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Chapter #1: Contraction theory

contractivity = robust computationally-friendly stability
fixed point theory + Lyapunov stability theory + geometry of metric spaces
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Chapter #2: Time-varying optimization algorithms
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u̇ = Optimizer(u, y)
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Plant
(linear, stable, fast)

optimization via dynamical systems
online time-varying optimization, optimization-based feedback control, . . .
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Chapter #3: Recurrent and implicit neural networks
LETTERRESEARCH
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captured by the controllability of the linearized system (2). Indeed, if 
the linearized system (2) is locally controllable along a specific 
 trajectory in state space, then the original nonlinear system (1) is also 
controllable along the same trajectory15. Furthermore, linear control-
lability predictions are consistent with simulations of neuronal 
 networks with nonlinear dynamics16,17.

To understand how control considerations differ from simple con-
nectivity-based predictions, consider Fig. 2a, exploring whether nodes 2  
and 3 can be controlled by a signal applied to node 1. Topologically 
the system appears controllable, as the signal can reach all nodes. Yet, 
the classic Kalman condition18 tells us that the responses of nodes 2 
and 3 to this signal are always correlated, hence we cannot control 
them independently, making the system as a whole uncontrollable. To 
gain full control over all three nodes, we need to apply one additional 
control signal to node 2 or 3 (Fig. 2b). We encounter the same situation 
when m independent signals aim to control k nodes, a configuration 
that is controllable only if m ≥ k (Fig. 2c, d). In a similar spirit, we 
derive the criterion for muscle controllability and apply it to analyse the  
C. elegans nervous system (Supplementary Information section IIB and 
Extended Data Fig. 2).

Here, we applied this network control framework to predict which 
neurons are critical in the response to gentle touch, in the sense that 
their removal (ablation) would decrease the number of controllable 
muscles. We found that even in the intact worm, only 89 of the 95 
muscles are independently controllable. We then explored the impact 
of ablating each of the 103 neuronal classes (see Supplementary 
Information section IB for neuron classification) individually. We 
found that the removal of the vast majority of neuron classes had no 
impact on muscle controllability. Our initial analysis did identify, how-
ever, nine classes predicted to affect muscle control: the seven major 
classes of motor neurons (DA, DB, DD, VA, VB, VD, and AS), and the 
premotor interneuron AVA (Table 1; see also Extended Data Figs 3–5).  
Each of these classes has been previously implicated, through genetic, 
neuroimaging, optogenetic, and cell ablation experiments, in the direct 
control of the body neuromusculature (see Supplementary Information 
section IIIA).

Interestingly, the control analysis also predicted locomotor defects fol-
lowing the ablation of a ninth neuron, PDB, not previously implicated in 
locomotion. As shown in Fig. 2e, while PDB directly connects to muscles 
MVR21 and MVL22, it apparently plays no key topological role as in its 
absence the signal transmitted by the receptor neurons for anterior gentle 
touch, AVM and ALML/R, can still reach all muscles. However, from a 
control perspective, we expect that the ablation of PDB should affect worm 
locomotion (see Fig. 2e for a full explanation). Since ablation experiments 
for PDB have not previously been reported, this prediction offers the first 
direct, falsifiable experimental test of the network control framework.

Most existing results on neuron ablation remove all members of a 
neuron class simultaneously7,10–12, but control principles can go further, 
predicting which of the individual neurons are responsible for the loss 
of control. To show this we applied the linearized system (2) to each 
individual neuron within the DD class. Intriguingly, we found that the 
individual ablation of DD01, DD02, or DD03 did not alter the control-
lability of the muscles, but DD04, DD05, and DD06 did (Fig. 3a). This 
result was unexpected, because the general pattern of connectivity is 
thought to be similar among the DD class. Nevertheless, we predict 
that the individual ablation of DD04, DD05, or DD06 should be suffi-
cient to impair C. elegans locomotion, offering a second set of specific, 
unanticipated, and falsifiable predictions, now regarding the functional 
differences between individual neurons within a class.

To test the validity of our two sets of predictions, we performed 
laser ablation of individual neurons9 and analysed the spontaneous 
locomotor behaviour of freely moving worms on food (see https:// 
doi.org/10.6084/m9.figshare.c.3796345 for complete data19). We used 
an automated tracking system20 to compare the locomotion pattern of 
PDB- and DD-ablated animals with mock-ablated worms, focusing 
on four fundamental components of worm body morphology known 
as eigenworms, which provide a low-dimensional but relatively com-
plete description of C. elegans body postures21. Under our recording 
conditions, the first Eigen projection represents a large body bend, the 
second and third represent components of the sinusoidal travelling 
wave that drives crawling movement, and the fourth represents small 
movements at the head and tail22.
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Figure 1 | Controlling the C. elegans neural network. a, Schematic 
neural circuit for locomotor response to gentle touch in C. elegans 
(adapted after ref. 30; see Supplementary Information section IIIA). 
b, Graphical representation of the proposed control framework. According 
to the principles illustrated in Fig. 2a–d, if removal of a neuron disrupts 
controllability of the muscles, we designate it ‘essential’ for locomotion; 
if not, we call it ‘non-essential’. To make this assessment, we first mapped 
the C. elegans responsive locomotor behaviours into a target network 
control problem, asking to what degree the sensory neurons (blue) can 
control the muscles (pink). This allowed us to predict the previously 

unknown involvement of PDB in C. elegans locomotion, and functional 
differences between individual neurons within the DD neuronal class. 
c, The C. elegans connectome used in our study, consisting of 279 neurons 
(the 282 non-pharyngeal neurons, excluding CANL/R and VC06 which do 
not make connections with the rest of the network) and 95 muscles. Node 
size is proportional to the sum of its in- and out-degrees. Filled nodes 
represent the neurons traditionally assigned to the circuits responsible for 
gentle touch response, hinting at the complexity of predicting neuronal 
function from the wiring diagram alone.

© 2017 Macmillan Publishers Limited, part of Springer Nature. All rights reserved.

artificial neural network AlexNet ’12 C. elegans connectome ’17

recurrent neural networks
well-posedness, stability, computation and input/output robustness

A. Krizhevsky, I. Sutskever, and G. E. Hinton. Imagenet classification with deep convolutional neural networks. Advances in Neural Information Processing Systems, 25, 2012
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Ongoing education and research on Contraction Theory

Contraction Theory 
for Dynamical Systems

Francesco Bullo

”Continuous improvement is
better than delayed perfection”
Mark Twain

Textbook: Contraction Theory for Dynamical Systems, Francesco
Bullo, rev 1.1, Mar 2023. (Book and slides freely available)
https://fbullo.github.io/ctds

2023 Comprehensive tutorial slides: https://fbullo.github.io/ctds

2023 Sep: Youtube lectures: ”Minicourse on Contraction Theory”
https://youtu.be/FQV5PrRHks8 12h in 6 lectures

2024 CDC Workshop ”Contraction Theory for Systems, Control,
Optimization, and Learning” (under review)
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given n× n matrix A with spectrum spec(A)

<latexit sha1_base64="KFQj2BS2q4UkTjnROuB6wYH7Uuc="></latexit>

� 2 spec(A)
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<latexit sha1_base64="DVbxusvrP05u8YEghq9UnEhNP5g="></latexit>

⇢(A)

ρ(A) ≤ ∥A∥
discrete-time dynamics

<latexit sha1_base64="KFQj2BS2q4UkTjnROuB6wYH7Uuc="></latexit>

� 2 spec(A)
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↵(A)
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µ(A)

α(A) ≤ µ(A) ≤ ∥A∥
continuous-time dynamics
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Continuous-time dynamics and one-sided Lipschitz constants

ẋ = F(x) on Rn with norm ∥ · ∥ and induced log norm µ(·)

One-sided Lipschitz constant (≈ maximum expansion rate)

osLip(F) = supx µ(DF(x))

For scalar map f , osLip(f) = supx f
′(x)

For affine map FA(x) = Ax+ a

osLip2,P (FA) = µ2,P (A) ≤ ℓ ⇐⇒ A⊤P +AP ⪯ 2ℓP

osLip∞,η(FA) = µ∞,η(A) ≤ ℓ ⇐⇒ aii +
∑

j ̸=i

|aij |ηi/ηj ≤ ℓ
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Banach contraction theorem for continuous-time dynamics:
If −c := osLip(F) < 0, then

1 F is infinitesimally contracting: ∥x(t)− y(t)∥ ≤ e−ct∥x0 − y0∥

2 F has a unique, glob exp stable equilibrium x∗

3 global Lyapunov functions V1(x) = ∥x− x∗∥2 and V2(x) = ∥F(x)∥2
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Property #1: Incremental ISS Theorem. Consider

ẋ = F(x, θ(t))

contractivity wrt x: osLipx(F) ≤ −c < 0, uniformly in θ

Lipschitz wrt θ: Lipθ(F) ≤ ℓ, uniformly in x

Then incrementally ISS property:

∥x(t)− y(t)∥ ≤ e−ct∥x0 − y0∥ +
ℓ

c
(1− e−ct) supτ ∥θx(τ)− θy(τ)∥
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Example contracting systems

1 gradient descent flows under strong convexity assumptions
(primal-dual, distributed, saddle, pseudo, proximal, etc)

2 neural network dynamics under assumptions on synaptic matrix
(recurrent, implicit, reservoir computing, etc)

3 incremental ISS systems

4 Lur’e-type systems under LMI conditions

5 feedback linearizable systems with stabilizing controllers

6 data-driven learned models

7 nonlinear systems with a locally exponentially stable equilibrium
are contracting with respect to appropriate Riemannian metric
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Example #1: Gradient dynamics for strongly convex function

Given differentiable, strongly convex f : Rn → R with parameter ν > 0, gradient dynamics

ẋ = FG(x) := −∇f(x)

FG is infinitesimally contracting wrt ∥ · ∥2 with rate ν
unique globally exp stable point is global minimum
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Property #2: Kachurovskii’s Theorem: For differentiable f : Rn → R, equivalent
statements:

1 f is strongly convex with parameter ν (and minimum x∗)

2 −∇f is ν-strongly infinitesimally contracting (with equilibrium x∗)

Property #3: Euler Discretization Theorem for Contracting Dynamics
Given arbitrary norm ∥ · ∥ and differentiable F : Rn → Rn, equivalent statements

1 ẋ = F(x) is infinitesimally contracting

2 there exists α > 0 such that xk+1 = xk + αF(xk) is contracting

R. I. Kachurovskii. Monotone operators and convex functionals. Uspekhi Matematicheskikh Nauk , 15(4):213–215, 1960

S. Jafarpour, A. Davydov, A. V. Proskurnikov, and F. Bullo. Robust implicit networks via non-Euclidean contractions. In Advances in
Neural Information Processing Systems, Dec. 2021.
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Outline

§1. A story in three chapters

§2. Chapter #1: Contraction theory
Basic notions on finite-dimensional vector spaces
Examples: gradient systems and relationship with convexity
Selected properties

§3. Chapter #2: Optimization-based control
Equilibrium tracking
Gradient controller

§4. Chapter #3: Artificial and biological neural networks
Implicit and reservoir computing models in ML
Functionality and analysis of biological networks

§5. Conclusions
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Motivation: Optimization-based control

1 parametric optimization

2 online feedback optimization

3 model predictive control

4 control barrier functions

5 ...

parametric QP. YALMIP + Multi-Parametric Toolbox

Some works on feedback optimization

Feedback 
optimization

Power 
systems

[Jokic et al’09]
[Bolognani-Zampieri’13]
[Hirata-Hespanha-Uchida’14]
[Li et al’14]
[Dall’Anese et al’15]
[Bernstein et al’15]
[Gan-Low’16]
[Dall’Anese-Simonetto’18]
[Menta et al’18]
[Ortmann et al’20]
[Picallo et al’22]
… and many others

Epidemic control

Robotics 
and vehicles

Transportation systems

Compressor stations
[Zagorowska et al’23]

[Lawrence et al’21]
[Terpin et al ’21]
[Cothren et al ’22]

[Bianchin et al’22]

[Bianchin et al ’20]
[Cothren et al’22]

E. Dall’Anese Siena, July 2023 9 / 55

Online feedback optimization. Courtesy of Emiliano Dall’Anese.
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Parametric and time-varying convex optimization

min E(x) ⇐⇒ ẋ = F(x) x∗

Parametric and time-varying convex optimization

1 parametric contracting dynamics for parametric convex optimization

min E(x, θ) ⇐⇒ ẋ = F(x, θ) x∗(θ)

2 contracting dynamics for time-varying strongly-convex optimization

min E
(
x, θ(t)

)
⇐⇒ ẋ = F

(
x, θ(t)

)
x∗

(
θ(t)

)

A. Davydov, V. Centorrino, A. Gokhale, G. Russo, and F. Bullo. Contracting dynamics for time-varying convex optimization. IEEE
Transactions on Automatic Control , June 2023a. . Submitted
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Property #4: Equilibrium Tracking Theorem. Consider

ẋ = F(x, θ(t))

contractivity wrt x: osLipx(F) ≤ −c < 0, uniformly in θ

Lipschitz wrt θ: Lipθ(F) ≤ ℓ, uniformly in x

Then equilibrium tracking property:

∥x(t)−x⋆(θ(t))∥ ≤ e−ct∥x0−x⋆(θ0)∥ +
ℓ

c2
(1− e−ct) sup

τ∈[0,t]
∥θ̇(τ)∥
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Application: Online feedback optimization
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Example #2: Gradient controller

Online feedback optimization

u∗
(
w(t)

)
:= argmin

u
ϕ(u) + ψ(y(t)) (ν-strongly convex ϕ, convex ψ)

subj to y(t) = Yuu+ Yww(t)

gradient controller

u̇ = FGradCtrl(u,w) := −∇uE(u,w) = −∇ϕ(u)− Y ⊤
u ∇ψ(Yuu+ Yww)

Equilibrium tracking for the gradient controller

lim sup
t→∞

∥u(t)− u∗
(
w(t)

)
∥ ≤ ℓw

ν2
lim sup
t→∞

∥ẇ(t)∥
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captured by the controllability of the linearized system (2). Indeed, if 
the linearized system (2) is locally controllable along a specific 
 trajectory in state space, then the original nonlinear system (1) is also 
controllable along the same trajectory15. Furthermore, linear control-
lability predictions are consistent with simulations of neuronal 
 networks with nonlinear dynamics16,17.

To understand how control considerations differ from simple con-
nectivity-based predictions, consider Fig. 2a, exploring whether nodes 2  
and 3 can be controlled by a signal applied to node 1. Topologically 
the system appears controllable, as the signal can reach all nodes. Yet, 
the classic Kalman condition18 tells us that the responses of nodes 2 
and 3 to this signal are always correlated, hence we cannot control 
them independently, making the system as a whole uncontrollable. To 
gain full control over all three nodes, we need to apply one additional 
control signal to node 2 or 3 (Fig. 2b). We encounter the same situation 
when m independent signals aim to control k nodes, a configuration 
that is controllable only if m ≥ k (Fig. 2c, d). In a similar spirit, we 
derive the criterion for muscle controllability and apply it to analyse the  
C. elegans nervous system (Supplementary Information section IIB and 
Extended Data Fig. 2).

Here, we applied this network control framework to predict which 
neurons are critical in the response to gentle touch, in the sense that 
their removal (ablation) would decrease the number of controllable 
muscles. We found that even in the intact worm, only 89 of the 95 
muscles are independently controllable. We then explored the impact 
of ablating each of the 103 neuronal classes (see Supplementary 
Information section IB for neuron classification) individually. We 
found that the removal of the vast majority of neuron classes had no 
impact on muscle controllability. Our initial analysis did identify, how-
ever, nine classes predicted to affect muscle control: the seven major 
classes of motor neurons (DA, DB, DD, VA, VB, VD, and AS), and the 
premotor interneuron AVA (Table 1; see also Extended Data Figs 3–5).  
Each of these classes has been previously implicated, through genetic, 
neuroimaging, optogenetic, and cell ablation experiments, in the direct 
control of the body neuromusculature (see Supplementary Information 
section IIIA).

Interestingly, the control analysis also predicted locomotor defects fol-
lowing the ablation of a ninth neuron, PDB, not previously implicated in 
locomotion. As shown in Fig. 2e, while PDB directly connects to muscles 
MVR21 and MVL22, it apparently plays no key topological role as in its 
absence the signal transmitted by the receptor neurons for anterior gentle 
touch, AVM and ALML/R, can still reach all muscles. However, from a 
control perspective, we expect that the ablation of PDB should affect worm 
locomotion (see Fig. 2e for a full explanation). Since ablation experiments 
for PDB have not previously been reported, this prediction offers the first 
direct, falsifiable experimental test of the network control framework.

Most existing results on neuron ablation remove all members of a 
neuron class simultaneously7,10–12, but control principles can go further, 
predicting which of the individual neurons are responsible for the loss 
of control. To show this we applied the linearized system (2) to each 
individual neuron within the DD class. Intriguingly, we found that the 
individual ablation of DD01, DD02, or DD03 did not alter the control-
lability of the muscles, but DD04, DD05, and DD06 did (Fig. 3a). This 
result was unexpected, because the general pattern of connectivity is 
thought to be similar among the DD class. Nevertheless, we predict 
that the individual ablation of DD04, DD05, or DD06 should be suffi-
cient to impair C. elegans locomotion, offering a second set of specific, 
unanticipated, and falsifiable predictions, now regarding the functional 
differences between individual neurons within a class.

To test the validity of our two sets of predictions, we performed 
laser ablation of individual neurons9 and analysed the spontaneous 
locomotor behaviour of freely moving worms on food (see https:// 
doi.org/10.6084/m9.figshare.c.3796345 for complete data19). We used 
an automated tracking system20 to compare the locomotion pattern of 
PDB- and DD-ablated animals with mock-ablated worms, focusing 
on four fundamental components of worm body morphology known 
as eigenworms, which provide a low-dimensional but relatively com-
plete description of C. elegans body postures21. Under our recording 
conditions, the first Eigen projection represents a large body bend, the 
second and third represent components of the sinusoidal travelling 
wave that drives crawling movement, and the fourth represents small 
movements at the head and tail22.
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Figure 1 | Controlling the C. elegans neural network. a, Schematic 
neural circuit for locomotor response to gentle touch in C. elegans 
(adapted after ref. 30; see Supplementary Information section IIIA). 
b, Graphical representation of the proposed control framework. According 
to the principles illustrated in Fig. 2a–d, if removal of a neuron disrupts 
controllability of the muscles, we designate it ‘essential’ for locomotion; 
if not, we call it ‘non-essential’. To make this assessment, we first mapped 
the C. elegans responsive locomotor behaviours into a target network 
control problem, asking to what degree the sensory neurons (blue) can 
control the muscles (pink). This allowed us to predict the previously 

unknown involvement of PDB in C. elegans locomotion, and functional 
differences between individual neurons within the DD neuronal class. 
c, The C. elegans connectome used in our study, consisting of 279 neurons 
(the 282 non-pharyngeal neurons, excluding CANL/R and VC06 which do 
not make connections with the rest of the network) and 95 muscles. Node 
size is proportional to the sum of its in- and out-degrees. Filled nodes 
represent the neurons traditionally assigned to the circuits responsible for 
gentle touch response, hinting at the complexity of predicting neuronal 
function from the wiring diagram alone.

© 2017 Macmillan Publishers Limited, part of Springer Nature. All rights reserved.
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nectivity-based predictions, consider Fig. 2a, exploring whether nodes 2  
and 3 can be controlled by a signal applied to node 1. Topologically 
the system appears controllable, as the signal can reach all nodes. Yet, 
the classic Kalman condition18 tells us that the responses of nodes 2 
and 3 to this signal are always correlated, hence we cannot control 
them independently, making the system as a whole uncontrollable. To 
gain full control over all three nodes, we need to apply one additional 
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when m independent signals aim to control k nodes, a configuration 
that is controllable only if m ≥ k (Fig. 2c, d). In a similar spirit, we 
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found that the removal of the vast majority of neuron classes had no 
impact on muscle controllability. Our initial analysis did identify, how-
ever, nine classes predicted to affect muscle control: the seven major 
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premotor interneuron AVA (Table 1; see also Extended Data Figs 3–5).  
Each of these classes has been previously implicated, through genetic, 
neuroimaging, optogenetic, and cell ablation experiments, in the direct 
control of the body neuromusculature (see Supplementary Information 
section IIIA).
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locomotion. As shown in Fig. 2e, while PDB directly connects to muscles 
MVR21 and MVL22, it apparently plays no key topological role as in its 
absence the signal transmitted by the receptor neurons for anterior gentle 
touch, AVM and ALML/R, can still reach all muscles. However, from a 
control perspective, we expect that the ablation of PDB should affect worm 
locomotion (see Fig. 2e for a full explanation). Since ablation experiments 
for PDB have not previously been reported, this prediction offers the first 
direct, falsifiable experimental test of the network control framework.

Most existing results on neuron ablation remove all members of a 
neuron class simultaneously7,10–12, but control principles can go further, 
predicting which of the individual neurons are responsible for the loss 
of control. To show this we applied the linearized system (2) to each 
individual neuron within the DD class. Intriguingly, we found that the 
individual ablation of DD01, DD02, or DD03 did not alter the control-
lability of the muscles, but DD04, DD05, and DD06 did (Fig. 3a). This 
result was unexpected, because the general pattern of connectivity is 
thought to be similar among the DD class. Nevertheless, we predict 
that the individual ablation of DD04, DD05, or DD06 should be suffi-
cient to impair C. elegans locomotion, offering a second set of specific, 
unanticipated, and falsifiable predictions, now regarding the functional 
differences between individual neurons within a class.

To test the validity of our two sets of predictions, we performed 
laser ablation of individual neurons9 and analysed the spontaneous 
locomotor behaviour of freely moving worms on food (see https:// 
doi.org/10.6084/m9.figshare.c.3796345 for complete data19). We used 
an automated tracking system20 to compare the locomotion pattern of 
PDB- and DD-ablated animals with mock-ablated worms, focusing 
on four fundamental components of worm body morphology known 
as eigenworms, which provide a low-dimensional but relatively com-
plete description of C. elegans body postures21. Under our recording 
conditions, the first Eigen projection represents a large body bend, the 
second and third represent components of the sinusoidal travelling 
wave that drives crawling movement, and the fourth represents small 
movements at the head and tail22.
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neural circuit for locomotor response to gentle touch in C. elegans 
(adapted after ref. 30; see Supplementary Information section IIIA). 
b, Graphical representation of the proposed control framework. According 
to the principles illustrated in Fig. 2a–d, if removal of a neuron disrupts 
controllability of the muscles, we designate it ‘essential’ for locomotion; 
if not, we call it ‘non-essential’. To make this assessment, we first mapped 
the C. elegans responsive locomotor behaviours into a target network 
control problem, asking to what degree the sensory neurons (blue) can 
control the muscles (pink). This allowed us to predict the previously 

unknown involvement of PDB in C. elegans locomotion, and functional 
differences between individual neurons within the DD neuronal class. 
c, The C. elegans connectome used in our study, consisting of 279 neurons 
(the 282 non-pharyngeal neurons, excluding CANL/R and VC06 which do 
not make connections with the rest of the network) and 95 muscles. Node 
size is proportional to the sum of its in- and out-degrees. Filled nodes 
represent the neurons traditionally assigned to the circuits responsible for 
gentle touch response, hinting at the complexity of predicting neuronal 
function from the wiring diagram alone.
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From feedforward to implicit and recurrent models

Feedforward NN

<latexit sha1_base64="7fMjjspYJqj6rBTXZzwL1gflFcc="></latexit>x1
<latexit sha1_base64="y4stGcAZQHIdpxPt+YpUB//Xd4U="></latexit>x2

<latexit sha1_base64="GwZ/ezlbxyvcUgpaf7X/z7ta8p0="></latexit>x3
<latexit sha1_base64="I6AwzQh7ehdsQTKCZKiYjIX42cQ="></latexit>xk

<latexit sha1_base64="4iqVboadOStFqDJLiPkXi9g5SOw="></latexit>u
<latexit sha1_base64="HJ08yeQHqJDNTn3iVGTL/G4LhQA="></latexit>y

xi+1 = Φ(Aixi + bi), x0 = u,

y = Cxk + d

Implicit/Recurrent NN

<latexit sha1_base64="zN1vak/aF3iMopK+3MMZXo5iv+8="></latexit>x

<latexit sha1_base64="4iqVboadOStFqDJLiPkXi9g5SOw="></latexit>u
<latexit sha1_base64="HJ08yeQHqJDNTn3iVGTL/G4LhQA="></latexit>y

x = Φ(Ax+Bu+ b),

y = Cx+ d
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Example #3: Firing-rate networks for implicit ML

<latexit sha1_base64="zN1vak/aF3iMopK+3MMZXo5iv+8="></latexit>x

<latexit sha1_base64="4iqVboadOStFqDJLiPkXi9g5SOw="></latexit>u
<latexit sha1_base64="HJ08yeQHqJDNTn3iVGTL/G4LhQA="></latexit>y

ẋ = −x+Φ(Ax+Bu+ b) (recurrent NN)

x = Φ(Ax+Bu+ b) (implicit NN)

xk+1 = (1− α)xk + αΦ(Axk +Bu+ b) (Euler discrt.)

If
µ∞(A) < 1

(
i.e., aii +

∑
j ̸=i

|aij | < 1 for all i
)

recurrent NN is infinitesimally contracting with rate 1− µ∞(A)+

implicit NN is well posed

Euler discretization is contracting at α∗ = (1−mini(aii)−)
−1

input-state Lipschitz constant ∥B∥∞/(1− µ∞(A)+)

sensitivity to unmodeled dynamics ∥∆x∗∥∞
∥x∗∥∞ ≤ ∥∆A∥∞

1−µ∞(A)+

robustness to signal delays and more
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Property #5: Network Contraction Theorem. Consider interconnected subsystems

ẋi = Fi(xi, x−i), for i ∈ {1, . . . , n}

contractivity wrt xi: osLipxi
(Fi) ≤ −ci < 0, uniformly in x−i

Lipschitz wrt xj, j ̸= i: Lipxj
(Fi) ≤ ℓij , uniformly in x−j

gain matrix



−c1 . . . ℓ1n
...

. . .
...

ℓn1 . . . −cn


 is Hurwitz

=⇒ interconnected system is contracting with rate |α(gain matrix)|
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Example #4: Firing-rate networks for ML reservoir computing

<latexit sha1_base64="JYdclhfweva/9Rg9x6L5111Rh9k=">AAACD3icbVC7TgJBFL2LL8QXamkzkWisyC4F0kliY4mJPBKWkNnZWZgwO7uZhwkh/IGNv2JjoTG2tnb+hZ/gsFAoeJNJTs6599y5J0g5U9p1v5zc2vrG5lZ+u7Czu7d/UDw8aqnESEKbJOGJ7ARYUc4EbWqmOe2kkuI44LQdjK5nevueSsUScafHKe3FeCBYxAjWluoXz31ChaaSiQGaeWDp+0gbga0BstB6hYnR/WLJLbtZoVXgLUDp6huyavSLn36YEBNbc8KxUl3PTXVvgqVmhNNpwTeKppiM8IB2LRQ4pqo3ye6ZojPLhChKpH1Co4z9PTHBsVLjOLCdMdZDtazNyP+0rtFRrTdhIjWaCjJfFBmOdIJm4aCQSUo0H1uAiWT2r4gMscTEJqQKNgRv+eRV0KqUvWq5elsp1WvzNCAPJ3AKF+DBJdThBhrQBAIP8AQv8Oo8Os/Om/M+b805i5lj+FPOxw9/v526</latexit>

linear
tunable
readout

<latexit sha1_base64="UN5zzdXHcwjlpG2f1o0mqXfxklk="></latexit>uk
<latexit sha1_base64="g32vgHDyG7aeR4H2K7pOBPnXKLE="></latexit>

yk

<latexit sha1_base64="VgqWvwyPMnB5rWOMCcMb808rPc0="></latexit>

deep reservoir network

x
(1)
k+1 = (1− α)x

(1)
k + αΦ

(
A(1)x

(1)
k +B(1)uk + b(1)

)

x
(i)
k+1 = (1− α)x

(i)
k + αΦ

(
A(i)x

(i)
k +B(i)x

(i−1)
k + b(i)

) (leaky integrator reservoirs)

Deep reservoir network is contracting (and “echo state property”) if

µ∞(A(i)) < 1 for each i and for α ≤ α∗∗

H. Jaeger. The “echo state” approach to analysing and training recurrent neural networks. Technical report, German National Research
Center for Information Technology, 2001

27/56



Example #4: Firing-rate networks for ML reservoir computing

<latexit sha1_base64="JYdclhfweva/9Rg9x6L5111Rh9k=">AAACD3icbVC7TgJBFL2LL8QXamkzkWisyC4F0kliY4mJPBKWkNnZWZgwO7uZhwkh/IGNv2JjoTG2tnb+hZ/gsFAoeJNJTs6599y5J0g5U9p1v5zc2vrG5lZ+u7Czu7d/UDw8aqnESEKbJOGJ7ARYUc4EbWqmOe2kkuI44LQdjK5nevueSsUScafHKe3FeCBYxAjWluoXz31ChaaSiQGaeWDp+0gbga0BstB6hYnR/WLJLbtZoVXgLUDp6huyavSLn36YEBNbc8KxUl3PTXVvgqVmhNNpwTeKppiM8IB2LRQ4pqo3ye6ZojPLhChKpH1Co4z9PTHBsVLjOLCdMdZDtazNyP+0rtFRrTdhIjWaCjJfFBmOdIJm4aCQSUo0H1uAiWT2r4gMscTEJqQKNgRv+eRV0KqUvWq5elsp1WvzNCAPJ3AKF+DBJdThBhrQBAIP8AQv8Oo8Os/Om/M+b805i5lj+FPOxw9/v526</latexit>

linear
tunable
readout

<latexit sha1_base64="UN5zzdXHcwjlpG2f1o0mqXfxklk="></latexit>uk
<latexit sha1_base64="g32vgHDyG7aeR4H2K7pOBPnXKLE="></latexit>

yk

<latexit sha1_base64="VgqWvwyPMnB5rWOMCcMb808rPc0="></latexit>

deep reservoir network

x
(1)
k+1 = (1− α)x

(1)
k + αΦ

(
A(1)x

(1)
k +B(1)uk + b(1)

)

x
(i)
k+1 = (1− α)x

(i)
k + αΦ

(
A(i)x

(i)
k +B(i)x

(i−1)
k + b(i)

) (leaky integrator reservoirs)

Deep reservoir network is contracting (and “echo state property”) if

µ∞(A(i)) < 1 for each i and for α ≤ α∗∗

H. Jaeger. The “echo state” approach to analysing and training recurrent neural networks. Technical report, German National Research
Center for Information Technology, 2001

27/56



Outline

§1. A story in three chapters

§2. Chapter #1: Contraction theory
Basic notions on finite-dimensional vector spaces
Examples: gradient systems and relationship with convexity
Selected properties

§3. Chapter #2: Optimization-based control
Equilibrium tracking
Gradient controller

§4. Chapter #3: Artificial and biological neural networks
Implicit and reservoir computing models in ML
Functionality and analysis of biological networks

§5. Conclusions

28/56



Functionality and analysis of biological networks

ẋ = FFR(x) := −x+Φ(Ax+Bu)

1 What is FFR optimizing?

2 What is its functionality?

3 Is a normative framework for neural circuits?

4 Case study: dimensionality reduction

Energy landscape for associative memory in Hopfield models
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Sparse signal reconstruction in biological neuronal circuits

terms of a strategy to represent natural sounds as sparse
independent events [24!!,25].

Several theorists have proposed that natural images (as
well as other sensory data) lie along a continuous curved
surface or ‘manifold’ embedded in the high-dimensional
state space of images (i.e., where pixel magnitudes form
the axes of the space— see figure 2) [26!,27,28!,29]. The
surface represents the smooth changes that follow from
the transformations that are likely to occur in natural
scenes (e.g., translation, scale, rotation, etc.). For exam-
ple, an object that moves across the pixel array of an image
gives rise to a series of different spatial patterns. Each of
these spatial patterns corresponds to a point in the state
space, and the set of all points resulting from this motion
would form a smooth, curved trajectory in the state space
(Figure 2). So how can the visual system represent this
curved surface of probable images? One possibility is that
this is achieved through an overcomplete representation
of the state space, in which the number of neurons used to
represent the image is potentially much greater than the
dimensionality of the input (number of pixels) [30–32]. In
this coding scheme, each neuron would have a preferred
pattern in the input space (represented by the vectors in
figure 2), and a neuron would become active only when
the input pattern is sufficiently close to its preferred
pattern. We suggest that the advantage of such a coding
scheme is that the manifold then becomes flattened out
(less curvature) in the higher-dimensional space defined
by the neural responses, thus making it easier for higher

areas to learn structure in the data (i.e., the shape of the
manifold).

Interestingly, a ubiquitous property of primary sensory
cortical areas is that they over-represent their sensory
inputs (as relayed from the thalamus) many times over.
For example, in cat V1 there is an approximate 25:1
expansion ratio in terms of the number of axons project-
ing from layers 2/3 on to higher areas relative to the
number of inputs from the lateral geniculate nucleus
[11]. One possibility, then, is that this over-representation
is utilized to produce an even higher degree of sparsity
among neurons bymaking themmore selective to specific
patterns of input, hence making it possible for higher
areas to learn structure in the data. If the idea of sparse
overcomplete codes is carried to an extreme, however, it
inevitably leads to a ‘grandmother cell’ type representa-
tion, in which a single unique neuron is active for each
and every event occurring in the environment [33]. Thus,
there is a tradeoff between the gains achieved from
overcompleteness and the cost incurred from having to
utilize more neurons, and it is possible that the 25:1
expansion in cat V1 is the result of striking the proper
balance between these two factors.

Another reason for favoring sparse codes is that they are
energy efficient [34]. Attwell and Laughlin [35] have
recently produced an estimate of the energy required
for signaling in cortical neurons, and they conclude that
average firing rates must be rather low, that is, less than

482 Sensory systems

Figure 1

Current Opinion in Neurobiology

Learned receptive fields

Outputs of sparse coding network

Pixel values

Image

Sparse coding of natural images. On the left is a set of receptive fields that are learnt by maximizing sparseness in the output of a neural
network. Each patch shows the receptive field of a model neuron within a 12 " 12 pixel image patch. The network was trained on approximately
half a million image patches (of the same size) extracted from whole images of natural scenes. The receptive fields that emerge from training are
spatially localized, oriented, and bandpass (i.e., selective to spatial structure at a particular scale), similar to cortical simple cells. On the right is
an example image patch and its encoding by the sparse coding network. The bar chart directly above the image patch shows the 144 pixel
values contained in the patch. These input activities are transformed into a much sparser representation in the output of the network, shown in
the bar chart at the top. The value of an output unit corresponds (roughly) to the degree of similarity between its receptive field and the input
image. As the receptive fields are matched to the structures that typically occur in natural scenes, an image can usually be fully represented
using a small number of active units.

Current Opinion in Neurobiology 2004, 14:481–487 www.sciencedirect.com

primary visual area (V1) sparsifies signals

receptive fields (≈ dictionary) are learned empirically

B. A. Olshausen and D. J. Field. Emergence of simple-cell receptive field properties by learning a sparse code for natural images.
Nature, 381(6583):607–609, 1996.

B. A. Olshausen and D. J. Field. Sparse coding of sensory inputs. Current Opinion in Neurobiology , 14(4):481–487, 2004.
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Sparse reconstruction by minimizing the lasso energy

min
x∈RN

Elasso(x) := 1
2∥u− Φx∥22 + λ∥x∥1

where Φ dictionary matrix, with ∥Φi∥ = 1 and Φi · Φj = similarity between elements

u

(M×1)

≈ Φ

(M×N)
x

(N×1)

= Φ1 |Φ2 | · · · |ΦN

(M×N)
x

(N×1)
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Proximal gradient descent

Minimization of composite cost:

min f(x, u)︸ ︷︷ ︸
convex in x

+ g(x)︸︷︷︸
regularizer

proximal gradient descent:

ẋ = −x + proxγg
(
x− γ∇xf(x, u)

)
=: FProxG(x, u)

where proximal operator (generalized projection) of convex, closed, proper g is

proxγg(z) := argmin
x∈Rn

g(x) +
1

2γ
∥x− z∥22
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Example #5: Proximal gradient descent

Properties of proximal gradient descent

1 well-posed Lipschitz

2 equivalence: x∗ minimizes f + g ⇐⇒ FProxG(x
∗) = 0

3 decreasing energy:

(when bounded) composite cost f + g non-increasing along flow

4 a recurrent neural network:

f quadratic and g(x) =
∑n

i=1 gi(xi) =⇒ FProxG = FFR

5 contractivity:

W ≺ In =⇒ FFR infinitesimally contracting
W ⪯ In =⇒ FFR infinitesimally non-expansive
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Example #5: Biologically-plausible circuits for sparse reconstruction

ẋ(t) = Fcompetitive(x, u) := −x+ softλ
(
(IN − Φ⊤Φ)x+Φ⊤u

)
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1 x⋆ is equilibrium ⇐⇒ x⋆ minimizes Elasso(x)
2 Elasso is convex =⇒ Fcompetitive is weakly contracting

3 Φ satisfies isometry property =⇒ x⋆ is locally exp stable

=⇒ x⋆ is globally linearly-exponentially stable

V. Centorrino, A. Gokhale, A. Davydov, G. Russo, and F. Bullo. Positive competitive networks for sparse reconstruction. Neural
Computation, Jan. 2024. . To appear
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Conclusions

contractivity = robust computationally-friendly stability
fixed point theory + Lyapunov stability theory + geometry of metric spaces

theory (basic defs + 5 properties)

examples (5 examples)

applications to control, ML and neuroscience

Ongoing work
1 optimization-based control designs:

model predictive control, control barrier functions, low-gain integral control
2 ML and biologically-inspired neural networks

search for contraction properties
design engineering systems to be contracting

verify correct/safe behavior via known Lipschitz constants
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Example #6: Primal-dual gradient dynamics

strongly convex function f s.t. 0 ≺ νminIn ⪯ Hess f ⪯ νmaxIn
constraint matrix A s.t. 0 ≺ aminIm ⪯ AA⊤ ⪯ amaxIm (independent rows)
linearly constrained optimization:

min
x∈Rn

f(x)

subj. to Ax = b

primal-dual gradient dynamics:
[
ẋ

λ̇

]
= FPDG(x, λ) :=

[
−∇f(x)−A⊤λ

Ax− b

]

FPDG is infinitesimally contracting wrt ∥ · ∥2,P 1/2 with rate c

P =

[
In αA⊤

αA Im

]
with α =

1

2
min

{ 1

νmax
,
νmin

amax

}
and c =

1

4
min

{ amin

νmax
,
amin

amax
νmin

}

A. Gokhale, A. Davydov, and F. Bullo. Contractivity of distributed optimization and Nash seeking dynamics. IEEE Control Systems
Letters, 7:3896–3901, 2023.
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Example #7: Distributed gradient dynamics

decomposable cost: minx∈R
∑n

i=1 fi(x) where each fi is νi-strongly convex
{
minx[i]∈R

∑n
i=1 fi(x[i])

subj. to
∑n

j=1 aij(xi − xj) = 0

Laplacian-based distributed gradient (primal-dual gradient, 2n vars):



ẋ[i] = −∇fi(x[i])−

∑n

j=1
aij(λi − λj) for each node i

λ̇i =
∑n

j=1
aij(xi − xj) for each node i

FLaplacian-DistributedG is infinitesimally contracting† with c =
1

4

(λ2
λn

)2
min
i
νi
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Example #8: Saddle dynamics

Assume f : Rn × Rm → R

x 7→ f(x, y) is νx-strongly convex, uniformly in y

y 7→ f(x, y) is νy-strongly concave, uniformly in x

saddle dynamics (primal-descent / dual-ascent):

[
ẋ
ẏ

]
= FS(x, y) :=

[
−∇xf(x, y)
∇yf(x, y)

]

FS is infinitesimally contracting wrt ∥ · ∥2 with rate min{νx, νy}
unique globally exp stable point is saddle point (min in x, max in y)
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Example #9: Pseudogradient and best response play

Each player i aims to minimize its own cost function Ji(xi, x−i) (not a potential game)

pseudogradient dynamics (aka gradient play in game theory) FPseudoG:

ẋi = −∇iJi(xi, x−i)

strong convexity wrt xi: Ji is µi strongly convex wrt xi, uniformly in x−i

Lipschitz wrt x−i: Lipxj
(∇iJi) ≤ ℓij , uniformly in x−j

FPseudoG gain matrix is Hurwitz

=⇒ FPseudoG is infinitesimally contracting wrt appropriate diag-weighted ∥ · ∥2
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Example #10: Best response play

Each player i aims to minimize its own cost function Ji(xi, x−i)
BRi : x−i → argminxi

Ji(xi, x−i) best response of player i wrt other decisions x−i

best response dynamics:

ẋ = FBR(x) := BR(x)− x

⇐⇒ ẋi = BRi(x−i)− xi

strong convexity wrt xi: Ji is µi strongly convex wrt xi, uniformly in x−i

Lipschitz wrt x−i: Lipxj
(∇iJi) ≤ ℓij , uniformly in x−j

=⇒ BRi is Lipschitz wrt xj with constant ℓij/µi

FBR gain matrix is Hurwitz ⇐⇒ BR is a discrete-time contraction

=⇒ BR− Id is infinitesimally contracting wrt appropriate diag-weighted ∥ · ∥2
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Equivalent statements:

1 FPseudoG gain matrix:



−µ1 . . . ℓ1n
...

...
ℓn1 . . . −µn


 is Hurwitz

2 FBR gain matrix:




−1 . . . ℓ1n/µ1
...

...
ℓn1/µn . . . −1


 is Hurwitz

3 discrete-time FBR gain matrix:




0 . . . ℓ1n/µ1
...

...
ℓn1/µn . . . 0


 is Schur

Aggregative games: Ji(xi, x−i) = fi
(
xi,

1
n

∑n
j=1 xj

)

assume fi is µi-strongly convex wrt xi and ℓi = Lipy(∇xifi(xi, y))

µi > ℓi for each agent i =⇒ gain matrix is Hurwitz

A. Gokhale, A. Davydov, and F. Bullo. Contractivity of distributed optimization and Nash seeking dynamics. IEEE Control Systems
Letters, 7:3896–3901, 2023.
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Example #11: Projected gradient controller

Constrained feedback optimization:

min
u

E(u,w) = ϕ(u) + ψ(Yuu+ Yww) (ν strongly convex, ℓu strongly smooth, ℓw)

subj. to u ∈ U (nonempty, closed, convex. PU = orthogonal projection)

Projected gradient controller

u̇ = FPGC(u,w) := −u+ PU
(
u− γ∇uE(u,w)

)

Equilibrium tracking for projected gradient controller At γ = 2
ν+ℓu

,

lim sup
t→∞

∥u(t)− u∗(t)∥ ≤ ℓPGC
c2PGC

lim sup
t→∞

∥ẇ(t)∥ (eq tracking)

1 osLipu(FPGC) ≤ −cPGC := − 2ν

ν + ℓu
(contractivity prox gradient)

2 Lipw(FPGC) = ℓPGC :=
2

ν + ℓu
ℓw
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Advantages of non-Euclidean approaches

1 well suited for certain class of systems
ℓ1 for monotone flow systems

2 computational advantages
ℓ1/ℓ∞ constraints lead to LPs, whereas ℓ2 constraints leads to LMIs

3 robustness to structural perturbations
ℓ1/ℓ∞ contractions are connectively robust (i.e., edge removal)

4 adversarial input-output analysis
ℓ∞ better suited for the analysis of adversarial examples than ℓ2

5 asynchronous distributed computation
ℓ∞ contractions converge under fully asynchronous distributed execution

NonEuclidean contractions: biological transcriptional systems (Russo, Di Bernardo, and Sontag, 2010), Hopfield

neural networks (Fang and Kincaid, 1996; Qiao, Peng, and Xu, 2001), chemical reaction networks (Al-Radhawi,

Angeli, and Sontag, 2020), traffic networks (Coogan and Arcak, 2015; Como, Lovisari, and Savla, 2015;

Coogan, 2019), multi-vehicle systems (Monteil, Russo, and Shorten, 2019), and coupled oscillators (Russo,

Di Bernardo, and Sontag, 2013; Aminzare and Sontag, 2014)
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Example #12: Systems in Lur’e form

<latexit sha1_base64="zSQFxeFyr5x6Fwok8hnK5tZsKl4=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8YgeAozIurNgAc9JmAWSIbQ06lJ2vQsdPcIccgTePGgiFcfwJNP4s2jb2JnOWjiDw0f/19FV5UXC660bX9ZmYXFpeWV7GpubX1jcyu/vVNTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7lKK/foVQ8Cm/0IEY3oN2Q+5xRbaxK0s4X7KI9FpkHZwqFi4/776v3vbTczn+2OhFLAgw1E1SppmPH2k2p1JwJHOZaicKYsj7tYtNgSANUbjoedEgOjdMhfiTNCzUZu787UhooNQg8UxlQ3VOz2cj8L2sm2j93Ux7GicaQTT7yE0F0REZbkw6XyLQYGKBMcjMrYT0qKdPmNjlzBGd25XmoHRed0+JJxS6UbJgoC/twAEfgwBmU4BrKUAUGCA/wBM/WrfVovVivk9KMNe3ZhT+y3n4AAyGQvg==</latexit>u
<latexit sha1_base64="tcvH8A4Lr7sLyxubKXvJaIZfow4="></latexit>y

<latexit sha1_base64="xSvCamGi87vzIicZyLm1re9IhA4="></latexit>

u =  (y)

<latexit sha1_base64="NzuO+UwrGxkxync5BjSrswSUiMc="></latexit>

ẋ = Ax + Bu; y = Cx

For A ∈ Rn×n, B ∈ Rm×n and C ∈ Rn×m, nonlinear system in Lur’e form

ẋ = Ax+BΨ(Cx) =: FLur’e(x)

where Ψ : Rm → Rm is ρ-cocoercive, i.e., for all y1, y2 ∈ Rm,

(φ(y1)− φ(y2))
⊤(y1 − y2) ≥ ρ∥φ(y1)− φ(y2)∥22.

For P = P⊤ ≻ 0, following statements are equivalent:

1 FLur’e infinitesimally contracting wrt ∥ · ∥2,P 1/2 with rate η > 0 for each ρ-cocoercive Ψ

2 there exists λ ≥ 0 such that

[
A⊤P + PA+ 2ηP PB + λC⊤

B⊤P + λC −2λρ−1Im

]
⪯ 0
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Practical stability problem and the counter-intuitive nature of Rn
Boris Polyak (1935-2023) used to say “Rn countradicts our intuition”

⑧sL 1

↑
V

I

7
I

Aim: compute settling time inside a desired set

since norms on Rn are equivalent, no formal difference in the choice of norm

assume: can tolerate ±1 error in each coordinate
=⇒ desired set is hypercube = ℓ∞-ball

assume: Lyapunov function is V (x) = ∥x∥22
=⇒ need to wait until solution enters unit ℓ2-ball ⊂ unit ℓ∞-ball

but n-sphere inscribed in n-hypercube is very small fraction!
as n→ ∞, the ratio of volumes decreases faster than any exponential function

for large n, quadratic Lyap fnctns may provide exponentially conservative estimates
Courtesy of Anton Proskurnikov, Politecnico di Torino
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6.9. Summary of Prox Computations 177

6.9 Summary of Prox Computations

f(x) dom(f) proxf (x) Assumptions Reference

1
2xT Ax +

bT x + c

Rn (A + I)−1(x− b) A ∈ Sn
+, b ∈

Rn, c ∈ R
Section 6.2.3

λx3 R+
−1+
√

1+12λ[x]+
6λ λ > 0 Lemma 6.5

µx [0,α] ∩ R min{max{x− µ, 0},α} µ ∈ R, α ∈
[0,∞]

Example 6.14

λ‖x‖ E
(
1− λ

max{‖x‖,λ}

)
x ‖·‖—Euclidean

norm, λ > 0
Example 6.19

−λ‖x‖ E

(
1 + λ

‖x‖

)
x, x '= 0,

{u : ‖u‖ = λ}, x = 0.
‖·‖—Euclidean
norm, λ > 0

Example 6.21

λ‖x‖1 Rn Tλ(x) = [|x|− λe]+ ( sgn(x) λ > 0 Example 6.8

‖ω ( x‖1 Box[−α, α] Sω,α(x) α ∈ [0,∞]n,
ω ∈ Rn

+

Example 6.23

λ‖x‖∞ Rn x− λPB‖·‖1
[0,1](x/λ) λ > 0 Example 6.48

λ‖x‖a E x− λPB‖·‖a,∗ [0,1](x/λ) ‖x‖a—
arbitrary
norm, λ > 0

Example 6.47

λ‖x‖0 Rn H√
2λ(x1)× · · ·×H√

2λ(xn) λ > 0 Example 6.10

λ‖x‖3 E 2

1+
√

1+12λ‖x‖
x ‖·‖—Euclidean

norm, λ > 0,
Example 6.20

−λ
n∑

j=1

log xj Rn
++




xj+

√
x2

j
+4λ

2




n

j=1

λ > 0 Example 6.9

δC(x) E PC(x) ∅ '= C ⊆ E Theorem 6.24

λσC (x) E x− λPC(x/λ) λ > 0, C '= ∅
closed convex

Theorem 6.46

λmax{xi} Rn x− λP∆n (x/λ) λ > 0 Example 6.49

λ
∑k

i=1 x[i] Rn x− λPC(x/λ),
C = He,k ∩ Box[0,e]

λ > 0 Example 6.50

λ
∑k

i=1 |x〈i〉| Rn x− λPC(x/λ),
C = B‖·‖1

[0, k] ∩ Box[−e, e]
λ > 0 Example 6.51

λMµ
f (x) E x +

λ
µ+λ

(
prox(µ+λ)f (x)− x

) λ, µ > 0, f
proper closed
convex

Corollary 6.64

λdC(x) E x +

min
{

λ
dC (x)

, 1
}

(PC(x)− x)

∅ '= C closed
convex, λ > 0

Lemma 6.43

λ
2 d2

C(x) E λ
λ+1 PC(x) + 1

λ+1x ∅ '= C closed
convex, λ > 0

Example 6.65

λHµ(x) E
(
1− λ

max{‖x‖,µ+λ}

)
x λ, µ > 0 Example 6.66

ρ‖x‖21 Rn
(

vixi
vi+2ρ

)n

i=1
, v =

[√
ρ
µ |x|− 2ρ

]
+

,eT v = 1 (0

when x = 0)

ρ > 0 Lemma 6.70

λ‖Ax‖2 Rn x − AT (AAT + α∗I)−1Ax,
α∗ = 0 if ‖v0‖2 ≤ λ; oth-
erwise, ‖vα∗‖2 = λ; vα ≡
(AAT + αI)−1Ax

A ∈ Rm×n

with full row
rank, λ > 0

Lemma 6.68
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proximal operator
well-defined for all ccp functions,
generalized form of projection,
non-expansive

helps generalize gradient algorithms/dynamics
to proximal algorithms/dynamics, useful for
nonsmooth, constrained, large-scale, and dis-
tributed optimization

evaluation of proximal operator requires small
convex optimization,
see Summary of prox computations, Beck 2017

A. Beck. First-Order Methods in Optimization. SIAM, 2017. ISBN
978-1-61197-498-0
N. Parikh and S. Boyd. Proximal algorithms. Foundations and
Trends in Optimization, 1(3):127–239, 2014.
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Theoretical frontiers

higher order contraction and pseudocontration
(dominance)

relationship with monotone operator theory

metric spaces

computational methods
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Limitations: not all stable systems are contractive:

Lyapunov-diagonally-stable networks

multistable and locally contracting systems

control contraction design
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FIG. 2. Two-dimensional slice of R13, showing the Jacobian’s
log-seminorm for the Kuramoto-Sakaguchi model on the 13-
node cycle, with one additional line between nodes 1 and
7, and phase frustration � = 0.01. The plain black lines
show the boundaries of the various winding cells. The dashed
black lines are the boundaries of the �̄-cohesive u-winding
cells �u,�̄ , for u 2 {�1, 0, 1}2. Theorem 3 guarantees that
the system is semicontracting within these cohesive winding
cells as can be confirmed by the value of the log-seminorm
therein. One realizes that, most of the time, the boundary
of �u,�̄ is close to the region where the log-seminorm turns
positive. Notice the change in color scale between the positive
and negative values of the log-seminorm. Should we show the
graph?

the dynamics on the �-cohesive u-polytope Pu,� , in-
duced by the projection of the Kuramoto-Sakaguchi model
(2) on the �-cohesive winding cell �u,� . Then the log-
seminorm is preserved

µ2,⇧n(Df̃(y)) = µ2,⇧n(Df(x)) , (25)

independently of the preimage x of y.

The proof of is presented in the Supplementary Mate-
rial [29].

Remark. Note that even though y evolves on the convex
polytope Pu,� , we have no guarantee that the polytope is
forward invariant. It is then possible that some trajecto-
ries will exit the polytope.

AT MOST UNIQUENESS OF THE
SYNCHRONOUS STATES

We have now all ingredients to state our semicontrac-
tion theorem, whose proof is deferred to the Supplemen-
tary Material [29].

Theorem 5 (Local ”at most uniqueness”). Let 0 < � <
�̄, with �̄ defined in Eq. (21), and let u 2 Zc. Then the
dynamical system

ẏ = f̃(y) , (26)

FIG. 3. Illustration of the upper bound �̄ of Theorem 3 as
a function of the frustration �, for various values of the ra-
tio �2/dmax. High values of �2/dmax typically correspond to
densly connected graphs, confirming the intuition that such
graphs tolerate less cohesive stable synchronous states, and
vice-versa for low ratio �2/dmax.

has at most one fixed point within the �-cohesive polytope
Pu,� .

The upper bound �̄ on the phase cohesiveness that
guarantees at most uniqueness of the synchronous state
directly depends on the system’s parameters. Namely,
the phase frustration �, and network charateristics, �2

and dmax. In Fig. 3, we show the relation between �̄ and
� for various values of the ratio �2/dmax. One observes
that, for a given frustration �, a network with large ra-
tio �2/dmax (corresponding typically to a rather dense
graph) will support synchronous states with larger an-
gular di↵erences than a network with a smaller �2/dmax

ratio (typically with few edges).

Corollary 6 (Full ”at most uniqueness”). Let 0 < � <
�̄, with �̄ defined in Eq. (21), and let u 2 Zc. Up to a
constant component shift and up to the addition of integer
mulitples of 2⇡, there is at most one synchronous state
of the Kuramoto-Sakaguchi model in the �-cohesive u-
winding cell �u,� .

Remark. The statement of Corollary 6 is very similar
to [24, Thm. 5], in the sense that it guarantees at most
uniqueness within winding cells by comparing the odd and
even parts of the coupling. The main di↵erence is that
with the semicontraction approach, our Eq. (21) is much
less conservative than [24, Eq. (45)].

CONCLUSION

Semicontraction theory is a rather new an unexplored
tool derived from the more established notions of contrac-
tion theory. Through the application of semicontraction
to networks of Kuramoto-Sakaguchi oscillators, we high-
lighted its potential power in a manner that is intended
as tutorial.

Application to networks, control and learning

1 reaction networks

2 control: optimization-based control design

3 ML: implicit models and energy-based learning

4 neuroscience: robust dynamical modeling,
normative frameworks, biologically plausible learning

LETTERRESEARCH

5 2 0  |  N A T U R E  |  V O L  5 5 0  |  2 6  O C T O B E R  2 0 1 7

captured by the controllability of the linearized system (2). Indeed, if 
the linearized system (2) is locally controllable along a specific 
 trajectory in state space, then the original nonlinear system (1) is also 
controllable along the same trajectory15. Furthermore, linear control-
lability predictions are consistent with simulations of neuronal 
 networks with nonlinear dynamics16,17.

To understand how control considerations differ from simple con-
nectivity-based predictions, consider Fig. 2a, exploring whether nodes 2  
and 3 can be controlled by a signal applied to node 1. Topologically 
the system appears controllable, as the signal can reach all nodes. Yet, 
the classic Kalman condition18 tells us that the responses of nodes 2 
and 3 to this signal are always correlated, hence we cannot control 
them independently, making the system as a whole uncontrollable. To 
gain full control over all three nodes, we need to apply one additional 
control signal to node 2 or 3 (Fig. 2b). We encounter the same situation 
when m independent signals aim to control k nodes, a configuration 
that is controllable only if m ≥ k (Fig. 2c, d). In a similar spirit, we 
derive the criterion for muscle controllability and apply it to analyse the  
C. elegans nervous system (Supplementary Information section IIB and 
Extended Data Fig. 2).

Here, we applied this network control framework to predict which 
neurons are critical in the response to gentle touch, in the sense that 
their removal (ablation) would decrease the number of controllable 
muscles. We found that even in the intact worm, only 89 of the 95 
muscles are independently controllable. We then explored the impact 
of ablating each of the 103 neuronal classes (see Supplementary 
Information section IB for neuron classification) individually. We 
found that the removal of the vast majority of neuron classes had no 
impact on muscle controllability. Our initial analysis did identify, how-
ever, nine classes predicted to affect muscle control: the seven major 
classes of motor neurons (DA, DB, DD, VA, VB, VD, and AS), and the 
premotor interneuron AVA (Table 1; see also Extended Data Figs 3–5).  
Each of these classes has been previously implicated, through genetic, 
neuroimaging, optogenetic, and cell ablation experiments, in the direct 
control of the body neuromusculature (see Supplementary Information 
section IIIA).

Interestingly, the control analysis also predicted locomotor defects fol-
lowing the ablation of a ninth neuron, PDB, not previously implicated in 
locomotion. As shown in Fig. 2e, while PDB directly connects to muscles 
MVR21 and MVL22, it apparently plays no key topological role as in its 
absence the signal transmitted by the receptor neurons for anterior gentle 
touch, AVM and ALML/R, can still reach all muscles. However, from a 
control perspective, we expect that the ablation of PDB should affect worm 
locomotion (see Fig. 2e for a full explanation). Since ablation experiments 
for PDB have not previously been reported, this prediction offers the first 
direct, falsifiable experimental test of the network control framework.

Most existing results on neuron ablation remove all members of a 
neuron class simultaneously7,10–12, but control principles can go further, 
predicting which of the individual neurons are responsible for the loss 
of control. To show this we applied the linearized system (2) to each 
individual neuron within the DD class. Intriguingly, we found that the 
individual ablation of DD01, DD02, or DD03 did not alter the control-
lability of the muscles, but DD04, DD05, and DD06 did (Fig. 3a). This 
result was unexpected, because the general pattern of connectivity is 
thought to be similar among the DD class. Nevertheless, we predict 
that the individual ablation of DD04, DD05, or DD06 should be suffi-
cient to impair C. elegans locomotion, offering a second set of specific, 
unanticipated, and falsifiable predictions, now regarding the functional 
differences between individual neurons within a class.

To test the validity of our two sets of predictions, we performed 
laser ablation of individual neurons9 and analysed the spontaneous 
locomotor behaviour of freely moving worms on food (see https:// 
doi.org/10.6084/m9.figshare.c.3796345 for complete data19). We used 
an automated tracking system20 to compare the locomotion pattern of 
PDB- and DD-ablated animals with mock-ablated worms, focusing 
on four fundamental components of worm body morphology known 
as eigenworms, which provide a low-dimensional but relatively com-
plete description of C. elegans body postures21. Under our recording 
conditions, the first Eigen projection represents a large body bend, the 
second and third represent components of the sinusoidal travelling 
wave that drives crawling movement, and the fourth represents small 
movements at the head and tail22.
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Figure 1 | Controlling the C. elegans neural network. a, Schematic 
neural circuit for locomotor response to gentle touch in C. elegans 
(adapted after ref. 30; see Supplementary Information section IIIA). 
b, Graphical representation of the proposed control framework. According 
to the principles illustrated in Fig. 2a–d, if removal of a neuron disrupts 
controllability of the muscles, we designate it ‘essential’ for locomotion; 
if not, we call it ‘non-essential’. To make this assessment, we first mapped 
the C. elegans responsive locomotor behaviours into a target network 
control problem, asking to what degree the sensory neurons (blue) can 
control the muscles (pink). This allowed us to predict the previously 

unknown involvement of PDB in C. elegans locomotion, and functional 
differences between individual neurons within the DD neuronal class. 
c, The C. elegans connectome used in our study, consisting of 279 neurons 
(the 282 non-pharyngeal neurons, excluding CANL/R and VC06 which do 
not make connections with the rest of the network) and 95 muscles. Node 
size is proportional to the sum of its in- and out-degrees. Filled nodes 
represent the neurons traditionally assigned to the circuits responsible for 
gentle touch response, hinting at the complexity of predicting neuronal 
function from the wiring diagram alone.
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FIG. 2. Two-dimensional slice of R13, showing the Jacobian’s
log-seminorm for the Kuramoto-Sakaguchi model on the 13-
node cycle, with one additional line between nodes 1 and
7, and phase frustration � = 0.01. The plain black lines
show the boundaries of the various winding cells. The dashed
black lines are the boundaries of the �̄-cohesive u-winding
cells �u,�̄ , for u 2 {�1, 0, 1}2. Theorem 3 guarantees that
the system is semicontracting within these cohesive winding
cells as can be confirmed by the value of the log-seminorm
therein. One realizes that, most of the time, the boundary
of �u,�̄ is close to the region where the log-seminorm turns
positive. Notice the change in color scale between the positive
and negative values of the log-seminorm. Should we show the
graph?

the dynamics on the �-cohesive u-polytope Pu,� , in-
duced by the projection of the Kuramoto-Sakaguchi model
(2) on the �-cohesive winding cell �u,� . Then the log-
seminorm is preserved

µ2,⇧n(Df̃(y)) = µ2,⇧n(Df(x)) , (25)

independently of the preimage x of y.

The proof of is presented in the Supplementary Mate-
rial [29].

Remark. Note that even though y evolves on the convex
polytope Pu,� , we have no guarantee that the polytope is
forward invariant. It is then possible that some trajecto-
ries will exit the polytope.

AT MOST UNIQUENESS OF THE
SYNCHRONOUS STATES

We have now all ingredients to state our semicontrac-
tion theorem, whose proof is deferred to the Supplemen-
tary Material [29].

Theorem 5 (Local ”at most uniqueness”). Let 0 < � <
�̄, with �̄ defined in Eq. (21), and let u 2 Zc. Then the
dynamical system

ẏ = f̃(y) , (26)

FIG. 3. Illustration of the upper bound �̄ of Theorem 3 as
a function of the frustration �, for various values of the ra-
tio �2/dmax. High values of �2/dmax typically correspond to
densly connected graphs, confirming the intuition that such
graphs tolerate less cohesive stable synchronous states, and
vice-versa for low ratio �2/dmax.

has at most one fixed point within the �-cohesive polytope
Pu,� .

The upper bound �̄ on the phase cohesiveness that
guarantees at most uniqueness of the synchronous state
directly depends on the system’s parameters. Namely,
the phase frustration �, and network charateristics, �2

and dmax. In Fig. 3, we show the relation between �̄ and
� for various values of the ratio �2/dmax. One observes
that, for a given frustration �, a network with large ra-
tio �2/dmax (corresponding typically to a rather dense
graph) will support synchronous states with larger an-
gular di↵erences than a network with a smaller �2/dmax

ratio (typically with few edges).

Corollary 6 (Full ”at most uniqueness”). Let 0 < � <
�̄, with �̄ defined in Eq. (21), and let u 2 Zc. Up to a
constant component shift and up to the addition of integer
mulitples of 2⇡, there is at most one synchronous state
of the Kuramoto-Sakaguchi model in the �-cohesive u-
winding cell �u,� .

Remark. The statement of Corollary 6 is very similar
to [24, Thm. 5], in the sense that it guarantees at most
uniqueness within winding cells by comparing the odd and
even parts of the coupling. The main di↵erence is that
with the semicontraction approach, our Eq. (21) is much
less conservative than [24, Eq. (45)].

CONCLUSION

Semicontraction theory is a rather new an unexplored
tool derived from the more established notions of contrac-
tion theory. Through the application of semicontraction
to networks of Kuramoto-Sakaguchi oscillators, we high-
lighted its potential power in a manner that is intended
as tutorial.

Application to networks, control and learning

1 reaction networks

2 control: optimization-based control design

3 ML: implicit models and energy-based learning

4 neuroscience: robust dynamical modeling,
normative frameworks, biologically plausible learning
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captured by the controllability of the linearized system (2). Indeed, if 
the linearized system (2) is locally controllable along a specific 
 trajectory in state space, then the original nonlinear system (1) is also 
controllable along the same trajectory15. Furthermore, linear control-
lability predictions are consistent with simulations of neuronal 
 networks with nonlinear dynamics16,17.

To understand how control considerations differ from simple con-
nectivity-based predictions, consider Fig. 2a, exploring whether nodes 2  
and 3 can be controlled by a signal applied to node 1. Topologically 
the system appears controllable, as the signal can reach all nodes. Yet, 
the classic Kalman condition18 tells us that the responses of nodes 2 
and 3 to this signal are always correlated, hence we cannot control 
them independently, making the system as a whole uncontrollable. To 
gain full control over all three nodes, we need to apply one additional 
control signal to node 2 or 3 (Fig. 2b). We encounter the same situation 
when m independent signals aim to control k nodes, a configuration 
that is controllable only if m ≥ k (Fig. 2c, d). In a similar spirit, we 
derive the criterion for muscle controllability and apply it to analyse the  
C. elegans nervous system (Supplementary Information section IIB and 
Extended Data Fig. 2).

Here, we applied this network control framework to predict which 
neurons are critical in the response to gentle touch, in the sense that 
their removal (ablation) would decrease the number of controllable 
muscles. We found that even in the intact worm, only 89 of the 95 
muscles are independently controllable. We then explored the impact 
of ablating each of the 103 neuronal classes (see Supplementary 
Information section IB for neuron classification) individually. We 
found that the removal of the vast majority of neuron classes had no 
impact on muscle controllability. Our initial analysis did identify, how-
ever, nine classes predicted to affect muscle control: the seven major 
classes of motor neurons (DA, DB, DD, VA, VB, VD, and AS), and the 
premotor interneuron AVA (Table 1; see also Extended Data Figs 3–5).  
Each of these classes has been previously implicated, through genetic, 
neuroimaging, optogenetic, and cell ablation experiments, in the direct 
control of the body neuromusculature (see Supplementary Information 
section IIIA).

Interestingly, the control analysis also predicted locomotor defects fol-
lowing the ablation of a ninth neuron, PDB, not previously implicated in 
locomotion. As shown in Fig. 2e, while PDB directly connects to muscles 
MVR21 and MVL22, it apparently plays no key topological role as in its 
absence the signal transmitted by the receptor neurons for anterior gentle 
touch, AVM and ALML/R, can still reach all muscles. However, from a 
control perspective, we expect that the ablation of PDB should affect worm 
locomotion (see Fig. 2e for a full explanation). Since ablation experiments 
for PDB have not previously been reported, this prediction offers the first 
direct, falsifiable experimental test of the network control framework.

Most existing results on neuron ablation remove all members of a 
neuron class simultaneously7,10–12, but control principles can go further, 
predicting which of the individual neurons are responsible for the loss 
of control. To show this we applied the linearized system (2) to each 
individual neuron within the DD class. Intriguingly, we found that the 
individual ablation of DD01, DD02, or DD03 did not alter the control-
lability of the muscles, but DD04, DD05, and DD06 did (Fig. 3a). This 
result was unexpected, because the general pattern of connectivity is 
thought to be similar among the DD class. Nevertheless, we predict 
that the individual ablation of DD04, DD05, or DD06 should be suffi-
cient to impair C. elegans locomotion, offering a second set of specific, 
unanticipated, and falsifiable predictions, now regarding the functional 
differences between individual neurons within a class.

To test the validity of our two sets of predictions, we performed 
laser ablation of individual neurons9 and analysed the spontaneous 
locomotor behaviour of freely moving worms on food (see https:// 
doi.org/10.6084/m9.figshare.c.3796345 for complete data19). We used 
an automated tracking system20 to compare the locomotion pattern of 
PDB- and DD-ablated animals with mock-ablated worms, focusing 
on four fundamental components of worm body morphology known 
as eigenworms, which provide a low-dimensional but relatively com-
plete description of C. elegans body postures21. Under our recording 
conditions, the first Eigen projection represents a large body bend, the 
second and third represent components of the sinusoidal travelling 
wave that drives crawling movement, and the fourth represents small 
movements at the head and tail22.
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Figure 1 | Controlling the C. elegans neural network. a, Schematic 
neural circuit for locomotor response to gentle touch in C. elegans 
(adapted after ref. 30; see Supplementary Information section IIIA). 
b, Graphical representation of the proposed control framework. According 
to the principles illustrated in Fig. 2a–d, if removal of a neuron disrupts 
controllability of the muscles, we designate it ‘essential’ for locomotion; 
if not, we call it ‘non-essential’. To make this assessment, we first mapped 
the C. elegans responsive locomotor behaviours into a target network 
control problem, asking to what degree the sensory neurons (blue) can 
control the muscles (pink). This allowed us to predict the previously 

unknown involvement of PDB in C. elegans locomotion, and functional 
differences between individual neurons within the DD neuronal class. 
c, The C. elegans connectome used in our study, consisting of 279 neurons 
(the 282 non-pharyngeal neurons, excluding CANL/R and VC06 which do 
not make connections with the rest of the network) and 95 muscles. Node 
size is proportional to the sum of its in- and out-degrees. Filled nodes 
represent the neurons traditionally assigned to the circuits responsible for 
gentle touch response, hinting at the complexity of predicting neuronal 
function from the wiring diagram alone.

© 2017 Macmillan Publishers Limited, part of Springer Nature. All rights reserved.
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contractivity = robust computationally-friendly stability
fixed point theory + Lyapunov stability theory + geometry of metric spaces

Lyapunov Theory Contraction Theory for Dynamical Systems

F admits global Lyapunov function F is strongly contracting

existence of equilibrium assumed implied + computational methods

Lyapunov function arbitrary ∥x− x∗∥ and ∥F(x)∥
inputs ISS via KL and L functions exponential iISS with explicit constants

Krasovskĭı-LaSalle Inv Principle Weakly Contracting Systems

generic V s.t. LFV ≤ 0 F is weakly contracting, that is, osLip(F) ≤ 0
(no other assumptions) Dichotomy Theorem

assuming bounded traj. convergence to Krasovski-LaSalle set each equilibrium is stable

assuming Krasovski-
LaSalle set = {x∗} is LAS

{x∗} is GAS {x∗} is GAS, linear-exponential convergence, local
ISS + explicit constants
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Gradient dynamics for convex functions

Given differentiable convex f : Rn → R, gradient dynamics

ẋ = FG(x) := −∇f(x)

Dichotomy and Convergence

1 −∇f has no equilibrium, f has no minimum, and every trajectory is unbounded, or

2 −∇f has at least one equilibrium x∗ ∈ Rn and the following properties hold:
1 f is constant on convex set of equilibria, each local is a global minimum,

2 every trajectory is bounded and converges to a minimum, each equilibrium is stable

3 if x∗ is locally asymptotically stable, then x∗ is globally asymptotically stable

4 if µ2(−Hess(f)(x∗)) < 0, then linear exponential decay and x 7→ ∥x− x∗∥2 is a global Lyap
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From strongly to weakly contracting systems

Given a norm ∥ · ∥, consider

ẋ = F(x) satisfying osLip(F) = 0

Dichotomy for weakly-contracting systems

1 no equilibrium and every trajectory is unbounded, or

2 at least one equilibrium, every trajectory is bounded, and local asy stability =⇒ global
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Weakly contracting dynamics + locally-exp-stable equilibrium

ẋ = F(t, x) on Rn with norm ∥ · ∥glo

1 F is weakly contracting wrt ∥ · ∥glo
2 x⋆ is locally-exponentially-stable equilibrium

=⇒ F is locally c-strongly contracting wrt ∥ · ∥loc over forward-invariant S
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