynamics.

The equilibrium map x⋆(·) is Lipschitz with constant
ℓ

c
and

∥x(t)−x⋆(θ(t))∥ ≤ e−ct
∥∥x0−x⋆

(
θ0
)∥∥ +

ℓ

c2
sup
τ>0

∥θ̇(τ)∥ (error)

∥F
(
x(t), θ(t)

)
∥ ≤ e−ct

∥∥F
(
x0, θ0

)∥∥ +
ℓ

c
sup
τ>0

∥θ̇(τ)∥ (speed)
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Exact equilibrium tracking with feedforward control

For parameter-dependent vector field F : Rn × Rd → Rn and differentiable θ : R≥0 → Θ ⊂ Rd

ẋ(t) = F(x(t), θ(t))

contractivity wrt x: osLipx(F) ≤ −c < 0, uniformly in θ

Lipschitz wrt θ: Lipθ(F) ≤ ℓ, uniformly in x

If additionally F is differentiable in both arguments, then inverse function theorem

Dθx
⋆(θ) = −

(
DxF(x

⋆(θ), θ)
)−1

DθF(x
⋆(θ), θ).
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Exact equilibrium tracking with feedforward control

Time-varying contracting dynamics with feedforward prediction

ẋ(t) = F(x(t), θ(t))−
(
DxF(x(t), θ(t))

)−1
DθF(x(t), θ(t)) θ̇(t)

Asymptotically exact equilibrium tracking

∥∥F
(
x(t), θ(t)

)∥∥ ≤ e−ct∥F
(
x0, θ0

)
∥ (speed)

∥x(t)− x⋆(θ(t))∥ ≤ 1

c
e−ct∥F(x0, θ0)∥

ℓx = Lipx(F)≤ ℓx
c
e−ct∥x0 − x⋆(θ0)∥ (error)

E.g., if F = −∇xf , then ẋ = −∇xf(x, θ) +
(
Hess f(x, θ)

)−1
Dθ∇xf(x, θ) θ̇
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Exact equilibrium tracking with feedforward control – discrete time

Conjecture: no exact tracking is possible in discrete time

A. Simonetto and E. Dall’Anese. Prediction-correction algorithms for time-varying constrained optimization. IEEE Transactions on Signal
Processing , 65(20):5481–5494, 2017.
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Dynamic regret

<latexit sha1_base64="0ragCmHEdyYE+WwMLSljuh1uYDg="></latexit>

x(T )

<latexit sha1_base64="JohMKr65csPybbm3LEVmKiTX01o="></latexit>

x(k)

<latexit sha1_base64="iv/KGktqiP+o1xsGJYtVCqx1wbM="></latexit>

x→(ω0)

<latexit sha1_base64="mIOucJ5D//5m0leUNLw+un+jRaY="></latexit>

x→(ωk)

<latexit sha1_base64="4enIM1BngYZ8P2RpFbL5JUM5+5w="></latexit>

x→(ωT )
<latexit sha1_base64="A+KkO2ZTSUdzZmeqgFvDPQli1AE="></latexit>

x0

CErr
(
x[0,T ], θ[0,T ]

)
=

∫ T

0

∥∥x(t)− x∗
(
θ(t)

)∥∥dt (cumulative error)

Regret
(
x[0,T ], θ[0,T ]

)
=

∫ T

0
Cost

(
x(t), θ(t)

)
− Cost

(
x∗(θ(t)), θ(t)

)
dt (dynamic regret)

Note: Length
(
x∗[0,T ]

)
=

∫ T

0
∥ẋ∗(θ(t))∥dt

Lip(x∗)= ℓ/c

≤ ℓ

c

∫ T

0
∥θ̇(t)∥dt = ℓ

c
Length

(
θ[0,T ]

)
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Dynamic regret

For parameter-dependent vector field F : Rn × Rd → Rn and differentiable θ : R≥0 → Θ ⊂ Rd

ẋ(t) = F(x(t), θ(t))

Assume there exist norms ∥ · ∥X and ∥ · ∥Θ s.t.

contractivity wrt x: osLipx(F) ≤ −c < 0, uniformly in θ

Lipschitz wrt θ: Lipθ(F) ≤ ℓ, uniformly in x

Cumulative tracking error

CErr
(
x0, θ[0,T ]

)
≤ 1

c

∥∥x0 − x∗(θ0)
∥∥+

ℓ

c2
Length

(
θ[0,T ]

)

Dynamic regret (for a Cost(x, θ) that is ℓCost-Lipschitz in x)

Regret
(
x0, θ[0,T ]

)
≤ ℓCostCErr

(
x0, θ[0,T ]

)
= O

(
1 + Length

(
θ[0,T ]

))
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Outline

§1. Time-invariant contracting dynamics
The continuous-time Banach contraction theorem
Canonical Lyapunov functions
Cumulative error and curve length
Local contractivity and the small-residual theorem

§2. Time-varying contracting dynamics
Incremental input-state-stability
Equilibrium tracking and tube invariance
Exact equilibrium tracking with feedforward control
Dynamic regret
Gradient dynamics and online feedback optimization
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Gradient dynamics and online feedback optimization

Solving optimization problems via dynamical systems

<latexit sha1_base64="cRC8UsZclDp57IevNhgml4y3CgE="></latexit>

y<latexit sha1_base64="fnokQSQQYGs6uHhBmwDBe7239+0="></latexit>

u

<latexit sha1_base64="EEk6WItmJ2pI2GvH9gikxRCIG5s="></latexit>

w(t)

<latexit sha1_base64="c/MsXtR9jPys8YzeLQpsIHaCVcw="></latexit>

u̇ = Optimizer(u, y)

<latexit sha1_base64="M8CtpAII3XZaKuHLcqKbOUcCZZs="></latexit>

Plant
(linear, stable, fast)

studies in linear and nonlinear programming (Arrow, Hurwicz, and Uzawa 1958)

neural networks (Hopfield and Tank 1985) and analog circuits (Kennedy and Chua 1988)

optimization on manifolds (Brockett 1991)

. . .

online and dynamic feedback optimization (Dall’Anese, Dörfler, Simonetto, . . . )

A. Davydov, V. Centorrino, A. Gokhale, G. Russo, and F. Bullo. Time-varying convex optimization: A contraction and equilibrium tracking
approach. IEEE Transactions on Automatic Control , June 2023. . Conditionally accepted

L. Cothren, F. Bullo, and E. Dall’Anese. Online feedback optimization and singular perturbation via contraction theory. SIAM Journal on
Control and Optimization, Aug. 2024. . Submitted
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Motivation: Optimization-based control

1 parametric optimization

2 online feedback optimization

3 model predictive control

4 control barrier functions

5 ...

parametric QP. YALMIP + Multi-Parametric Toolbox

Some works on feedback optimization

Feedback 
optimization

Power 
systems

[Jokic et al’09]
[Bolognani-Zampieri’13]
[Hirata-Hespanha-Uchida’14]
[Li et al’14]
[Dall’Anese et al’15]
[Bernstein et al’15]
[Gan-Low’16]
[Dall’Anese-Simonetto’18]
[Menta et al’18]
[Ortmann et al’20]
[Picallo et al’22]
… and many others

Epidemic control

Robotics 
and vehicles

Transportation systems

Compressor stations
[Zagorowska et al’23]

[Lawrence et al’21]
[Terpin et al ’21]
[Cothren et al ’22]

[Bianchin et al’22]

[Bianchin et al ’20]
[Cothren et al’22]

E. Dall’Anese Siena, July 2023 9 / 55

Online feedback optimization. Courtesy of Emiliano Dall’Anese.
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Parametric and time-varying convex optimization

min E(x) ⇐⇒ ẋ = F(x) x∗

Parametric and time-varying convex optimization

1 parametric contracting dynamics for parametric convex optimization

min E(x, θ) ⇐⇒ ẋ = F(x, θ) x∗(θ)

2 contracting dynamics for time-varying strongly-convex optimization

min E
(
x, θ(t)

)
⇐⇒ ẋ = F

(
x, θ(t)

)
x∗

(
θ(t)

)

A. Davydov, V. Centorrino, A. Gokhale, G. Russo, and F. Bullo. Time-varying convex optimization: A contraction and equilibrium tracking
approach. IEEE Transactions on Automatic Control , June 2023. . Conditionally accepted
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Application: Online feedback optimization

<latexit sha1_base64="cRC8UsZclDp57IevNhgml4y3CgE="></latexit>

y<latexit sha1_base64="fnokQSQQYGs6uHhBmwDBe7239+0="></latexit>

u

<latexit sha1_base64="EEk6WItmJ2pI2GvH9gikxRCIG5s="></latexit>

w(t)

<latexit sha1_base64="c/MsXtR9jPys8YzeLQpsIHaCVcw="></latexit>

u̇ = Optimizer(u, y)

<latexit sha1_base64="M8CtpAII3XZaKuHLcqKbOUcCZZs="></latexit>

Plant
(linear, stable, fast)

{
min cost1(u) + cost2(y)

subj. to y = Plant
(
u,w(t)

) =⇒
{

u̇ = Optimizer(u, y)

y = Plant
(
u,w(t)

)
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Gradient controller

Online feedback optimization

u∗
(
w(t)

)
:= argmin

u
ϕ(u) + ψ(y(t)) (c-strongly convex ϕ, convex ψ)

subj to y(t) = Yuu+ Yww(t)

gradient controller

u̇ = FGradCtrl(u,w) := −∇u

(
ϕ(u) + ψ(y(t))

)
= −∇ϕ(u)− Y ⊤

u ∇ψ(Yuu+ Yww)

Contractivity of the gradient controller =⇒ eq. tracking + regret estimates

1 u(t) approaches or remains inside

the tube with center u∗
(
w(t)

)
and radius

ℓw
c2

sup
τ≤t

∥ẇ(τ)∥

2 Regret ≤ ℓx
c

∥∥u0 − u∗
(
w0

)∥∥ +
ℓxℓw
c2

Length
(
θ[0,T ]

)
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Selected references from my group

Contracting neural networks:

A. Davydov, A. V. Proskurnikov, and F. Bullo. Non-Euclidean contractivity of recurrent neural networks.
In American Control Conference, pages 1527–1534, Atlanta, USA, May 2022.

V. Centorrino, A. Gokhale, A. Davydov, G. Russo, and F. Bullo. Euclidean contractivity of neural networks
with symmetric weights. IEEE Control Systems Letters, 7:1724–1729, 2023.

V. Centorrino, A. Gokhale, A. Davydov, G. Russo, and F. Bullo. Positive competitive networks for sparse
reconstruction. Neural Computation, 36(6):1163–1197, 2024.

Optimization:

A. Davydov, S. Jafarpour, A. V. Proskurnikov, and F. Bullo. Non-Euclidean monotone operator theory and
applications. Journal of Machine Learning Research, 25(307):1–33, 2024. . URL
http://jmlr.org/papers/v25/23-0805.html

A. Davydov, V. Centorrino, A. Gokhale, G. Russo, and F. Bullo. Time-varying convex optimization: A
contraction and equilibrium tracking approach. IEEE Transactions on Automatic Control , June 2023. .
Conditionally accepted

A. Gokhale, A. Davydov, and F. Bullo. Contractivity of distributed optimization and Nash seeking
dynamics. IEEE Control Systems Letters, 7:3896–3901, 2023.

A. Gokhale, A. Davydov, and F. Bullo. Onlinea optimization via contraction theory. Technical Report, 2024
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Conclusion
1 canonical properties of contracting dynamics for optimization

error and speed Lyapunov functions (and the gradient case)
curve length and cumulative error
incremental ISS
equilibrium tracking and feedforward control
dynamic regret

2 gradient controller

3 local invariance

search for contraction properties
design engineering systems to be contracting

verify correct/safe behavior via known Lipschitz constants
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