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captured by the controllability of the linearized system (2). Indeed, if 
the linearized system (2) is locally controllable along a specific 
 trajectory in state space, then the original nonlinear system (1) is also 
controllable along the same trajectory15. Furthermore, linear control-
lability predictions are consistent with simulations of neuronal 
 networks with nonlinear dynamics16,17.

To understand how control considerations differ from simple con-
nectivity-based predictions, consider Fig. 2a, exploring whether nodes 2  
and 3 can be controlled by a signal applied to node 1. Topologically 
the system appears controllable, as the signal can reach all nodes. Yet, 
the classic Kalman condition18 tells us that the responses of nodes 2 
and 3 to this signal are always correlated, hence we cannot control 
them independently, making the system as a whole uncontrollable. To 
gain full control over all three nodes, we need to apply one additional 
control signal to node 2 or 3 (Fig. 2b). We encounter the same situation 
when m independent signals aim to control k nodes, a configuration 
that is controllable only if m ≥ k (Fig. 2c, d). In a similar spirit, we 
derive the criterion for muscle controllability and apply it to analyse the  
C. elegans nervous system (Supplementary Information section IIB and 
Extended Data Fig. 2).

Here, we applied this network control framework to predict which 
neurons are critical in the response to gentle touch, in the sense that 
their removal (ablation) would decrease the number of controllable 
muscles. We found that even in the intact worm, only 89 of the 95 
muscles are independently controllable. We then explored the impact 
of ablating each of the 103 neuronal classes (see Supplementary 
Information section IB for neuron classification) individually. We 
found that the removal of the vast majority of neuron classes had no 
impact on muscle controllability. Our initial analysis did identify, how-
ever, nine classes predicted to affect muscle control: the seven major 
classes of motor neurons (DA, DB, DD, VA, VB, VD, and AS), and the 
premotor interneuron AVA (Table 1; see also Extended Data Figs 3–5).  
Each of these classes has been previously implicated, through genetic, 
neuroimaging, optogenetic, and cell ablation experiments, in the direct 
control of the body neuromusculature (see Supplementary Information 
section IIIA).

Interestingly, the control analysis also predicted locomotor defects fol-
lowing the ablation of a ninth neuron, PDB, not previously implicated in 
locomotion. As shown in Fig. 2e, while PDB directly connects to muscles 
MVR21 and MVL22, it apparently plays no key topological role as in its 
absence the signal transmitted by the receptor neurons for anterior gentle 
touch, AVM and ALML/R, can still reach all muscles. However, from a 
control perspective, we expect that the ablation of PDB should affect worm 
locomotion (see Fig. 2e for a full explanation). Since ablation experiments 
for PDB have not previously been reported, this prediction offers the first 
direct, falsifiable experimental test of the network control framework.

Most existing results on neuron ablation remove all members of a 
neuron class simultaneously7,10–12, but control principles can go further, 
predicting which of the individual neurons are responsible for the loss 
of control. To show this we applied the linearized system (2) to each 
individual neuron within the DD class. Intriguingly, we found that the 
individual ablation of DD01, DD02, or DD03 did not alter the control-
lability of the muscles, but DD04, DD05, and DD06 did (Fig. 3a). This 
result was unexpected, because the general pattern of connectivity is 
thought to be similar among the DD class. Nevertheless, we predict 
that the individual ablation of DD04, DD05, or DD06 should be suffi-
cient to impair C. elegans locomotion, offering a second set of specific, 
unanticipated, and falsifiable predictions, now regarding the functional 
differences between individual neurons within a class.

To test the validity of our two sets of predictions, we performed 
laser ablation of individual neurons9 and analysed the spontaneous 
locomotor behaviour of freely moving worms on food (see https:// 
doi.org/10.6084/m9.figshare.c.3796345 for complete data19). We used 
an automated tracking system20 to compare the locomotion pattern of 
PDB- and DD-ablated animals with mock-ablated worms, focusing 
on four fundamental components of worm body morphology known 
as eigenworms, which provide a low-dimensional but relatively com-
plete description of C. elegans body postures21. Under our recording 
conditions, the first Eigen projection represents a large body bend, the 
second and third represent components of the sinusoidal travelling 
wave that drives crawling movement, and the fourth represents small 
movements at the head and tail22.
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Figure 1 | Controlling the C. elegans neural network. a, Schematic 
neural circuit for locomotor response to gentle touch in C. elegans 
(adapted after ref. 30; see Supplementary Information section IIIA). 
b, Graphical representation of the proposed control framework. According 
to the principles illustrated in Fig. 2a–d, if removal of a neuron disrupts 
controllability of the muscles, we designate it ‘essential’ for locomotion; 
if not, we call it ‘non-essential’. To make this assessment, we first mapped 
the C. elegans responsive locomotor behaviours into a target network 
control problem, asking to what degree the sensory neurons (blue) can 
control the muscles (pink). This allowed us to predict the previously 

unknown involvement of PDB in C. elegans locomotion, and functional 
differences between individual neurons within the DD neuronal class. 
c, The C. elegans connectome used in our study, consisting of 279 neurons 
(the 282 non-pharyngeal neurons, excluding CANL/R and VC06 which do 
not make connections with the rest of the network) and 95 muscles. Node 
size is proportional to the sum of its in- and out-degrees. Filled nodes 
represent the neurons traditionally assigned to the circuits responsible for 
gentle touch response, hinting at the complexity of predicting neuronal 
function from the wiring diagram alone.

© 2017 Macmillan Publishers Limited, part of Springer Nature. All rights reserved.
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Aim: understand the dynamics of neural networks, so that

reproducible behavior, i.e., equilibrium response as function of stimula

robust behavior in face of uncertain stimuli and dynamics

learning models, efficient computational tools, periodic behaviors ...

A. Krizhevsky, I. Sutskever, and G. E. Hinton. Imagenet classification with deep convolutional neural networks. Advances in Neural Information Processing Systems, 25, 2012
G. Yan, P. E. Vértes, E. K. Towlson, Y. L. Chew, D. S. Walker, W. R. Schafer, and A.-L. Barabási. Network control principles predict neuron function in the Caenorhabditis
elegans connectome. Nature, 550(7677):519–523, 2017.

http://dx.doi.org/10.1038/nature24056
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xi+1 = Φ(Aixi + bi), x0 = u,

y = Cxk + d

Implicit/Recurrent NN
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x = Φ(Ax+Bu+ b),

y = Cx+ d

Fixed point strategies in data science = simplifying and unifying framework to model, analyze,
and solve advanced convex optimization methods, Nash equilibria, monotone inclusions, etc.

P. L. Combettes and J.-C. Pesquet. Fixed point strategies in data science. IEEE Transactions on Signal

Processing , 2021.

http://dx.doi.org/10.1109/TSP.2021.3069677
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Contraction theory: historical notes
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ball centered at x(t) with radius e�ct

Given ẋ = F(t, x), F is infinitesimally strongly contractive if its flow is a Banach contraction



On fixed point algorithms and Banach contractions

x = G(x)

Banach Contraction Theorem
If Lip(G) < 1 that is ∥G(u)− G(v)∥ ≤ Lip(G)∥u− v∥,

then Picard iteration xk+1 = G(xk) is a Banach contraction

For Lip(G) ≥ 1, define the average iteration

xk+1 = (1− α)xk + αG(xk)

Infinitesimal Contraction Theorem

1 there exists 0 < α < 1 such that the average iteration is a Banach contraction

2 the map G satisfies osLip(G) < 1

3 the dynamics ẋ = −x+ G(x) is infinitesimally strongly contracting



Robustness of fixed point algorithms

Robustness based upon Contraction
x∗u is a fixed point of x = G(x, u) and Lipx G < 1, then

∥x∗u − x∗v∥ ≤ Lipu G

1− Lipx G
∥u− v∥

Robustness based upon Infinitesimal Contraction
x∗u is a fixed point of x = G(x, u)
x∗v is a fixed point of x = G(x, v) + D(x, v), and
osLipx(G+ D) < 1, then

∥x∗u − x∗v∥ ≤ 1

1− osLipx(G+ D)

(
Lipu(G+ D)∥u− v∥+ ∥D(x∗u, u)∥

)



Properties of contracting dynamical systems
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ball centered at x(t) with radius e�ct

Highly ordered transient and asymptotic behavior:

1 time-invariant F: unique globally exponential stable equilibrium
two natural Lyapunov functions

2 periodic F: contracting system entrain to periodic inputs

3 contractivity rate is natural measure/indicator of robust stability

4 modularity and interconnection properties,

5 accurate numerical integration, and

6 there exist efficient methods for their equilibrium computation



The log norm of A ∈ Rn×n wrt to ∥ · ∥:

µ(A) := lim
h→0+

∥In + hA∥ − 1

h

Basic properties:

subadditivity: µ(A+B) ≤ µ(A) + µ(B)

scaling: µ(bA) = bµ(A), ∀b ≥ 0

norm/spectrum: Re(λ) ≤ µ(A) ≤ ∥A∥, ∀λ ∈ spec(A)

Convexity and quasi-convexity:

µ2,P 1/2(A) ≤ −c ⇐⇒ PA+A⊤P ⪯ −2cP

µ∞,η(A) ≤ −c ⇐⇒ aiiηi +
∑

j ̸=i

|aij |ηj ≤ −cηi for all i



Contraction equivalences on normed vector spaces

For x ∈ Rn and continuously differentiable

ẋ = F(x)

For norm ∥ · ∥ with log norm µ(·)

osLip(F) := sup
x∈Rn

µ(DF(x))

Main equivalences: for c > 0

1 d-osL : osLip(F) ≤ −c

2 d-IS : D+∥x(t)− y(t)∥ ≤ −c∥x(t)− y(t)∥ for soltns x(·), y(·)

3 IS : ∥x(t)− y(t)∥ ≤ e−c(t−t0)∥x(t0)− y(t0)∥, for all soltns x(·), y(·)



Equilibria of contracting vector fields:
For a time-invariant F, c-strongly contracting with respect to ∥ · ∥

1 flow of F is a contraction,
i.e., distance between solutions exponentially decreases with rate c

2 there exists an equilibrium x∗, that is unique, globally exponentially stable with global
Lyapunov functions

x 7→ ∥x− x∗∥ and x 7→ ∥F(x)∥
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Computing equilibria

Given F : Rn → Rn

x∗ ∈ zero(F) ⇐⇒ x∗ ∈ fixed(G), where G = Id+F

consider forward step = Euler integration for F = averaged iteration for G:

xk+1 = (Id+αF)xk = xk + αF(xk) = (1− α) Id+αG

Given contraction rate c and Lipschitz constant ℓ, define condition number κ = ℓ/c ≥ 1

1 the map Id+αF is a contraction map with respect to ∥ · ∥ for

0 < α <
1

cκ(1 + κ)

2 the optimal step size minimizing and minimum contraction factor:

α∗ ≈ 1

2cκ2
, ℓ∗ ≈ 1− 1

4κ2



Application: ℓ∞-contracting neural networks
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x = Φ(Ax+Bu+ b) (INN fixed point)

ẋ = −x+Φ(Ax+Bu+ b) (Recurrent NN)

xk+1 = (1− α)xk + αΦ(Axk +Bu+ b) (Average iter.n)

If
µ∞(A) < 1

(
i.e., aii +

∑

j

|aij | < 1 for all i
)

dynamics is contracting with rate 1− µ∞(A)+

average iteration is Banach with factor 1− 1− µ∞(A)+
1−mini(aii)−

at α =
1

1−mini(aii)−

input-output Lipschitz constant Lipu→y =
∥B∥∞∥C∥∞
1− µ∞(A)+



Outline

1 Scientific and engineering problems from neural networks

2 Contraction theory
Banach contractions and infinitesimal counterparts

3 Application to recurrent neural networks and implicit ML models
Implicit neural networks in machine learning

4 Conclusions and future research



Detour: a bit more detail

Continuous-time recurrent neural networks:

ẋ = −x+AΦ(x) + u (Hopfield)

ẋ = −x+Φ(Ax+ u) =: fFR(x) (Firing rate ∼ Implicit NNs)

ẋ = AΦ(x) (Persidskii-type)

ẋ = Ax− Φ(x) (...)

sigmoid, hyperbolic tangent ReLU = max{x, 0} = (x)+
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ReLU(y)

activation functions are locally-Lip and slope-restricted: for all i
dmin := ess infy∈R

∂Φi(y)
∂y ≥ 0 and dmax := ess supy∈R

∂Φi(y)
∂y < ∞



fFR(x) = −x+Φ(Ax+ u)

Tight transcription.

osLip∞(fFR) = ess sup
x∈Rn

µ∞
(
− In + (DΦ(x))A

)
= −1 + max

d∈[dmin,dmax]n
µ∞(diag(d)A)

Max log norms over hypercubes. For A ∈ Rn×n and 0 ≤ dmin ≤ dmax

max
d∈[dmin,dmax]n

µ∞(diag(d)A) = max
{
µ∞(dminA), µ∞(dmaxA)

}

max
d∈[dmin,dmax]n

µ1(diag(d)A)= max{µ1(dmaxA), µ1(dmaxA− (dmax − dmin)(In ◦A))}

max
d∈[dmin,dmax]n

µ∞(Adiag(d))= . . .

max
d∈[dmin,dmax]n

µ1(Adiag(d))= . . .



NonEuclidean contractivity of firing rate model

ẋ = −Cx+Φ(Ax+ u) =: fFR(x)

1 for arbitrary η ∈ Rn
>0

osLip∞,[η]−1(fFR) = max{µ∞,[η]−1(−C + dminA), µ∞,[η]−1(−C + dmaxA)}

2 optimal weight η and minimim value of osLip∞,[η]−1(fFR) from quasiconvex opt:

inf
b∈R,η∈Rn

>0

b

s.t. (−C + dmin|A|M)η ≤ bη

(−C + dmax|A|M)η ≤ bη

Explicit solution (from PF theory) when dmin = 0

inf
η∈Rn

>0

osLip∞,[η](fFR) = max
{
α(−C), α(−C + dmax|A|M)

}



Example: ℓ∞-contracting neural networks
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x = Φ(Ax+Bu+ b) (INN fixed point)
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If
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j

|aij | < 1 for all i
)
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average iteration is Banach with factor 1− 1− µ∞(A)+
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at α =
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Implicit neural networks in machine learning

Feedforward NN
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xi+1 = Φ(Aixi + bi), x0 = u,

y = Cxk + d

Implicit/Recurrent NN
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x = Φ(Ax+Bu+ b),

y = Cx+ d

ML advantages of implicit/equilibrium/fixed point formulation:

1 bio-inspired

2 expressivity and ability to model I/O behavior, instead of modalities

3 simplicity and memory efficiency

4 accuracy

5 input-output robustness



Motivation #1: Generalizing FF to fully-connected synaptic matrices
xi+1 = Φ(Aix

i +Biu+ bi) ⇐⇒ x = Φ(Ax + Bu + b), where A has
upper diagonal structure.

Aupper-diagonal = Acomplete =

Motivation #2: Weight-tied infinite-depth NN → fixed-point of INN

x1 x2 x3 xku y
A A A

xi+1 = Φ(Axi +Bu+ b) =⇒ limi→∞ xi = x∗ solution to the INN
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Implicit Neural Networks (INNs)

Training INNs:
1 loss function L
2 training data (ûi, ŷi)

N
i=1

3 training optimization problem

min
A,B,C,b,x

N∑

i=1

L(ŷi, Cxi + c)

xi = Φ(Axi +Bûi + b)

Efficient back-propagation through implicit differentiation

Stochastic gradient descent: at each step solve x = Φ(Ax+Bu+ b).



Robustness of INNs

Adversarial examples: small input change can cause large output change!
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Robustness measures: input-output Lipschitz constant

1 ℓ2-norm Lipschitz constant: not informative in many scenarios

2 ℓ∞-norm Lipschitz constant: large-scale input wrt wide-spread perturbations



Robustness of INNs

Adversarial examples: small input change can cause large output change!
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Robustness measures: input-output Lipschitz constants

1 NP-hard to compute exactly

2 Approximations provide only coarse certified robustness guarantees



Training INNs

Training optimization problem:

min
A,B,C,b

N∑

i=1

L(ŷi, Cxi + c) + λ Lipu→y

xi = Φ(Axi +Bûi + b)

µ∞(A) ≤ γ

λ ≥ 0 is a regularization parameter

γ < 1 is a hyperparameter

Parametrization of µ∞ constraint:

µ∞(A) ≤ γ ⇐⇒ ∃T s.t. A = T − diag(|T |1n) + γIn.



Graph-Theoretic Regularization

Synaptic matrix A encodes interactions between neurons

Acomplete Adropout

Adropout is a principal submatrix of Acomplete

µ∞(Adropout) ≤ µ∞(Acomplete)

Well-posedness of original INN implies well-posedness of INN with subset of neurons
Promotes compression and sparsity of overparametrized models



Numerical Experiments

MNIST handwritten digit dataset (60K+10K, 28x28, grayscale)

implicit neural network order: n = 100

Label: 6 Label: 0 Label: 5 Label: 4 Label: 9 Label: 9 Label: 2 Label: 1



Numerical Experiments
Robustness of INNs

Tradeoff between accuracy and robustness
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Mixed monotonicity for INN reachability

Idea: mixed monotone systems theory for reachability analysis of RNN dynamics
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INN with u ∈ [u, u]

x = ϕ(Ax+Bu+ b),

y = Cx+ d,
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Training provably robust INNs

Training INNs

1 training data (ûi, ŷi)Ni=1,

2 loss function L
3 optimization problem

min
Θ

N∑

i=1

(1− κ)L(yi, ŷi) + κL(yi, ŷi),

xi = ϕ(Axi +Bui + b), yi = Cxi + d,

yi = [T iC]+xi + [T iC]−xi + T ic, µ∞,[η]−1(A) ≤ γ.

where κ ∈ [0, 1] and γ < 1 are hyperparameters.

Stochastic gradient descent: at each step solve 2 fixed-point problems

Backpropagation through fixed-point equations



Numerical Experiments
Robustness of INNs

Tradeoff between accuracy and robustness

implicit neural network order: n = 100 vs 5-layer feedforward network
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Conclusions

From Contracting Dynamics to Contracting Algorithms:
1 contraction theory, monotone operator theory, convex optimization

effective methodologies to tackle control, optimization and learning problems
extensions to network dynamics

2 from Euclidean to non-Euclidean norms
3 application to recurrent and implicit neural networks

existence, uniqueness, and computation of fixed-points
robustness analysis and robust training via Lipschitz bounds
https://github.com/davydovalexander/Non-Euclidean Mon Op Net

From Contracting Dynamics to Contracting Algorithms:

1 implicit graph neural architectures

2 bio-inspired Hebbian learning

3 robustness of implicit models

https://github.com/davydovalexander/Non-Euclidean_Mon_Op_Net


Supplementary slides



Background on Infinitesimal Contraction Theorem

1 there exists 0 < α < 1 such that the average iteration is a Banach contraction

2 the map G satisfies osLip(G) < 1

3 the dynamics ẋ = F(x) := −x+ G(x) is infinitesimally contracting

the equivalence (2) ⇐⇒ (3) is just a transcription:

F = − Id+G contracting with rate c ⇐⇒ osLip(F) < −c ⇐⇒ osLip(G) < 1− c, for
c > 0
in (ℓ2, P ), osLip(F)<−c is usual Krasovskii: PJ(x)+J(x)⊤P ⪯ −2cP for all x and J = DF

(2) =⇒ (1): known in monotone operator theory (page 15 “forward step method” in1)

vector field F is contracting with rate c ⇐⇒ −F is strongly monotone with parameter c

Theorem 1 in2 proves the equivalence (1) ⇐⇒ (2) for any norm, i.e., the implication (2)
=⇒ (1) for any norm (with proper osLip definitions) and the converse direction (1) =⇒
(2) for ℓ2, P . Theorem 3 in2 proves the one-sided Lim Lemma (see next slide).

1
E. K. Ryu and S. Boyd. Primer on monotone operator methods. Applied Computational Mathematics, 15(1):3–43, 2016

2
S. Jafarpour, A. Davydov, A. V. Proskurnikov, and F. Bullo. Robust implicit networks via non-Euclidean contractions. In Advances in Neural Information

Processing Systems, Dec. 2021. URL http://arxiv.org/abs/2106.03194

http://arxiv.org/abs/2106.03194


Euclidean vs. non-Euclidean contractions

Most foundational results in systems theory are based on ℓ2 linear-quadratic theory;
their ℓ1/ℓ∞ analogs are yet to be worked out.

Advantages of non-Euclidean approach

1 computational advantages: non-Euclidean log-norm constraints lead to LPs, whereas ℓ2
constraints leads to LMIs. Parametrization of log-norm constrained matrices is polytopic.
A. Rantzer. Scalable control of positive systems. European Journal of Control , 24:72–80, 2015.

2 guaranteed robustness to structural perturbations: ℓ∞ contractivity ensures:
1 absolute contractivity = with respect to a class of activation functions
2 total contractivity = remove any node and all its incident connections
3 connective contractivity = remove any set of edges

3 adversarial input-output analysis
ℓ∞ better suited for the analysis of adversarial examples than ℓ2: in high dimensions, large
inner product between two vectors is possible even when one vector has small ℓ∞ norm
I. J. Goodfellow, J. Shlens, and C. Szegedy. Explaining and harnessing adversarial examples. In International Conference on Learning
Representations (ICLR), 2015. URL https://arxiv.org/abs/1412.6572

http://dx.doi.org/10.1016/j.ejcon.2015.04.004
https://arxiv.org/abs/1412.6572
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